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PBEFACE. 


I  HAVE  endeavoured,  in  the  following  Treatise,  to  convey 
as  complete  an  account  of  the  present  state  of  knowledge  on 
the  subject  of  Bifferential  Equations,  aa  was  consietent  with 
the  idea  of  a  work  intended,  primarily,  for  elemeatary  iiMtruc- 
tion.  It  was  my  object,  first  of  all,  to  meet  the  wants  of  those 
who  had  no  previous  acquaintance  with  the  aulgect,  but  I  also 
desired  not  quite  to  disappoint  others  who  might  seek  for  more 
advanced  information.  These  distinct,  but  not  inconsistent 
mms  determined  the  f^n  of  composition.  The  earlier  sections 
of  each  chapter  oontain  that  kind  of  matter  which  has  usually 
been  thought  suitable  for  the  bt^nner,  while  the  latter  ones 
are  devoted  either  to  an  account  of  recent  diecoveiy,  or  to  the 
discussion  of  such  deeper  questions  of  principle  as.  are  likely  to 
present  themselves  to  the  reflective  student  in  connexion  with 
the  methods  and  processes  of  his  previous  course.  An  appen- 
dix to  the  table  of  contents  will  shew  what  portions  of  the 
work  are  regarded  as  sufficient  for  the  less  complete,  but  still 
not  unconnected  study  of  the  subject. 

The  principles  which  I  have  kept  in  view  in  carrying  out 
the  above  design;  are  the  fallowing : 

1st;  In  the  exposition  of  methods  I  have  adhered  aa  closely 
as  possible  to  the  historical  order  of  their  development. 

I  presume  that  few  who  have  paid  any  attenti«n  to  the 
history  of  the  Mathematical  Analysis,  will  doubt  that  it  has 
been  developed  in  a  certain  order,  or  that  that  order  has  been, 
to  a  great  extent,  necessary — being  determined,  either  by  steps 
of  logical  deduction,  or  by  the  successive  introduction  of  new 
ideas  and  conceptions,  when  the  time  for  their  evolution  had 
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arrived.  And  these  are  causes  which  operate  in  perfect  har- 
mony. Each  new  scientific  conception  gives  occasion  to  new 
applications  of  deductive  reasoning ;  but  those  applications 
may  be  only  poaaible  through  the  methods  and  the  processes 
which  belong  to  an  earlier  stage. 

Thus,  to  take  an  illustration  from  the  subject  of  the  follow- 
ing work, — the  solution  of  ordinary  simoltaneous  differential 
equations  properly  precedes  that  of  linear  partial  differential 
equations  of  the  first  order ;  and  this,  again,  properly  precedes 
that  of  partial  differential  equations  of  the  first  order  which  are 
not  Unew.  And  in  this  natural  order  were  the  theories  of 
these  sabjects  developed.  Again,  there  exurt  large  and  very 
important  classes  of  differential  equatioi\sthe  solution  of  which 
depends  cm  some  process  of  succes^ve  reduction.  Now  such 
redaction  seems  to  have  been  effected  at'ffrst  by  a  repeated 
change  of  variables;  afterwards,  and  with  greater  generality, 
hy  a  combination  (rf  such  transformations  with  others  involv- 
ing differentiation ;  last  of  all,  and  with  greatest  generality,  by 
symbolical  methods.  I  think  it  necessary  to  direct  attention 
to  instances  like  these,  because  the  indications  which  they 
afford  appeu*  to  me  to  have  been,  in  some  works  of  great 
ability,  overlooked,  and  because  I  wish  to  explain  my  motives 
for  departing  from  the  precedent  thus  set. 

Now  there  is  this  reason  for  grounding  the  order  of  expo- 
sition upon  the  historical  sequence  of  discovery,  that  by  so 
doing  we  are  most  likely  to  present  each  new  form  of  truth  to 
the  mind,  precisely  at  that  st£^  at  which  the  mind  is  most 
fitted  to  receive  it,  or  even,  like  that  of  the  discoverer,  to  go 
forth  to  meet  it.  Of  the  many  forms  of  false  culture,  a  pre- 
mature converse  with  abstractions  is  perhaps  the  most  likely 
to  prove  fatal  to  the  growth  of  a  masculine  vigour  of  intellect. 

In  accordance  with  the  above  principles  I  have  reserved 
the  exposition,  and,  with  one  unimportant  exception,  the  ap- 
plication of  symbolical  methods  to  the  end  of  the  work.    The 
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propriety  of  tliifl  eourao  appears  to  me  to  b^  eonfirmed  by  an 
exauunatioQ  of  the  aotqal  processes  to  wblcb  symbolical 
ntethoda,  as  a|:^]ied  to  differential  equatioaa,  lead.  O^Deially 
9peitking,  these  methods  present  the  aolcttion  c^  the  proposed 
equatioQ  m  dependent  upon  the  perform^Tloe  pf  oertfun  inrerse 
operatiiHkB.  I  have  endeavoured  to  shew  in  Chap.  XVI.,  that 
the  ezpi>esaions  by  which  these  inverse  operations  are  sym- 
bolized are  in  reality  a  species  of  interrogfttions,  admitting  of 
answers,  legitimate,  but  differing  in  species  and  character  ac- 
cording to  the  nature  of  the  transformations  to  which  the 
ex^essions  from  which  they  are  derived  have  been  subjected. 
The  solutions  thus  obtained  may  be  particular  or  general, — 
they  may  be  defective,  wholly  or  partially,  or  complete  or 
redundant,  in  those  elements  of  a  solution  which  are  termed 
arbitrary.  If  defective,  the  question  arises  how  the  defect 
is  to  be  supplied ;  if  redundant,  the  more  difficult  question 
vhether  the  redundancy  is  real  or  apparent,  and  in  either 
case  how  it  is  to  be  dealt  with,  must  be  considered  And 
here  the  necessity  of  some  prior  acquaintance  with  the  things 
tii^Dselves,  rather  tban  with  the  symbolic  forms  of  their  ez- 
yresBitm,  must  become  apparent  The  Host  accomplished  in 
the  use  of  symbols  must  sometimes  throw  aside  his  abstrac- 
titms  and  resort  to  homelier  methods  for  trial  and  verification 
-^^lot  doubting,  in  so  doing,  the  truth  which  lies  at  the  bottom 
of  his  symbolism,  but  distrusting  his  own  powers. 

The  question  of  the  true  value  and  proper  place  of  sym- 
bolical methods  ia  undoubtedly  of  great  importance.  Their 
convenient  simplicity—- their  condensed  power — must  ever 
constitute  their  first  claim  upon  attention.  I  believe  how- 
ever that,  in  order  to  form  a  just  estimate,  we  must  consider 
them  in  another  aspect,  vis.  as  in  some  sort  the  visible  mani- 
festation of  tmtha  relating  to  the  intimate  and  vital  con- 
nexion of  language  with  thought — truths  of  which  it  may  be 
paresnmed  that  we  do  not  yet  see  the  entire  scheme  and  cpn- 
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Dexion.  '  But,  while  this  consideration  vindicates  to  them  a 
high  position,  it  seems  to  me  dearlj  to  define  that  position. 
As  discussions  about  wotds  can  never  remove  the  difficulties 
ihat  exist  in  things,  so  no  skill  in  the  use  of  those  aids  to 
thought  which  langui^  furnishes  can  relieve  us  from  the 
necessity  of  a  prior  and  more  direct  study  of  the  things  which 
are  the  subjects  of  our  reasonings.  And  the  more  exact, 
and  the  more  complete,  that  study  of  things  has  been,  the 
more  likely  shidl  we  be  to  employ  with  advantage  all  inetm-- 
mental  aids  and  appliances. 

But  although  I  have,  for  the  reasons  above  mentioned, 
treated  of  symbolical  methods  only  in  the  latter  chapters  of 
the  work,  I  trust  that  the  exposition  of  them  which  is  there 
given  will  repay  the  attention  of  the  student.  I  have  endea- 
voured to  supply  what  appeared  to  me  to  be  serious  defects  in 
theu'  logic,  and  I  have  collected  under  them  a  large  number 
of  equations,  nearly  all  of  which  are  important, — from  their 
connexion  with  physical  science  or  for  other  reasons. 

2ndly,  I  have  endeavoured,  more  perhaps  than  it  has  been 
usual  to  do,  to  found  the  methods  of  solution  of  differential 
equations  upon  the  study  of  the  modes  of  their  formation.  In 
principle,  this  course  is  justified  by  a  consideration  of  the  real 
nature  of  inverse  processes,  the  laws  of  which  must  be  ulti- 
mately derived  from  those  of  the  direct  processes  to  which 
they  stand  related ;  in  point  of  expediency  it  is  recommended 
by  the  greater  simplicity,  and  even  in  some  instances  by  the 
greater  generality,  of  the  demonstrations  to  which  it  leads. 
I  would  refer  particularly  to  the  demonstration  of  Monge's 
method  for  the  solution  of  partial  differential  equations  of 
the  second  order  given  in  Chap.  XV. 

With  respect  to  the  sources  from  which  information  has 
been  drawn,  it  is  proper  to  mention  that,  on  questions  re- 
lating to  the  theory  of  differential  equations,  my  obligations 
are   greatest   to   Lagrange,  Jacobi,  Cauchy,  and,   of  living 


writers,  to  Professor  De  Morgan.  For  methods  and  exam- 
{des,  a  vei;  laige  number  of  memoirs  English  and  foreign 
have  been  consulted :  these  are,  for  the  most  part,  acknow- 
ledged. At  the  same  time  it  is  right  to  add  that,  in  almost 
every  part  of  the  work,  I  found  it  necessary  to  engage  more 
or  less  in  original  investigation,  and  especially  in  those  parts 
which  relate  to  Riccati's  equation,  to  integrating  factors,  to 
singular  solutions,  to  the  inverse  problems  of  Geometry  and 
Optics,  to  partial  differential  equations  both  of  the  first  and 
second  order,  and,  aa  has  already  been  intimated,  to  symboli- 
cal methods.  The  demonstratioos  scattered  through  the  work 
are  also  many  of  them  new,  at  least  in  form. 

In  recent  years  much  light  has  been  thrown  on  cert^n 
classes  of  differential  equations  by  the  researches  of  Jacobi 
on  the  Calculus  of  Variations,  and  of  the  same  great  analyst, 
with  Sir  W.  R.  Hamilton  and  others,  on  Theoretical  Dyna- 
mics. I  have  thought  it  more  accordant  with  the  design 
of  an  elenaentaiy  treatise  to  endeavour  to  prepare  the  way 
for  this  order  of  inquiries  than  to  enter  systematically  upon 
them.  This  object  has  been  kept  in  view  in  the  writing  of 
various  portions  of  the  following  work,  and  more  particularly 
of  that  which  relates  to  partial  differential  equations  of  the 
first  order. 
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PREFACE    TO    THE    SECOND    EDITION. 


In  composing  hia  Treatise  on  Differential  Equations  Pro- 
fessor Boole  found  himself  deeply  interested  in  the  subject 
to  which  his  first  labours  as  an  original  investigator  had 
been  devoted.  In  consequence  he  determined  soon  after  ihe 
publication  of  the  volume  to  continue  bis  studies  and  re- 
searches with  the  design  of  ultimately  reconstructing  the 
Treatise  on  a  more  extensive  scale.  During  the  last  six 
years  of  his  life  he  worked  steadily  at  this  object ;  and  he 
was  about  to  send  the  first  sheets  of  the  new  edition  to  the 
press  when  he  waa  attacked  by  the  illness  which  terminated 
in  his  sudden  and  lamented  death. 

His  manuscripts  were  entrusted  to  me  early  in  the  present 
year.  After  careful  consideration  it  seemed  to  me  that  the 
best  plan  to  pursue  was  to  reprint  the  original  volume,  and 
to  collect  into  a  supplementary  volume  the  additional  matter 
which  had  been  prepared  for  enlarging  the  work.  The  pro- 
priety, I  might  almost  say  the  necessity,  of  this  course  will 
be  shewn  more  coiiveniently  in  the  preface  to  the  supple- 
mentary volume,  which  will  soon  be  published. 

The  present  volume  then  is  a  reprint  of  the  original 
Treatise  with  changes  and  corrections,  some  of  which  were 
indicated  in  Professor  Boole's  interleaved  copy,  and  some 
of  which  have  been  made  on  my  own  authority.  The 
sheets  have  been  carefully  read  by  the  Rev.  J.  Sephton, 
Fellow  of  St  John's  College,  as  well  as  by  myself;  and  I 
trust  that  few  misprints  or  errors  will  now  be  found  in  the 
volume. 

I.  TODHUNTER 
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DIFFERENTIAL    EQUATIONS- 

CHAPTER  I 

OP  THE  NATUBE  AHD  OEIGM  OF  DIFFERENTIAL  EQUATIONS. 


1.    What  Is  meant  by  a  differential  eq^uation  I 

To  answer  this  question  we  must  revert  to  the  fundamental 
conceptions  of  the  Differential  Calculus. 

The  Differential  Calculus  contemplates  quantity  as  subject 
to  variation ;  and  Tariation  as  capaWe  of  being  measured.  In 
comparing-  any  two  variable  quautitiea  x  and  if  connected  by 
a  known  relation,  e.  g.  the  ordinate  and  abscissa  of  a  given 
curve,  it  defines  the  rata  of  variation  of  the  one,  y,  as  referred 
to  that  of  the  other,  x,  by  means  of  the  fundamental  con- 
ception of  a  limit ;  it  expresses  that  ratio  by  a  differential   . 

coefficient  -^ ;  and  of  that  differential  coefficient  it  shews  how 

ax 
to  determine  the  varying  magnitude  or  value.   Or,  again,  con- 
sidering -T^  as  a  new  variable,  it  seeks  to  determine  the  rate 

of  its  variation  as  referred  to  the  same  fixed  standsij'd,  the 
variation  of  x,  by  means  of  a  second  differential  coefficient 

-j^ ,  and  so  on.     But  in  all  its  applications,  as  well  as  in  its 

theory  and  its  processes,  the  primitive  relation  between  the 
variahlea  x  and  y  is  supposed  to  be  knoivn. 

In  the  Integral  Calculus,  on  the  other  hand,  it  is  the  rela- 
tion among  the  primitive  variables,  a:,  i/,  &c.  which  is  songht. 
In  that  branch  of  the  Integral  Calculus  with  which  the  student 
B.D.B.  ^    1   T 
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is  supposed  to  be  already  familiar,  the  difierential  coefficient 

■J-  being  given  in  terms  of  the  independent  variable  a*,  it  is 

proposed  to  determine  the-most  general  relation  between  y 
and  X.    Expreaaing  the  jriv^n  relation  in  the  form 


dx 


-^{x). 


the  relation  ^yagki  is  exhibited  in  the  Form 
;)  ix  +  c. 


-/*(*)<! 


Tn  {!)  we  have  a  particular  example  of  an  equation  in  the 
expression  of  which  a  differential  coefficient  is  involved.    But 

instead  of  having  as  in  that  example  -j-  expressed  in  terms  of 

a;,'we  might  have  that  differential  coefficient  expressed  in 
terms  of  y,  or  in  terms  of  x  and  y.  Or  we  mignt  have  an 
equation  in  which  differential  coefficients  of  a  higher  order, 

-j-^,  -j^,  &c.,  were  involved,  with  or  without  the  primitive 

vmables.  All  these  including  (1)  are  examples  of  differential 
equations.  The  essmitiid  character  consists  in  the  presence  of 
differential  coefficients. 

The  equations 

.  ,S^^I-»-- <^). 

'^^i^^i^y-^" • (3). 

are  seen  to  be  differential  equations,  the  latter  of  which  con- 
t^na,  while  the  former  does  not  contain,  the  primitive  vari- 
ables. 

And  thus  we  are  led  to  the  following  definition. 

l£E.  A  differencial  equation  is  an  expressed  relation  in- 
volving differential  coefficients,  with  or  without  the  primitive 
variables  from  which  tliose  differential  coeffioietUi  are  derived. 
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That  which  gives  to  the  study  of  difierential  equatioDB  its 
peculiar  value,  is  the  circumstance  that  many  of  the  most  im- 
portant conceptions  of  Geometry  and  Mechanics  can  only  be 
realized  in  thought  by  means  of  the  fundamental  conception 
of  the  limit.  When  such  is  the  base,  the  only  adequate  ex- 
pression of  those  conceptions  in  language  is  through  the  me- 
dium of  differential  coefficients, — the  only  adequate  expression 
of  the  truths  and  relations  of  which  they  are  the  subjects  is 
in  the  form  of  differential  equations. 


Bpeaes,  Order  and  Degree. 

2.  The  species  of  differential  equations  are  determined 
either  by  the  mode  in  which  differential  coefficients  enter  into 
their  competition,  or  by  the  nature  of  the  differential  coeffi- 
cients themselves.  We  may  thus  distinguish  two  great  pri- 
mary classes  of  differential  equations,  viz. : 

1st:'  Ordinary  differential  equations,  or  those  in  which  all 
the  differential  coefficients  involved  have  reference  to  a  single 
independent  variable. 

2ndly.  Partial  differential  equations,  characterized  by  the 
presence  of  partial  differential  coefficients,  and  therefore  in- 
dicating the  existence  of  two  or  more  ind^endent  variables 
with  respect  to  which  those  differential  coefucients  have  been 
formed. 

Thus  an  eqnation  snch  as  (2)  or  (3),  involving  no  other 
differential  coefficients  than  -i— ,  -7^,  &a  is  an  ordinary  dif- 
ferentia^ equation,  in  which  x  is  the  independent,  ^  the  de< 
pendent  variable.     An  equation  involving  -j-  and  t-  would^ 

on  the  contrary,  be  a  partial  differential  equation,  having  s 
for  its  dependent,  x  ana  y  for  its  independent  variables.   The 

equation  x-^+y-r-^z  is  a.  partial  differential  equation. 

The  present  chapter  wiU  be  chiefly  devoted  to  the  con- 
aeration  of  that  class  of  ordinary  differential  equations  in 
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-which  there  exists  a  single  indepeudeot  variahle  x,  a,  mn^le 
dependent  Tariable  y,  and  one  or  more  of  the  differential 
coefficients  of  y  taken  with  respect  to  x ;  the  presence  of  the 
last  element  only,  viz.  the  differential  coeEBcient,  being  essen- 
tial (Art.  1). 

The  two  following  equations,  in  addition  to  those  already- 
given,  will  exemplify  some  of  the  chief  varieties  of  the  specie^ 
under  consideratipn ; 

y  —  x-^ 

•^    -■    w. 


In  (4)  the  independent  variable  x,  the  dependent  variable 

V,  and  the  differential  coefficient  -^  are  all  involved ;  but, 
"*  ax  '         ' 

while  in  the  previous  examples  ->-  appears  only  in  the  first 

degree,  in  the  present  one  it  appears  in  the  second  degree 
and  under  a  radical  sign.     In  (5)  we  meet  with  the  second 

differential  ooefficient  -j^  in  addition  to  the  first  differential 

coefficient  -^  and  the  independent  variable  x. 

The  typical  or  general  form  of  a  differential  equation  of  the 
species  just  described  is 

/(-^.|.g--S)-» ■ c). 

with  the  condition,  already  referred  to,  that  one  at  least  of  the 
differential  coefficients  must  explicitly  present  itself  All  the 
above  equations  may  at  once  be  referred  to  the  typical  form 
b^  transposition  of  their  second  member. 
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3.  Difierential  Equations  are  ranked  in  ordei"  and  degree 
according  to  the  following  principles. 

1st  The  order  of  a  differential  equation  is  tbe  same  as 
the  order  of  the  highest  differential  coefScient  -which  it  con- 

2ndly.  The  degree  of  a  differential  equation  is  the  same 
as  the  degree  to  which  the  differential  coefficient  which  marks 
its  order  is  raised,  that  coefficient  being  supposed  to  enter  into 
the  equation  in  a  rational  form. 

Thus  the  equation 


iih'i'^' 


is  of  the  first  crier  and  of  the  second  degrea 
The  equation 

is  of  the  second  order  and  of  the  first  degree. 
The  equation 


IV(= 


*-s (^. 


reduced  to  the  rational  form 

©'^^l-'-"-- («)■ 

is  seen  to  be  of  the  first  order  and  second  d^ree. 

The  ground  of  the  preference  which  is  to  be  given  to 
rational  forms  in  the  expression  and  in  the  classification  of 
differential  equations  is,  that  a  rational  form  is  at  the  same 
time  the  most  general  form  of  which  an  equation  is  sus- 
ceptible. Thus  (8)  includes  both  the  equations  which  would 
be  formed  by  giving  different  signs  to  the  radical  in  (7). 

The  typical  form  of  an  ordinary  differential  equation  of  the 
first  order  is  evidently 

K'-^'i)-" : '')• 
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4.     When  a  difTerential  equation  is  capable  of  being  ex- 
pressed in  the  form 


?+x.^,+x.^4...  +  ij=x (10), 


in  ■which  the  coefBcients  X, ,  X,, ...  X,  and  the  second  member 
Xare  either  constant  quantities  or  functionB  of  the  indepen- 
dent variable  in  only,  the  equation  is  said  to  be  linear.  Equa- 
tions (I),  (2)  aud  (3)  are  thus  seen  to  be  linear,  but  (4)  and  (5) 
are  not  linear.  If  we  refer  (3),  after  dividing  both  members 
by  »*,  to  the  general  form  (10),  we  have 

n  =  2,  X  =  -,  X=\,  X=^-^-. 

When  the  coefficients  X,,  X,,  &c.  in  the  first  member  of  a 
linear  differential  equation  referred  to  the  above  general  type 
are  constant  quantities,  the  equation  is  defined  afi  a  linear 
differential  equation  with  constant  coefficients.  When  those 
coefficients  are  not  all  constant  it  is  defined  as  a  linear  dif- 
ferential equation  with  variable  coefficients.  The  distinction 
ifi  illustrated  in  the  following  examples : 

the  former  of  ■which  is  a  linear  differential  eqiiation  ■with 
constant  coefficients,  while  the  latter  would  be  described  as 
a  linear  differential  equation  with  variable  coefficients. 


Meanirig  of  Uie  terms  'general  solution,'  'complete  primitive.' 

o.  In  all  differential  equations  there  is,  as  has  been  seen, 
an  implied  reference  to  sonie  relation  among  variable  quantities 
dependent  and  independent ;  such  reference  being  established 
through  the  medium  of  differential  coefficients.  Now  the  chief 
object  of  the  atiidy  of  differential  equations  is  to  enable  us  to 


ABT.  5.]  GENERAL  SOLUTION.  7 

determine  Trhenever  it  is  possible,  and  in  the  most  general 
manner  which  is  possible,  such  implied  relation  among  thd 
primitive  variables.  That  relation,  when  discovered,  is,  by 
the  adoption  of  a  term,  primarily  applicable  to  the  mode  or 
process  of  its  discovery,  called  the  solution  of  the  eqvia.tioa. 


Thus  if  the  given  equation  be 


..(11), 


the  following  process  of  solution  may  be  adopted.  Multiply- 
ing by  dx,  wa  have 

xdy  +  ydx  =  cos  x^, 
and  integrating,  since  each  member  is  an  exact  differential, 
sey^soix-^e (12). 

The  result  is  termed  the  solution,  or,  still  more  definitely,  the 
general  solution  of  the  equation.  It  involves  an  arbitrary 
constant,  c,  hj  giving  particular  values  to  which  a  series  of 
particular  solutions  is  obtained.     The  equations 

xy  =  sin  x, 
my  =  sin  a  + 1, 
are  particular  solutions  of  the  given  differential  equation. 

The  term  solution  is  still  employed,  even  when  the  inte- 
gration necessary  in  order  to  obtain  in  a  fmite  and  explicit 
form  the  relation  between  the  variables  cannot  be  effected. 
Thus  if  we  had  the  differential  equation, 

''t-y-'^'" W' 

we  should  thence  derive  in  succession 
i^y—ydai  _^ix 

■a^  X    ' 


X..  J    . 


(H)- 
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and  the  last  result  is  called  the  solution  of  the  given  equation, 
although  it  involves  an  integration  which  cannot  be  performed 

in  finite  terms. 

The  relation  among  the  variables  which  constitutes  the 
general  solution  of  ailifferential  equation,  as  above  described, 
is  also  termed  its  complete  primitive.  The  relation  (14)  in- 
volving the  anbitrary  constant  c  is  virtually  the  complete 
primitive  of  the  differential  equation  (13).  It  will  be  observed 
that  the  terms  'general  solution'  and  'complete  primitive,' 
though  applied  to  a  common  object,  have  relation  to  distinct 
processes  and  to  a  distinct  order  of  thought.  In  the  strict 
application  of  the  former  term  we  contemplate  the  differential 
equation  as  prior  in  the  order  of  thought,  and  the  explicit 
relation  among  the  variables  a&  tbence  deduced  by  a  process 
of  solution ;  while  in  the  strict  use  of  the  latter  term  tbe 
order  both  of  thought  and  of  process  is  reversed. 


Genesis  of  Differential  Equations. 

6.  The  theory  of  the  genesis  of  differential  equations  from 
their  primitives  is  to  a  certain  extent  explained  in  treatises 
on  the  Differential  Calculus,  but  there  are  some  points  of  great 
importance  relating  to  the  connexion  of  differential  equations 
thus  derived,  not  only  with  their  primitive,  but  with  each 
other,  which  need  a  distinct  elucidation. 

Suppose  that  the  complete  primitive  expresses  a  relation 
between  x,  y  and  an  arbitrary  constant  c.  Differentiating  on 
the  supposition  that  at  is  the  independent  variable,  we  obtain  a 

new  equation  which  must  involve  -j- ,  and  which  may  involve 

any  or  all  of  the  quantities  x,  y  and  c.     If  it  do  not  involve 

c,  it  will  constitute  the  differential  equation  of  the  first  order 
corresponding  to  the  given  primitive.  If  it  involve  c,  then 
the  eUmination  of  c  between  it  and  the  primitive  will  lead  to 
the  differential  equation  in  question. 

Thus  if  the  complete  primitive  be 

y  =  ox (1). 
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we  have  on  differentiation, 

I- (^). 

and,  eliminating  the  constant  0, 

»"l •■■■(3). 

the  differential  equation  of  the  first  order  of  which  (1)  is  tha 
complete  primitive. 

That  primitive  might  have  been  so  prepcired  as  to  lead  to 
the  same  final  equation  by  mere  differentiation.  Thu^  re- 
ducing the  primitive  to  the  form 

we  have  On  differentiating  and  clearing  the  result  of  fractions, 

which  agrees  with  (3) .  And  generally,  if  a  primitive  Involving 
an  arbitrary  constant  c  be  reduced  to  the  form  ^  (x,  y)=c, 
the  corresponding  differential  equation  will  be  obtain^  by 
mere  differentiation  and  removal  of  irrelevant  factors,  i.e.  of 

i&ctois  which  do  not  contain  -S ,  and  do  not  therefore  affect 

Ts  and  y.     For  it  is  In  that 

relation,  as  already  intimated.  Art.  %  that  the  eaeefoiial 
character  of  the  differential  equation  consists. 

It  is  to  be  observed  that  when  the  differentiation  of  a  primi- 
tive involving  an  arbitrary  constant  c  does  not  of  itself  cause 
that  constant  to  disappear,  the  result  to  which  it  leads  is  still 
a  differential  equation,  only  not  that  differential  equation  of 
which  the  equation  given  constitutes  the  complete  primitive. 
Thus,  while  the  complete  primitive  of  (3)  is  (1),  that  of  (2)  is 
y!=cx  +  c',  a'  being  now  the  arbitrary  constant, — arbitrary 
as  being  independent  of  anything  contained  in  the  differentifil 
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equation.     Indeed  when  we  consider  j-  =  c  as  the  differential 
equation,  the  constant  c,  as  entering  into  its  complete  primitive, 

y  =  eir+c', 
is  not  arbitrary,  the  value  which  it  bears  in  the  primitive 
being  determined  by  that  which  it  bears  in  the  differential 
equation. 

As  another  illustration  of  the  same  theory,  the  equation 
y  =  ce"  as  complete  primitive  gives  rise  to  the  differential 
-  equation  of  the  first  order 


dx 


-ay*0. 


while  the  equation  immediately  derived   from  it  by  differ- 
entiation,  viz.   j^  =  ccw",   has    for  its   complete   primitive 

y  =  ce"  +  c'.     To   the  last  mentioned  differential  equation, 
y  =  ce"  stands  in  the  relation  of  a  particular  primitive. 


Second  and  M,gTier  Orders. 

7.  It  is  shewn  in  the  previous  section  that  from  an  equa- 
tion containing  x  and  y  with  an  arbitrary  constant  C,  we  can 
by  differentiation,  and  elimination  (if  necessary]  of  that  con- 
stant, obtain  the  differential  equation  of  the  first  orders  of  which 
the  given  equation  constitutes  the  complete  primitive. 

In  like  maimer  an  equation  connecting  x,  y,  and  two 
arbitrary  constants  being  given,  if  we  differentiate  twice,  and 
eliminate,  should  they  not'  have  already  disappeared,  the 
arbitrary  constants,  we  shall  arrive  at  a  differential  equation 
of  the  second  order  fi«e  from  both  the  constants  in  question, 
and  of  which  the  given  equation  constitutes  the  complete 
primitive. 

Thus,  if  we  take  as  the  primitive  equation 

yssaa^  +  bx (4), 


ART.  7.]  SECOND  AND  HIQHEE  OEDERS. 

we  find  on  differentiation 
dy 


-=2cw!  +  6.. 


and,  eliminatiiig  h  between  these  equations, 


■  CO), 


a  differential  equation  of  the  first  order  free  from  the  constant 
b.     Differentiating  this  equation  we  have 


and,  eliminating  a  between  the  last  two  equations, 

^3-^l+^^-» CT. 

a  differential  equation  of  the  second  order  free  from  both 
a  and  h. 

In  the  above  example  the  constant  h  was  eliminated  after 
the  first  differentiation,  and  the  constant  a  after  the  second. 
But  the  same  final  result  would  have  been  arrived  at  if  the 
order  of  the  eliminations  had  been  reversed.  Thus,  if  a  be 
eliminated  between  (4)  and  (5),  we  shall  have 


^^ 


+  lx- 


a  differential  equation  of  the  first  order,  different  in  form  from 
(6),  and  involving  h  instead  of  a.  But  on  differentiating  this 
equation  and  eliminating  h,  we  shall  arrive  at  the  same  final 
equation  of  the  second  order  (7). 

And  generally  ^  order  in  which  the  constants  are  eliminated 
does  not  affect  Oteform  of  the  final  differential  equation. 

Now  a  little  consideration  will  shew  that  this  is  necessarily 
the  case.  We  are  to  remember  that  the  generality  which  the 
primitive  derives  from  the  presence  of  its  arbitrary  constants' 
consists,  .only  in  this,  that  it  ia  thus  made  to  stand  as  the 
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representative  of  an  infinite  number  of  particular  ec^uatioDS,  in 
each  of  which  these  constants  receive  particular  and  definite 
values.  If  in  any  one  of  the  equations  thus  particularized  we 
further  give  to  ic  a  definite  value,  definite  values  will  also 

result  for  t/,  -f- ,  -t3  .  &C     Thus  to   a  given  abscissa  of  a 

eiven  curve,  i.a  of  a  curve  determined  as  to  its  apeciee  by  the 
form  of  its  equation,  and  as  to  its  elements  by  the  values  of  the 
constants  in  tlmtequation,correspond  only  definite  values  of  the 
ordinate  y  determining  the  corresponding  points  of  the  curve, 

definite  values  of  -^  detennining  the  Lncliuation  of  the  tan- 
gents at  such  points  to  the  axis  of  x,  and  definite  values  of 
-tK  determining,  in  conjunction  with  the  former,  the  measure  of 

curvature  at  the  same  points.  In  other  words,  the  species  of  the 
curve  as  defined  by  an  equation  of  the  form  if)  {x,  y,  a,  J)  =  0 

being  fixed,  the  values  of  y,  -^ ,  ~  have  a  fixed  dependence 

on  those  of  a,  S  and  x. 

And  hence  the  equation  ij>  (x,  y,  a,  5)  =  0  being  given,  any 
processes  of  differentiation,  elimination,  &c.  applied  thereto  can 
only  serve,  either  1st,  to  bring  out  or  manifest  the  dependence 
above  referred  to,  or  2ndly,  to  modify  the  accidental  form  of  its 
expression;  but  in  no  sense  to  create  such  dependence  or  affect 

its  real  nature.    Now  this  dependence  o(y,-r^,  -t^  upon  a,  h, 

and  X,  involves  the  existence  of  three  equations  among  six 
quantities.  Therefore  the  elimination  which  thus  becomes 
possible  of  two  of  those  quantities,  a,  b,  must  leave  a  single 

final  relation  between  the  remaining  four,  a;,  y,-^,  -jK  • 

And  this  is  the  differential  equation  in  question. 

As  another  example,  let  us  eliminate  the  arbitrary  constants 
c  and  c  fi-om  the  equation 

ysce^+c'e*" (8).. 
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Di£fetentiatmg  we  have 

g-™.-  +  fc'." (9). 

To  eliminate  c  subtract  from  ttie  equation  the  primitive 
(8)  multiplied  by  o;  wo  have      , 

g-a^-{&-o)c'e- (10). 

Again,  differentiating 

Mid  (to  eliminate  e')  euhtracting  from  this  the  previous  equa- 
tion multiplied  by  h,  we  have 

g-(„+s)|+^j,.o ai), 

the  differential  equation  of  the  second  order  required. 

If  we  had  first  eUminated  c'  we  should  in  the  place  of  (10) 
have  obtained  the  equation 

g_ij,_(^_S)«.- (12). 

Differentiating  this  and' eliminating  c  we  again  obtaiik  the 
same  final  result  (11). 

That  result  is  a  difbrential  equation  of  the  second  order,  and 
(8),  involving  both  the  arbitrary  constants  c  and  c',  is  it^  com- 
plete primitive.  The  intermediate  equations  (10)  and  (12),  each 
of  wluch  contains  one  of  the  arbitrary  constants,  and  from 
each  of  which,  by  the  elimination  of  that  constant,  the  final 
differential  equation  may  be  derived,  are  i%a  first  integrals.  As 
tiie  term  primitive  has  reference  to  the  direct  processes  of 
differentiation,.&c.  by  which. a  differential  equation  is  fonued, 
the  term  integral  has  reference  to  the  inverse  process  of 
iut«$;ration  by  which  we  reascend  &om  a  differential  equation 
to  its  primitive.  Considered  with  reference  to  these  processes 
the  jmmitive  is  someti^tes  termed  ths  Jmal,  integral. 


■,Googlc 
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It  has  been  shewn  that  the  order  of  successiou  in  which 
arbitraty  constants  are  eliminated  is  indifferent.  It  may  be 
added,  and  upon  the  same  ground,  that  the  elimination  may 
be  simultaneous.     If  we  write  the  primitive  (8)  in  the  form 

y  —  ce"  —  c'e**  =  0, 
and  differentiate  it  twice,  we  have 

dx 

(wr 

and,  from  the  above  system  of  three  equations  eliminating  tbe 
constants  c  and  c'  by  the  method  of  cross-multiplication,  we 
agmn  arrive  at  tbe  final  diSeretttial  equation  of  the  second 
order  (11). 

8.  Tbe  above  examples  prepare  ns  for  the  general  state- 
ment of  the  theoiy  of  the  genesis  of  differential  equations. 
Let  F{x,  y.  c,,  fl,,...c„1  =0  be  aprimitive  equation  between 
SB  and  y  involving  n  arbitrary  constants  c,,  c,,...a„  Differen- 
tiating with  respect  to  x,  and  regarding  y  as  a  function  of  x, 
we  obtain  directly,  or  by  elimination  of  Cj,  an  equation  of  tbe 
first  order  of  the  form 

Differentiating  this  equation  with  respect  to  a,  and  regarding 

y  and  -^  as  functions  of  that  quantity,  we  obtain  directly,  ot 

by  elimination  of  c,,  an  equation  of  tbe  second  order  of  the 
general  form 

Continuing  tbe  process,  we  airive  at  a  final  result  of  tbe 
form 

-   .*-(-^.|. §.-&)-»■ 
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Now  this  is  the  type  of  an  ordinary  diSerential  equation  of 
the  ft"  order,  (6),  Art.  2. 

As,  in  the  above  process  of  differentiation  and  elimination, 
we  might  have  begun  by  eliminating  any  other  of  the  con- 
stants instead  of  c, ,  it  follows  that  to  a  primitive  containing 
n  arbitrary  constante  there  belong  n  differential  equations  of 
the  first  order,  each  involving  n  —  1  arbitrary  constants.  But 
as  those  differential  equations  are  all  formed  l^  mere  pro- 
cesses of  elimination  from  ttoo  equations,  viz.  from  the  primi- 
tive and  its  first  derived  equation,  two  only  of  them  ar© 
independent.  Again,  as  the  differential  equations  of  the 
second  order  are  formed  by  eliminating  two  of  the  constants 

e„c,,  ...c,,  and  as  irom  n  constants,  n — ^ — combinations 
of  two  constants  can  be  selected,  it  is  seen  that  there  will 
esst  n  — ^ —  differential  equations  of  the  second  order,  each 

containing  n— 2  arbitrary  constanta  Of  these  equations 
three  only  will  however  be  independent,  the  whole  system 
being  denved  actually  or  virtually  from  the  primitive  and  its 
first  and  second  derived  equations; — actually  if  we  differen- 
tiate twice  before  eliminating;  virtually  if  each  differentiation 
is  followed  by  the  elimination  of  a  constant. 

This  process  of  deduction  continued  leads  to  the  following 
general  theorems,  viz.: 

1st.     To  a  given  pritrntive  invdvmg  w,  y,  and  n  arbitrary 

^    ,     ,,         n(n-l)  (n-2)...(n-r+l)     ,._      ^.  , 

constatits   belong ^^^i — ^^ — ^ aij^erential 

eolations  of  the  r*^  order  (r  heiTig  any  whole  number  less  than 
n),  each  involving  n  —  r  arbitrary  amstants,  but  of  those  equa- 
b'oRS  r  + 1  only  mil  be  independent. 

Sod.  There  mU  exist  one  differenHaZ  equation  of  the  n* 
order  free  from,  arbitrary  constants. 

The  converse  of  the  latter  truth,  viz.  that  a  differential 
equation  of  the  n*  order  implies  tbe  existence  of  a  complete 
primitive  involving  n  arbitraiy  constants,  wiU.  be  established 
in  a  future  page.  ■  [See  page  187.] 
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Criterion  of  derivation  Jrom  a  common  primitive. 

9.  It  is  established  in  Art  7,  Ist,  that  from  a  primitive 
equation  invoMng  two  arbitrary  constants  arise  two  differen- 
tial equations  of  the  first  order,  each  involving  one  of  those 
constants;  2ndlj,  that  each  of  these  differential  equations  of 
the  first  order  gives  rise  to  the  same  differential  equation  of 
the  second  order,  of  which  the  original  equation  constitutes 
the  complete  primitive  or  final  integral. 

The  second  of  the  properties  above  noted  constitutes  a. 
criterion  by  which  It  may  be  determined  whether  two  dif- 
ferential equations  of  the  first  order,  each  involving  an  arbi- 
trary constant,  originate  from  the  same  primitive.  We  must 
differentiate  each  equation,  and  then  eliminate  its  arbitrary 
constant.     If  the  two  results  agree  as  differential  equations  of 

the  second  order,  i.e.  if  they  give  the  same  value  of  -33 

as  a  function  of  x,  y,  and  -^ ,  the  differential  equations  of  the 
first  order  must  have  or^inated  in  the  same  primitive.  Fur- 
thermore, that  primitive  will  be  obtained  by  eliminating  -^ 
between  the  two  differential  equations  given. 

Ex.    The  differential  equation^  of  the  first  order 


»£ 


■» ■ (1). 


y"-^!-' V •■■ -(2). 

are  both  derived  irom  the  same  primitive.  Each  of  them 
leads  on  differentiation  and  elimination  of  its  arbitrary  con- 
stant to  the  differential  equation  of  the  second  order. 
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The  primitive,  found  by  eliminating  -^  from  the  given 


y*-aa!'  =  J (4), 

a  and  6  being  arbitraiy  constants. 

10.  The  differential  equations  of  the  first  order  which 
constitute  the  first  integrals  (Art,  7)  of  a  differential  equation 
of  the  second  order  (as,  in  the  above  example,  (1)  and  (2) 
axe  first  integrals  of  (3)),  may  .by  algebraic  solution  be  reduced 
to  the  forms 

*('.».  I) =« w. 

'^(*i'.S)-» («)• 

Now  a  function  of  the  arbitrary  constants  a  and  5,  as  ^  (a,  5), 
is  itself  an  arbitrary  constant,  and  may  be  represented  by  c. 
Hence  any  equation  of  the  form 

o(*(.,„|).    t(..,|)}  =  o (7, 

would,  equally  with  (5)  and  (6),  constitute  a  first  integral  of 
the  supposed  equation  of  the  second  order.  It  is  evident  that 
(7)  is  the  general  type  of  all  such  first  integrals. 

Thus  the  type  of  the  first  integrals  of  (3)  would  be 


4.(1 


dx'  "        ^  dx/ 


But  any  two  first  integrals  included  under  this  type  and  in- 
dependent of  each  other  would  lead  us,  as  is  obvious,  to  the 
same  final  integral  (4),  either  under  its  actual  or  under  an 
equivalent  form.  • 

While  therefore,  viewed  as  an  independent  system,  the  first 

integrals  of  a  differential  equation  of  the  second  order  are  but 

B.D.E.  %  j|e 
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two,  it  is  formally  more  correct  to  regard  them  as  infiiiite  in 
number,  but  aa  so  related  that  any  two  of  them  which  are 
independent  contain  by  implication  all  the  rest. 

Such  considerations   are   easily  extended  to   differential 
equations  of  the  higher  orders. 


Geometrical  iUitstrations. 

11.  Geometry,  by  its  peculiar  conceptions  of  direction, 
tangency,  and  curvature,  all  developed  out  of  the  primary 
conception  of  the  limit,  Art.  1,  throws  much  light  on  the 
nature  of  differential  equations. 

Ab  the  simplest  illustration  let  the  equation  of  a  straight 
line 

y=ax+b ...(1) 

be  taken  as  the  complete  primitive,  a  and  b  being  arbitrary 
constants. 

Differentiating,  we  have 

I- P)- 

Eliminating  a,  we  find 

!'-*|-' (3). 

and  again  differentiating 

S=» w- 

Of  these  equations,  (4),  which  is  free  from  arbitrary  con- 
stants, is  the  general  differential  equation  of  the  second  order 
of  a  straight  line ;  and  (2)  and  (3),  each  of  which  contains  one 
of  the  original  arbitrary  constants,  are  the  two  differential 
equations  of  the  first  order.  Moreover,  each  of  these  dif- 
ierential  equations  expresses  some  general  property  of  the 
straight  line — (2),  that  its  inclination  to  the  axis  is  uniform  ; 
(3),  that  any  intercept,  parallel  to  the  axis  of  y,  between  the 
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straght  line  and  a  parallel  to  it  through  the  origin  will  be  of 
constant  length ;  (4),  that  a  straight  line  is  nowhere  either 
convex  or  concave ; — and  this  property,  which  does  not  in- 
Tolre,  in  the  same  definite  manner  as  the  others  do,  the  con- 
siderations of  distance  and  of  angular  magnitude,  ia  evidently 
the  most  absolute  of  the  three. 

The  equation  of  the  circle  is 

(a:-ay+(!/-by  =  r- (5), 

md  if  we  regard  o  and  b  as  arbitrary  constants  the  corre- 
sponding differential  equation  of  the  second  order  will  be 


h(g)T 


expressing  the  property  that  the  radius  of  curvature  is  in- 
variable and  equal  to  r. 

If  we  proceed  to  another  differentiation,  we  find 

h(l)]S-''l(S)"=« m. 

which  13  the  general  differential  equation  of  a  circle  free  from 
arbitrary  constants.  And  the  geometrical  property  which  this 
equation  also  expresses  is  the  invariability  of  the  radius  of 
curvature,  but  the  expression  is  of  a  more  absolute  character 
than  that  of  the  previous  equation  (6).  For  in  that  equation 
we  may  attribute  to  r  a  definite  value,  and  then  it  ceases  to 
be  the  differential  equation  of  all  circles,  and  pertains  to  that 
particular  circle  only  whose  radius  ia  r.  The  equation  (7) 
admits  of  no  such  limitation. 

Monge  has  deduced  the  general  differential  equation  of 
lines  of  the  second  order  expressed  by  the  algebraic  equation 


«a*  +  hxy  +  c^'  +  ex  +fif  = 
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ur  powers  of  geometrical  interpretation  fail,  and 
1  as  this  can  scarcely  be  otbemlae  useful  tlian  as 
i  integrable  forms. 

e  above  examples  it  ■will  be  evident  that  the 
order  of  the  differential  equation  obtained  by  eli- 
f  the  determining  constants  from  the  equation  of 
i  higher  and  more  absolute  is  the  property  which 
nti^  equation  expresses. 

rve  to  a  future  Chapter  the  consideration  of  the 
>artial  differential  equations  as  well  as  of  ordinary 
equations  involving  more  than  two  variables. 


uguish  the  following  differential  equations  accord- 
ies,  order,  and  degree,  and  take  account  of  any 
s  dependent  upon  their  coefScients. 


,  dx'     dy*     da' 
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2-  Expl^  the  term  '  complete  primitive,'  and  form  the 
differential  equations  of  the  first  order  of  which  the  following 
axe  the  complete  primiUves,  c  being  regarded  aa  the  arbitrary 
constant,  viz. : 

(2)  y=-(x  +  c)e'". 

(3)  y  =  ce*""'"  +  tan"'  a;  -  1. 

(4)  y  =  (caJ  +  loga:  +  l)-*. 

(5)  j*-2(W-c'  =  0. 

(6)  y  =  c*+0{c). 

3.  Form  the  differential  equations  of  the  second  order  of 
which  the  following  are  the  complete  primitives,  c  and  c'  being 
regarded  aa  arbitrary  constants. 


(1) 

!/  =  c  cos  ma! +  c' BID  mx. 

(2) 

^  =  eaoa{mx  +  c]. 

(3) 

J-l«g°-^^ 

(*) 

y  =  csinna!  +  c'co8»M!+-^-s , 

4.  State  the  criterion  by  which  it  may  be  determined 
whether  differential  equations  are  derived  from  a  common 
primitive. 

5.  Shew  that  the  differential  equations 

are  not  derived  from  a  commoi;  primitive  involving  a  and  i 
as  arbitrary  constants. 

6.  Shew  that  each  of  the  following  pfurs  of  equations,  in 
which  p  Eftands  for  -f-,^  derived  from  a  common  primitive, 
and  determine  the  primitive  : 

D,o,i,7.<i.T,Google 
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(2)     y-xp  =  a{tf'+p),  &xidi/-xp=hO-+a?p). 

7.  How  man;  first,  second,  third,  &c,  integrals,  belong 
to  the  general  diEFerential  equation  of  Unes  of  the  second 
order  given  in  Art.  11,  and  how  many  of  each  order  are  inde- 
pendent ? 

8.  From  the  equation  (y  -  J)'  =  Int  (ic  —  a)  aaaumed  as  the 
primitive,  deduce  1st  the  differential  equations  of  the  first 
order  involving  a  and  b  as  their  respective  arbitrary  constants  ; 
2dly  the  general  functional  expression  for  all  differential  equa- 
tions of  the  first  order  derivable  from  the  same  primitive. 

9.  Of  what  primitive  involving  two  arbitrary  constants 
would  the  functional  equation 

represent  all  possible  differential  equations  of  the  first  order } 

10.  How  many  independent  differential  equations  of  all 
orders  are  derivable  from  a  given  primitive  involving  x,  y, 
and  n  arbitrary  constants  ? 


ogle 


ON  DIFFERENTIAl,  EQUATIONS  OF  THE  tlRST  OBDEE  AND 
DEQBBE  BETWEEN  TWO  VABIABLES. 

1.  The  differential  equations  of  which  we  shall  treat  in 
this  Chapter  may  be  represented  under  the  general  form 

ax 
Jfand  ^  being  fuuctions  of  the  variables  x  and^. 

In  this  mode  of  representation  x  is  regarded  as  the  inde- 
pendent  variable  and  y  as  the  dependent  variable. 

We  may,  however,  regard  t/  as  the  independent  and  «  as 
the  dependent  variable,  on  which  supposition  the  form  of  the 
typical  equation  will  be 

Jf  ^-+^=0. 
dy 

For  as  any  primitive  equation  "between  x  and  y  enables  ns 
theoretically  to  determine  either  ^  as  a  function  of  a;,  or  a;  as 
a  function  of  v,  it  is  indifferent  which  of  the  two  variables 
we  suppose  independent. 

It  is  usual  to  treat  this  equation  under  the  form 
Mdx  +  Ndy^O, 
not  however  from  any  preference  for  the  theory  of  infinitesi- 
mals, but  for  the  sake  of  symmetry. 

The  order  of  this  Chapter  will  be  the  following.  As  the 
solution  of  the  equation,  if  such  exist,  must  be  in  the  form  of 
a  relation  connecting  x  and  y,  I  shall  first  establish  a  prelimi- 
&aty  proposition  expressing  tjie  condition  of  mutual  depend' 
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ence  of  functions  of  two  variables;  I  shall  then  inquire  what 
kind  of  relation  between  x  and  y  is  necessarily  implied  by  the 
existence  of  a  differential  equation  of  the  form 

ax 
I  eball  discnss  certain  cases  in  which  the  equation  admits 
readily  of  finite  solution ;  and  I  shall  lastly  deduce  its  general 
solution  in  a  series. 

Phop.  1.  Let  Vand  v  he  erplicit  functions  of  the  two  vari- 
aMes  X  and  y.  Then,  if  V  be  expressible  as  a  function  of  v, 
the  condition 

^^_^^=o  a) 

dx  dy      dy  dx       ^ 

will  he  idenOcaUy  satisfied.  Ocmversehf,  if  this  amdition  he 
identically  satisfied,  V  vjill  he  expressible  as  a  function  of  v. 

1st,  For  suppose  V=^{v).  Then 
dy^d^{yldv 
dx  da  dx' 
dV  ^d^{v)dv 
dy        dv    dy ' 

Multiplying  the  first  equation  by  -r- ,  the  second  by  -5- , 
and  subtracting,  we  have 

dx  dy      dy  dx 

And  this  is  satisfied  identtcatly;  since  by  the  process  of 
elimination  the  second  member  vanishes  independently  both 
of  the  form  of  v  as  a  function  of  x  and  y,  and  of  the  form  of 

F  as  a  function  of  v. 

2ndly,  Also  if  the  above  condition  be  satisfied  identically, 
V  will  be  expressible  as  a  function  of  v.  For  whatever  func- 
tions V  and  V  may  be  of  x  and  y,  it  will  be  possible  by  elimi- 
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nating  one  of  the  variables  x  and  y  to  express  Fas  a  function 
of  the  other  variable  and  of  v.  Suppose  for  instance  the 
expression  for  V  thus  obtained  to  be 

Then  dy^d<^{x.v)  ^  d^{x.v)dv 

-   dx  dx  dv      dx' 

dV^  dj,  {x,  v)  dv 

d%)  dv      dy' 

Substituting  these  values  of  t—  and  -j-  in  the  equation  (1) 
we  have  as  the  result 


But,  V  being  by  hypothesis  an  explicit  function  of  both 
variables  x  and  y,  -=-  is  not  identically  0.     Hence,  from  (2), 

i*(»,«)_„ 


identically.  Therefore  ^  (a;,  v),  which  represents  Y,  does  not 
cont^  X  in  its  expression^  and  V  reduces  simply  to  a  func- 
tion of  V. 

We  have  supposed  each  of  the  functions  V  and  w  to  con- 
tain both  the  variables  w  and  y.  But,  whether  this  be  or  be 
not  the  case,  the  identical  satisfying  of  (1)  is  the  necessaiy 
and  sufficient  condition  of  the  functional  dependence  of  V 

and  V, 

For  suppose  either  V  or  v,  and  for  distinction  we  shall 
choose  V,  to  be  a  function  of  one  of  the  variables  only,  as  x, 
and  F  to  be  a  function  of  v.    Then  is  V  also  a  function  of  x, 

and  as  -^  «. 

dy 
fied. 
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Conversely,  supposing  v  to  be  a  function  of  x  only,  and  (1) 
to  be  identically  satisfied,  that  equation  reduces  to 

dy 
whence  Fis  expressible  as  a  function  of  ». 

2.  The  equaiton  M+N~-  =  0  always  involves  the  existence 
of  a  primitive  rekttion  between  x  and  y  of  the  form 

/(a;.  y)  =  c. 

in  which  c  is  an  arbitrary  constant 

Let  us  first  consider  what  is  the  imtnedtate  signification  o£ 
the  equation 

^+^1-° • «■ 

We  know  that  if  Aa;  represent  any  finite  increment  of  x,  and 
Ay  the  corresponding  finite  increment  of  y,  ^  will  represent 

the  limit  to  which  the  ratio  -—-  approaches  its  Aic  approaches 
toO. 

Let  us  then  first  examine  the  interpretation  of  the  equation 

Jf+Jf^-O ...(2). 

We  have  ir~='~i^-    The  second  member  of  this  equation 

being  a  function  of  x  and  y,  since  Jf  and  ^are  functions  of 
those  variables,  we  may  write 

ti-*fej() (3), 

the  form  of  ^  (x,y)  being  known  when  Jf  and  ^are  given. 

Now  if  we  assign  to  x  any  series  of  values,  it  is  possible 
to  assign  a  corresponding  series  of  values  of  y,  any  one  of 
which  being  fixed  arbitranly  all  the  others  will  be  determined 
by  (3). 
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Thus  let  x^,  x„  jc,,.,  be  the  series  of  arbitrary  values  of  x, 
and  y,  an  arbitrary  value  of  y  corresponding  to  x„  aa  the 
value  of  X,  then,  representing  by  Aajj  the  increment  of  x^, 
Le,  the  value  which  being  added  to  x^^  converts  it  into  x^, 
we  have  by  (3) 

therefore  y^  +  A^,  =  Jo  +  ^  (iCj,  yj  Aar,,. 

But  as  Ay^  represents  the  increment  of  y,  correapondii^  to 
Ax^  as  the  increment  of  a:„  it  is  evident  that  y,  +  Ay,  will  be 
the  value  of  y  corresponding  to  a;|,  + Aa-,,  as  the  value  of  x. 
Representing  then  this  value  of  y  by  y,  we  shall  have 

yj=y,  +  ^(a:„,y„)AaT, 

=y.+*(^..y»)  K-a'J (*)- 

In  like  manner  we  shall  find 

y.=y.+*(^..yi)  (^.-aiO (5). 

but,  y,  being  already  determined  by  (4),  y,  is  determined,  and, 
continuing  the  operation,  a  series  of  values  of  y  will  be  deter- 
mined, only  one  of  which  is  arbitrary,  while  all  the  others  are 
assigned  in  terms  of  that  arbitrary  value  and  of  the  known 
values  of  x. 

li,  for  example,  we  have  the  particular  equation 

Ay  =  {x  +  y)Ax, 

and  assign  to  x  the  series  of  values  0,  1,  2,  3,  4,  &c.,  and 
at  the  same  time  assume  that  when  x  is  equal  to  0,  y  is  equal 
to  1,  we  shall  have  the  two  following  corresponding  series  of 
values,  viz, 

a;,  =  0,     ar,  =  l,     «i  =  2,     3!^=   3,     x,-    4,  Ac 
y,  =  l,    y.  =  2.     y,  =  5,    y,  =  l%    y.  =  27,  &c. 

By  assigning  a  different  value  to  y„,  or  by  assuming  arbi- 
tiarily  uie  value  of  some  other  term  of  the  series  yo-y.-y,.  &<J. 
we  should  find  another  set  of  values  of  those  quantities  cor- 
responding to  the  given  values  of  x.     But,  in  every  such  set, 
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the  values  of  all  the  terms  but  one  will  be  detennmed  by 
a  law. 

Now  if  the  intervals  between  the  succesBive  values  of  x  are 
diminished,  while  the  number  is  proportionately  increased, 
each  of  the  corresponding  sets  of  v^ues  of  x  and  y  will  more 
and  more  approach  to  the  state  of  continuous  ma^itude. 
And,  in  the  limit,  to  eveiy  conceivable  value  of  x  wiJJ  corre- 
spond a  value  of  y,  determined  in  subjection  to  a  continuous 
law — to  a  law  however  which  permits  us  to  assign  one  of  the 
values  of  y  arbitrarily.  The  analj^tical  expression  of  that 
law  will  be  the  solution  of  the  differential  equation  given. 

3.  To  illustrate  the  same  doctrine  geometrically,  if  x  and 
g  represent  rectangular  co-ordinates,  any  system  such  as  the 
above  would  represent  a  series  of  points  of  which  the  abscissse 
having  been  assumed  arbitrarily,  the  corresponding  values  of 
y,  except  one,  are  determined  by  a  continuous  law.  In  the 
limit,  that  series  of  points  would  approximate  to  a  curve  the 
species  of  which  as  aependent  upon  the  form  of  its  equation 
would  be  determined  by  a  law,  but  an  element  of  which,  re- 
presented by  a  constant  in  that  equation,  would  be  left  arbi- 
trary, so  as  to  permit  us  to  draw  the  curve  through  a  given 
point. 

The  form  of  the  analytical  solution  thus  indicated  is 

f(':,y)-c (6). 

The  genesis  of  differential  equations  of  the  first  order  and 
d^ree  Irom  equations  of  this  description  has  already  been 
explained  in  Chap.  I.  Art.  6.  It  is  evident  that,  as  c  is  M-bi- 
tnuy,  such  a  value  may  be  assigned  to  it  as  to  make  a  given 
value  of  y  correspond  to  a  given  value  of  x.  If  those  corre- 
sponding values  are  x^,  y^,  we  have  only  to  assume 

/(".,«.)-" m, 

whence  c  is  determined.  But  c  being  once  determined,  all  the 
values  of  y  depend  upon  those  of  x,  in  obedience  to  the  law 
expressed  by  (6). 
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lastly  it  may  be  shewn  that  two  distinct  complete  primi- 
tives of  Mdx  +  Ndy  =  0  cannot  exist. 

For  suppose  that  there  are  two  such  primitives 


then  by  differentiating  each 

dx     dy  dx       '      dx     dy  dx        ' 
whence,  eliminating  -^ , 

du  dv     dudv  _^ 

dxdy     dydx      ' 
which  shews,  by  Prop,  I,  that  ®  is  a  function  of  u.    The 
second  equation  is  then  equivalent  to 

/(«)=«■, 

and  this  is  resolvable  by  solution  into  equations  of  the  form 


each  of  which  is  therefore  only  a  repetition  of  the  first  sup- 
posed complete  primitive. 

Certain  cases  in  which  the  equation  Mdx  +  Ndy  =  0  admits 
of  finite  solution. 

i.  The  eqaaiion  Mdx  +  Ndy  =  0  can  always  he  solved  when 
the  variahles  in  M  and  N  admit  of  being  separated ;  i.  e.  when 
the  equation  can  be  reduced  to  the  form 

Xdx+Ydy=0 (8). 

in  which  X  is  a  function  of  x  alone,  and  Y  a  function  ofy 

(done. 

To  solve  the  equation  in  its  reduced  form  (8),  it  is  only 
necessary  to  integrate  the  two  terms  separately,  and  to  equate 
the  result  to  an  arbitrary  constant.    Thus  the  solution  will  be 


jxdx+JYdy^c (9). 
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On  differentiating  this  result  the  arbitrary  constant  c  dis- 
appears, and  (8)  is  reproduced. 

Thus  the  solution  of  the  equation 
xdx  +  ydy  =  0 

or,  since  c  is  arbitrary, 

a?-\-y'  =  c. 
The  solution  of  the  equation 

will  in  like  manner  be 

log(l-|-a;)+log(l  +  y)=c; 
a  result  whidi  may  be  simphlied  in  the  following  manner. 
We  have 

Iog(l+a:)(l+y)  =  c; 
therefore  (1  +  jc)  (1  +  3/)  =  «*. 

But  a  function  of  an  arbitrary  constant  is  itself  an  arbitrary 
constant.     Hence  we  may  write  as  the  solution 

(i+x)a+j.).o. 

Indeed  it  frequently  happens  that  solutions  which  present 
themselves  in  a  transcendental  form  admit  of  being  reduced 
to  an  algebraic  form, 

Thj3  also  the  solution  of  the  equation 

V(fe)-Vl^=« '-) 

being 

Bin''ic  +  Ein"'y  =  i;, 
we  shall  have,  on  taking  the  sine  of  both  members  of  the 
equation  and  replacing  sin  c  by  0, 

x^{l-f)^y^{\-a?)^C (11), 

which  is  algebraic. 
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5.    Different  modes  of  integration  will  also  give  rise  to 
solutions  which  at  first  sight  appear  to  be  discordant.     The 
discordance  however  will  be  only  apparent.     Thus  if  we  ex- 
press the  equation  last  solved  in  the  form 
—  dx  ~dy 

and  integrate  by  means  of  the  formula 

/va-ao""'"'""^"""*" 

we  shall  have 

cos"'  X  +  cos"^  y  =  C, 
^d,  taking  the  cosine  of  both  members, 

«5,-V((l-«1(l-J^))-co»C;, (12). 

The  last  result  may  however  be  reduced  to  the  form 

^vci-j'j+jvci-a')-™!?, as), 

which,  as  sin  (7,  is  arbitrary,  agrees  with  the  previous  re- 
sult, (11). 

The  constants  C  and  C^  are  seen  to  be  connected  by  a 
relation  C  =  sin  C^ ,  which  is  independent  of  the  variables  x 
and^. 

And  in  general  the  test  of  the  accordance  of  two  solutions 
of  a  differential  equation,  each  involving  an  arbitrary  constant, 
is,  that  on  eliminating  one  of  the  variables,  the  other  variahle 
viUl  disappear  also,  and  a  relation  between  the  arbitrary  con- 
slants  alone  result. 

Or  expressing  the  solutions  in  the  form 
V=0,    v  =  c, 
we  may  directly  apply  the  test  of  equivalence 

dx  dy      dy  dx       ' 
resulting  from  the  proposition  in  Art  I. 
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6,  It  sometimes  happens  that  the  variables  may  be  septi- 
rated  by  multiplying  or  dividing  the  equation  by  a  factor. 
Thos  the  equation 

1  on  multiplj'ing  by  (1  +  x)  (1  +y), 

x{l  -{■x)dx-y{X-Vy)dy  =  0, 
X  the  variables  are  separated.    Integration  then  gives 


Qost  general  form  of  equations  in  which  the  variables 
leparated  by  the  process  above  mentioned  is 

X^Y^dx+X,Y^dy  =  (i (14-), 

1  X,  and  X^  are  functions  of  x  only,  and  T",  and  Y^ 
\a  Gt  y  Only,  On  dividing  the  above  equation  by 
r,  which  amounts  to  the  same  thing,  multiplying  it  by 

or  „  „- ,  we  have 


■■(15), 


X          Y 
■j^dx+-^dy  =  0 

b  the  variables  are  separated. 

The   equation   X'J{\.+y')dx-^-y'i/{i+a?)dy  =  0    is 
luced  to 

xdx  ydy      _ . 

7(1+^  "*■  7(1+7)  ~ 

I  for  it8  complete  integral 

va+a^  +  ^/(l+^/*)=c 

Sometimes  too  the  variables  in  the  equation 

Mdx+Ndy  =  0 
if  being  separated  after  a  preliminaiy  transformation. 

C,oo;(lc 
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Ex.  1.     If  in   the   equation    {a!  —  y')da;-\-2xj/dy  =  0,    we 
assume  y="J{xz),  we  find 

,       zdx-\-xdz 

Substituting  these  expresaions  for  y  and  dy  in  the  given 
equation,  we  have 


Ex.  2.     (»/-a!)(l  +  a^*rfy-n(H-y')'rfa:=0. 
Assume  x  =  tan  $,   y  =  tan  ^.    We  find 

(tan  ^  —  tan  ^)  sec  6  Bec'(f>d^  —  n  sec'ip  sed'O  dd  =  0, 
which  reduces  to 

sin  {<f)-e)dif>-ndd  =  a. 
Now  let  ^  ~  ^  =  '^,  then 

sin  i^if)  =  ndij>  —  nd^lr, 

therefore  d4>  = ^—7  ; 

"^      M  —  Bin  Y 

whence  i  =  I ^^  +  <^  '■ 

the  integral  in  the  second  member  is  a  known  form. 

It  will  he  remarked  that  the  transformations  employed 
in  the  above  examples  are  not  very  obvious  ones.  They 
would  scarcely  be  suggested  by  the  forms  of  the  differ- 
ential equations  themselves.  And  in  the  present  state  of 
analysis,  it  would  be  impossible  to  lay  down  any  general  di- 
rection on  the  subject.  There  are  however  certain  classes  of 
differential  equations  in  which  the  nature  of  the  required  trans- 
formation can  be  determined.  Among  them  a  foremost  place 
is  due  to  homogeneous  equations. 

a.D.B.  ^3     I 

D,g,l,7?<lT,CjOOgle 


34  nOMOOEKEOUS  EQUATIONa  [CH.  II. 

Somogeneova  Equations. 

8.  The  differential  equation  Mdx  +  Ndy  =  0  is  said  to  be 
homogeneous  -when  M  and  N  are  homogeneous  functions  of 

X  and  y,  and  are  of  the  same  degree. 

Thus  the  equation 

{y  + V(i'^*  +  y')l  dx—xdy  =  0, 
is  a  homogeneous  equation,  M  and  1^  being  here  of  the  first 
degree. 

To  integrate  a  homogeneous  equation  it  suffices  to  assume 
y  =  vx.  In  the  transformed  equation  the  variables  x  and  v 
will  then  admit  of  separation. 

Thus  in  the  above  example  we  should  find 

{«a;  +  a'V(l  +«')}(&  — a;  {vdx -^ xdv)  =  0, 
whence  dividing  by  x 

>J{\-^v*)dx-xdv  =  (i, 
from  which  result 

X      V(l+"')~    ' 
loga;-log{»  +  V{l+«')j=c. 

Replacing  u  by  -  ,  we  have 


for  the  complete  primitive. 

As  in  Art  5,  the  above  solution  admits  of  a  simpler  ex- 
pression.    Freed  from  transcendents  and  radicals,  it  gives 

G  being  an  arbitrary  constant. 

To  demonstrate  the  above  method  generally,  let  us  suppose 
that  M  and  N  are  homogeneous  fuactions  of  x  and  y  of  the 

n,o,i,7P(i-i.Goi;i'^le"' 
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n*  degree.    "We  may  then,  inaccordance  with  the  kuowu  type 
of  homogeneous  functions,  write 


M=af>l>(^,    Jf=art(j). 


BO  that  the  equation  Mdx  +  Ndy  =  0  hecomes  on  substitution 
and  division  by  the  comnton  factor  a^, 

*(i)  *'+''' (1)*=" ■.■■•■™- 

Now  assuming  y  =  vx,  we  have 

^  =  v,  dy~v3x  +  xdv, 

X 

iuid  the  above  equation  hecomes 

^  (o)  dai  +  if-  (v)  {vdx  +  xdv)  =  0. 
Or,  [4>  (v)  +  v^{v)]dx  +  ^  («)  xdv  =  0. 

Therefore 

■0 (17), 


X       i>iv)  +  v>fr  (v) 
whence  on  integratii^ 


H^+Lfti^ltn^g (18)- 


f  u^  (tj) 

It  is  obvious  from  the  symmetry  of  the  relation  between  aj 

and  y  that  we  might  equally  employ  the  tranHformation  -  =  « 

and  regard  v  and  y  as  the  new  variables.  What  is  essential 
in  the  method  is  the  substitution,  in  place  of  the  original  vari- 
ables X  ajid  y,  of  a  new  system  of  variables,  consisting  of  one 
variable  of  the  old  system,  and  of  the  ratio  which  is  borne 
to  it  by  the  other  variable  of  that  system- 


Ex.     It  is  required  to  integrate  the  equation 

[x  -  VCasy),  -  y}  *ic  -t-  v(«y)  dy  =  0, 


■.Gotit^le 
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b;  the  direct  application  of  (18).    Here,  n  =  1, 

Jf=ai-V(«y)-»-!»(l-VW-''l, 

IB  we  have 
18)  givea 


log  a;  +  ^ _  -  a 

Jl  —  v'  —  v  +  v* 


eSect  the  integration  in  the  second  term,  let  v  =  f. 
v^dv  f       2edt  


r        v^dv  f       2edt 


-j^+flog(l-()  +  ilog(l  +  <) 


Dce  fina]ly,  replacing  (  by  ^  , 

a* 

-j--^  +  log  (a;*  -  yS)  +  J  log  (a;  -  3,}  =  a. 

The  equation 

{aic  +  h}/  +  c)dx  +  (a:x  +  h'y  +  c')d^  =  0 (19) 

)e  rendered  homogeneous,  either  first  by  assuming 

as  =  ss'~a,   y=y-/3, 
roperly  determining  a  and  /3;  or  secondly  by  asauming 
ar+Sy  +  C"x',   a'a;  + J'y +  {)'=■  y. 
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The  first  transformation  giveA 
(aa;' +  Jy' -  aa  -  ij8  +  c)  (iai' +  (a  V  +  jy  -  a'a  -  6'(8 +0  %' =  0, 
whence  if  a  and  j3  be  determined  by  the  conditions 

a'a  +  b'ff  =  </, 
we  shall  have  the  homogeneoas  equation 

(aa/  +  Jy")  (ii/  +  (oV  +  b'y')  dy'  =  0. 
Making  then  y'  =  ex'  we  find 

^  +  a  +  (6  +  a')r  +  6V-*' ^^*'^' 

which  is  directly  integrable. 

The  second  transformation  gives 

(zdx  +  My  =  dx,  a'dx  +  b'dy  =  dy, 

whence  determining  dx  and  dy,  the  proposed  equation  assumes 
the  homogeneous  form 

(6V  -  ay )  dx'-(ba{-  ay')  di/  =  0. 

Both  these  transformations  fail  if  ab'  ~db  =  0.     But  in  this 

case,  since  b'  =  — ,  the  proposed  ec|uation  may  be  expressed 


and  the  variables  will  be  separated  if  we  assume  oa  +  6y  =  «,' 
and  then  adopt  either  z  and  xotz  and  y  as  the  new  variables. 

These  transformations  are  linear,  and  by  one  of  the  two 
the  proposed  equation  is  usually  solved. 

[For  another  method  see  the  Sup^^mmixtry  Volume,  ChajSE^ 
ter  XIZ,  Arts.  1  and  2.] 
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10.  The  linear  differential  equation  of  the  first  orfler  and 
degree 

l+^i'-o (^«. 

P  and  Q  being  fimctionB  of  x,  admits  of  being  solved.  When 
Q  =  0  the  solution  is  obtained  by  separating  the  variables; 
and  when  Q  is  not  equal  to  0,  a  solution  may  be  founded 
upon  that  of  the  previous  and  simpler  case. 

It  must  be  observed  that  the  linear  equation  (21),  when 
reduced  to  the  form 

{Pl/-Q)dx  +  ds'=0, 

falls  under  the  general  type,  Mdx  +  Ndy  =  0. 

1st,  When  Q=  0,  we  have 

Dividing  by  y,  in  order  to  separate  the  variables, 

y 

Therefore,  log  y  =  - 1  Fdx  +  tf,  which  gives 

^C^-^" (22), 

G  being  an  arbitraiy  constant  substituted  for  e*.  It  has  been 
already  observed  that  a  function  of  an  arbitraiy  constant  ia 
itself  an  arbitrary  constant;  see  Art.  4. 

2ndly,  To  solve  the  linear  equation  (21)  when  Q  is  not  equal 
to  0,  let  us  assign  to  the  solution  the  general  form  (22)  above 
obtained,  but  suppose  G  to  be  no  longer  a  constant  but  a  new 
variable  quantity — an  unknown  function  of  x,  which  must  be 
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determined  in  accordance  with  the  new  conditions  to  which 
the  solution  must-be  subjedt. 

Substituting  then  the  aoove  expression  for  y  in  {21J,  and 
observing  that,  since  G  is  now  variable,  we  have 


dG    , 


Hence  ^  =  eJ'^Q. 

ax 

Therefore  G=  j  «•''"'  Qdx  +  c, 

c  being  an  arbitrary  constant.  Substituting  this  generalized 
value  of  Cin  (22),  we  have  finally 

y  =  e-f"'(^jef^Qdx^^  : (23), 

the  solution  required. 

It  will  be  obflerved  that  if  Q  =  0,  the  above  solution  is 
reduced  to  the  form  (22)  before  obtained. 

The  method  of  generalizing  a  solution  above  exemplified  is 
called  the  method  of  the  variation  of  parameters,  the  term 

parameter,  by  an  extension  of  its  use  in  the  conic  sections, 
being  applied  to  denote  the  arbitrary  constants  of  the  solution 
of  a  diSerential  equation.  It  is  only,  however,  in  certain 
cases  that  this  method  is  successful  It  is  always  legitimate 
to  endeavour  to  adapt  a  solution  to  wider  conditions  by  a 
transformation,  which,  like  the  above,  only  introduces  a  new 
variable  instead  of  an  old  one,  or  a  new  and  adequate  system 
of  Tariahlee  in  the  room  of  a  former  system.  But  it  is  not 
always  that  the  equations  thus  obtained  are,  as  in  the  above 
example,  easier  of  solution  than  those  of  which  they  take  the 
place. 
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Ex.  1.  Given  f- %  =  {=>  + 1)'- 

ax    x+l     '         ' 

Here      P=^.     e  =  («  +  l)'- 

Hence  jpdx  -  -  2  log  (ai  + 1),    «•''"  -  (x  + 1)"*. 

!<'"  «&-/(»  +  !)  iii=fctl)!+c. 

Tkeietore      !,-(x+\)-&^  +  A 

Ex.2.    Given    $ SL.^j^j  +  l).. 

ax    x  +  1        ^        ' 

Here  we  find       iPific  =  — nlogCoJ+l), 

Therefore  y=  (a: +!)"(«■ +  c). 

11.    Equations  of  the  fonu 

P  and  Q  bong  fuactione  of  x,  are  redudble  to  a  linear  fonn. 
For,  dividing  by  y",  we  have 

Now  let  y*""  =  z,  then 

„       ,    ^dy     ds 

,  ^dy       1     dz 

whence  s    -^  = :; -j-  i 

"    dx     1  —  nax' 

so  that  the  equation  becomes 

D,o,i,7.<iT,GooQle 
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which  is  linear. 

Ex.     Given  |^  +  -?^=r^+l}^. 
dx^x  +  1  2 

Here,  dividing  hy  ^,  we  have 

y-i  +  jl. (»+')' 

"  dx^x  +  1  .2      ■ 

and,  a^sumliig  y""  —  ^, 

_i^.^ (a^  +  1)' 

'lis'^a  +  l  2      • 

or  i_2-ii-=(»  +  l)". 

dte        ic  +  l      ^         ^ 

The  solution  of  this  equation,  which  is  identical  in  form  with 
that  of  Ex.  1,  is 

"  whence  y°{      2      +c(a!  +  l)>  . 

Gmeral  soiution  by  development. 

12.  In  the  earlier  portion  of  this  Chapter  it  was  esta^ 
blished,  by  considerations  founded  upon  the  nature  and  inter- 
pretation of  the  equation 

Mdx+Ndy  =  0, 

that  it  implied  the  existence  of  a  primitive  equation  between 
as,  y,  and  an  arbitrary  constant.  The  examples  of  finite  solu- 
tion which  have  been  given  above,  illustrate  this  truth.    But 
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a  further  and  more  complete  illustration  is  afforded  by  the 
presence  of  an  arbitrary  constant  in  the  general  integral  of 
the  equation,  as  developed  in  the  form  of  a  series  by  Taylor's 
theorem.    Tliis  mode  of  solution  we  now  proceed  to  exhibit. 

From  the  given  equation  we  have 

da       N' 

the  second  member  of  which,  heing  a  function  of  x  and  j/, 
may  be  represented  by/,  {x,  y).    Thus  we  may  write 

i-fMv) (2*)- 

And  differentiating  this  equation 

d^y^df,  (x,  y)     d/, {x,  y)  dy 
da?         dx  dy      dx 


^fi  i^'  y)  ,  df,  (x,  y) 
~      dx      '^      dy 


/My)' 


the  second  member  of  which,  being  a  function  of  x  and  y, 
may  be  represented  by  /,  {x,  y).  Thus  we  have,  as  a  conse- 
quence of  (S*), 

g-ZJ^.?) (25). 

Kepeating  on  this  equation  the  above  process  of  differentiar 
tion  and  substitution,  we  have 

^-fd'-V) (26), 


/.(«..)-«fe^+4fiV.(«..). 

And,  continuing  thus  to  repeat  the  same  operation,  we  obtain 
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a  series  of  equations  determining  the  successive  differential 
coefficients  of  y,  in  the  form 


3-/.(-.») w. 


the  dependence  of  f^  (x,  y)  upon  /^,  {x,  y),  and  hence  ulti- 
mately upon_^,  {x,  y),  being  determined  by  the  general  equa- 
tion 

fMy)-'J-^^i^Ai':.,) m- 

Hence  3f  and  ^  being  given,  the  expressions  for 

dx^   da?'"'  ' 

are  implicitly  given  also. 

Now-?^,  -r^,  &e.  determine  the  coefficients  of  the  several 
ax  dar 
terms  after  the  first  in  the  development  of  y  in  ascending 
powers  of  x,  by  Taylor's  theorem,  or  more  generally  in  as- 
cending powers  of  a;  —  x^,  where  x^  is  a  particular  value  of  x. 
Leaving  that  first  term  arbitrary,  the  development  is  thus 
seen  to  be  possible,  and  the  result,  while  constituting  the 
general  integral  (rf  the  given  differential  equation,  shews  that 
that  integral  involves  an  arbitrary  constant. 

Actually  to  obtain  the  development,  let  ^{x)  represent  the 
general  value  of  y,  and  let  y^  be  the  particular  value  of  y 
corresponding  to  some  particular  and  definite  value,  x^,  of 
the  variable  x.     Then,  writing  <^{x)  in  the  form 

^{x^  +  x-xX 
we  have,  by  Taylor's  theorem, 

y  =  ^  (a:J  +  f  {a:„)  {x-x^j^  .^"{arj  ^ 
But^(a;J  is  what  y  becomes  when  x  =  x^.  Hence  if>(x^=y„. 
Agiun,  <f>'{x„)  is  what  ^  ,  i.e.  -r^,  becomes  when  x=Xy 
.Hence  ^'{x^  =/,  («,,  yj  by  (24).    In  like  manner  0"(iro)  is 
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what  -T^  becwmea  -when  «  =  *„,  and  is  therefore  equal  to 

A  i^a'  !/»)■  Determining  thus  the  successive  coefficients  of 
(29),  we  have  finally 

which  is  the  general  integral 

If  we  assume  x,  =  0,  and  represent  the  corresponding  value 
ofy  by  c,  we  have 

y  =  c+/.(0,c)a!+/,(0,c)^  +  &c. (31). 

Should  however  any  of  the  coefficients  in  this  development 
become  infinite  we  must  revert  to  the  previous  form,  and  give 
to  a;„  such  a  value  as  will  render  the  coefficients  finite,  and 
therefore  justify  the  application  of  Taylor's  theorem. 

Virtually  the  integral  (30)  involves  like  (31)  only  one  arbi- 
traiy  constant.  For  in  applying  it  we  are  supposed  to  give 
to  n),  a  definite  value,  and  this  being  done  the  corresponding 
arbitrary  value  of  y,  constitutes  the  single  arbitrary  constant 
of  the  solution. 

I^ee  the  Suj^lementary  Volume,  Chapter  XIX,  Arts.  4 
and  6.] 

EXERCISES. 
1.    Integrate  the  differential  equations : 

(1)  {l  +  x)t,dx  +  (l~y)xdy  =  0. 

(2)  (^  +  a^dx+{a?'-ya^dy=0. 

(3)  ay{l  +  ar)d!f'-0-  +  f)dx^O. 

(4)  (l+yO<&-{y  +  V(l+3/*)}(l  +  «^*<^y  =  0. 

(5)  sin  a;  cos  jfdx  -  cos  a  sin  ydj/  =  0. 

(6)  aec'a:  iaaydz  +  sec*y  tanixdy  =  0. 

D,r,i^-<i.,Google 


CH.  n.]  EXEBCISES.  45 

2.  Different  processes  of  solution  present  tlie  piimitiTe  of 
a  differential  equation  under  the  following  different  forms,  viz. 

tan"*  (a;  +  y)  +  tan"'  (a:  -  y)  =  c, 

Are  these  results  accordant? 

3.  Integrate  the  homogeneous  equations: 

(1)  i^~x)dy-\-ydx  =  0. 

(2)  {2V(«y)-a'Hy  +  y(fo  =  0. 

(3)  xdy  -ydx-  >/(x*  +  f)dx  =  0. 

(4)  (a;  — ycos"]  (te+acos- dy  =  0. 

(5)  (8y  +  \0x)  da;  +  {5y  +  Ta;)  dy  =  0. 

4.  Integrate  the  equations : 

(1)  (2a:-y  +  l)(ic  +  (2y-a;-l)dy  =  0. 

(2)  (3y-7a;+7)<ic  +  (7y-a»+3)<£y  =  0; 

tbe  former  as  an  exact  differential  equation,  the  latter  by  re- 
duction to  a  homogeneous  form. 

5.  Explain  what  is  meant  by  variation  of  parameters,  and, 
having  integrated  the  equation  x-j —  ay  =  0,  deduce  by  that 

method  the  solution  of  the  equation  x-^—ay  =  x+l. 

6.  Integrate,  by  the  direct  application  of  (23),  the  linear 
equations, 

...  ^         X         _         I 

^^^  dx'^l  +  a?^~2xil+a^' 

(2)  x(l-f)^£  +  {2^-l)y  =  a^. 
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(*)  ^+3""«'^ 2-- 

(5)  {l+a^  £  +  y  =  tm-^x. 

7.  Shew  that  the  soIiatioD  of  the  general  linear  equation 
-S.  ^pyis  Q  may  be  expressed  in  the  form 

j,.2-.-/«.((7+/./»i«). 

8.  Shew  that,  ^  {x)  being  any  function  of  x,  the  solution 
of  the  linear  equation 

will  \)ey=cS'^'-4>{x)  - 1. 

9.  Shew  that  if  in  the  linear  equation  -f-+  Py=  Q  -tiq 

represent  ^  by  p,  and  then,  differentiating  and  ehminating 

y,  form  a  differential  equation  between  y  and  at,  that  equation 
will  also  be  linear. 

10.  Integrate  the  differential  equations : 
(1)  (l-«^|-«-«x.-. 


(2) 
(3) 


'di- 


a^ 


(4)  -J-  +  ?  cos  a;  =  a"  sin  2aT, 

(5)  a:^  +  y  =  J/*loga:. 
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EXACT  DIFFEBEMTIAL  EQUATIONS  OF  THE  FIBST  DEQBEE. 

1.  As  tbe  cases  considered  in  the  previous  Chapter  xrnder 
mliicli  the  equation  Mdx  +  Ndy  =  0  is  integrable  by  the  sepa- 
ration of  the  variables,  are  but  a  small  number  of  the  cases 
in  vrhich  a  solution  expressible  in  finite  terms  exists,  Analysts 
have  engaged  in  a  more  fundamental  inquiry  of  which  the 
following  are  the  objects,  viz. 

Ist,  To  ascertain  under  what  conditions  the  equation 

Mdx  +  Ndy  =  0 

ia  derived  by  immediate  differentiation  from  a  primitive  of 
the  form  fix,  y)  =  c,  and  how,  when  those  conditions  are 
satisfi^,  the  primitive  may  foe  found. 

2ndly,  To  ascertain  whether,  when  those  conditions  are  not 
satisfied,  it  is  possible  to  discover  a  factor  by  which  the  equa- 
tion Mdx-YNdy  =  Q  being  multiphed,  its  first  member  will 
become  an  exact  differential 

These  inquiries  will  form  the  subject  of  this  and  the  follow- 
ing Chapter. 

Prop.  i.  The  one  necessary  and  sufficient  condition  under 
which  the  first  member  of  the  equation  Mdx  +  Ndy  =  0  is  an 
exact  differential  is 

iM_dN  . 

dy      dx  ^'' 

Let  it  be  considered  in  the  first  place  what  is  meant  by  the 
supposition  that  Mdx -^  Ndy  is  an  exact  differential.  It  is 
that  JIf  and  N  are  partial  differential  coefficients  with  respect 
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to  X  and  y, — that  there  exista  aome  &nctioa  V,  Buch  that 

f-^ (^). 


Any  relation  between  M  and  if  wluch  we  can  derive  inde- 
pend^tly  of  the  form  of  I'' from  the  above  equations  will  be 
a  necessary  condition  of  Mdx  +  Ndi/  being  an  exact  differential 
And  conversely,  any  relation  between  M  and  JV  which  suffices 
to  enable  ua  to  discover  a  function  Factually  satisfying  the 
above  equations  (2),  (3),  will  be  a  Bu^jdent  condition  of 
Mdx  +  Ndy  being  an  exact  differential  And  if  the  same 
condition  diould  present  itself  in  both  cases,  it  will  be  both 
necesaary  and  sufficient 

BifTerefriiating  (2)  with  respect  to  y,  and  (3)  with  respect 
to  X,  we  have 

dydx      ay  '     dxdy     dx  

But  the  first  members  of  these  equations  being,  by  a  known 
theorem  of  the  Differential  Calculus,  equal,  we  have 

dM    dX 

1^^  dx    ^^J- 

This,  therefore,  is  a  necessary  condition  of  Mdx  +  Ndy  being 
an  exact  differentiaL  It  is  also,  as  will  next  be  shewn,  a 
sufficient  condition. 

In  the  first  place  the  function  V,  if  such  exiat,  must  satisfy 
the  equation  (2). 

Integrating  this  equation  relatively  to  x  alone  (since  the 

dv . 

differentiation  in  --j—  is  relative  to  x  alone),  we  have 


-juSx+O (6), 
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C  being  a  quantity  -which  is  constant  raktively  to  x,  ao  that 

--5-  =  0.    Hence,  though  C  does  not  vary  with  x,  it  may  vary 

with  y,  and  there  is  nothing  to  hmit  the  manner  of  its  raria- 
tioB.     It  is  therefore  an  arbitrary  function  of  y,  and  we  may 

write 


V=JMcL€  +  ,}>{y) (7). 


This  is  the  most  general  form  of  F  as  a  function  of  a;  and  y, 

which  satisfies  the  equation  (2). 

In  the  second  place  V  must  satisfy  the  equation  (3).  Sub- 
stituting in  that  equation  the  value  of  V  given  in  {?},  we 
have 


N. 


dJMdx     d-j,  iy) 
dy  dy 

dy  dy 


*(?)  =  /(- 


Nyi^y,. 


G  beii^  simply  an  arbitrary  constant,  since,  as  the  constant 
of  int^ration  with  respect  to  y  it  cannot  contain  y,  and  as 
part  of  the  expression  for  ^  [y)  it  cannot  contain  x. 

Now  the  integration  in  the  second  member  is  theoretically 
possible  (though  its  expression  in  finite  terms  may  not  be 

possible)  if  the  coefficient  of  dy,  viz.  N — ~r- — ,  is  a  function 

of  y  only,  i.e.  if  lis  differential  coefficient  with  respect  to  a 
is  0.     Expressing  this  condition,  we  have 

f[_|fi^.O (9). 

ax     dx     ay  ^  ' 

d  dSMdx^  d  dJMdx 

dx     dy         dy     dx 

_dM 

dy- 
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Thus  the  condition  (9)  becomes 

S-f- (-)■ 

This  then  is  a  suffiatetit,  as  it  has  before  been  shewn  to 
be  a  necessary  condition  of  Mdx  +  Ndi/  being  an  exact  difife— 
rentiaL 

The  substitution  in  (7)  of  the  value  of  ^  (y)  found  in  (8) 
gives 

r^JMdx+j(N-il^)ds+o (11). 

Finally,  supposing  still   the  condition  (10)  satisfied,    tlie 

solution  of  the  equation  Mdx  +  Ndi/  =  0  will  be 

JMd.+j(if-^-i^y,.c (12). 

2.  The  practical  rale  to  which  the  above  investigation 
leads  is  the  following. 

To  solve  the  equation  Mda:  +  Ndy  =  0  when  its  first  rnetn- 
ber  is  an  exact  differential,  integrate  Mdx  with  respect  to  je, 
regarding  i/  as  constant,  and  adding,  instead  of  an  arbitrary 
constant,  an  arbitrary  function  of  y,  which  must  afterwards  be 
determined  by  the  condition  that  the  differential  coefficient  of 
the  Bura  with  respect  to  y  shall  be  equal  to  N.  Then  that 
sum  equated  to  an  arbitrary  constant  will  be  the  aolutioQ 
required. 

Ex.  1.    Given  (a?-43^-  2j^*)  dx  +  {y'-4!xy-2j^)dy  =  O. 

/Rem  M=x*  —  4ixy  —  2i/*  and  N = y*  -  ixy  ~  2a^,  whence 

dM    dN        ,        ^ 

and  the  first  member  of  the  given  equation  is  an  exact  diffe- 
lentiaL 
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Now  JMdx=~-fb^y-2/x+tt>i!,) (1), 

the  arbitrary  function  ^  (y)  occupying,  according  to  the  rule, 
the  place  of  the  constant  of  integiation.  To  determine  if>  (y), 
we  have 

Whence  ^T^"^' 

Substituting  Hiis  value  in  the  second  member  of  (1),  and 
equating  tile  result  to  an  arbitrary  constant,  we  have 

the  solution  required. 
Ex.2.    Given    .„^.„  +  |l 
Here     M= 


1  XT_1  • 


Hence  we  £nd 

dM^      -y      _dN 

To    obt^n  the  complete  int^ral  we  will  on  thini  occasion 
employ  directly  the  general  form  of  solution  (12).    We  have 


iMdx  =  log  [x  +  VCa^  +f)], 

dyl         y 


y    y^i'f+Z)' 

Hence  ^—-f  IMdx  =  0,  so  that  (12)  gives  simpl 
log  {»^-^/(»■ +31^1-1 
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Substitutii^  log  C  for  c,  and  then  freeing  the  equation  frism 
logarithmic  signs  and  from  radicals,  ve  have 

3.  We  may  in  many  cases  either  dispense  with  the  appli- 
cation of  the  criterion  (1),  or  greatly  simplify  its  application, 
by  attending  to  the  two  following  principles,  viz. 

1st,  If  Mdx-{-Ndy  can  be  divided  into  two  portions,  one 
of  which  is  manifestly  an  exact  differential,  it  suffices  to  ascer- 
tain whether  the  other  is  such. 

2ndly,  If  Mdx  +  Ndy,  or  that  portion  of  it  which,  according 
to  the  above  principle,  it  may  suffice  to  examine,  can  be  re- 
solved into  two  factors,  one  of  which  is  manifestly  the  exact 
differential  of  a  function  of  x  and  y,  which  we  will  represent 
by  V,,  then  when  the  other  factor  is  expressible  as  a  function 
of  u,  we  shall  have  an  expression  of  the  formy{«)  da  which  is 
necessarily  an  exact  differential. 


Ex.    Given  \x+  - 


l'^+fy-.,./J-J'^i'-°- 


This  equation  may  be  expressed  in  the  form 

Now,  xdx+ydy  being  an  exact  differential,  it  suffices  to  ex- 
amine whether  the  term  ■'  ■ ,  , — ^  is  such  also. 
y^{y  -x'} 

This  term  may  be  expressed  in  the  form  of  the  product 


the  second  factor  of  which  is  the  differential  of  - .     If  we 

«                                                                       du      " 
make  -  =  m  the  product  assumes  the  form  ~m «  .  which  is 

the  differential  of  anru. 
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The  complete  primitive  is  therefore 


-  +  sm    -  =  c. 


4.  The  converse  form  of  the  property  last  noticed  is  of 
sufScient  importance  to  be  stated  as  a  distinct  proposition, 
namely, 

Prop.  II.  If  U  and  u  he  functions  of  x  and  y,  and  Udu  be 
an  exact  differential,  then  V  will  be  a  function  of  u. 


Hence  the  second  meiaber  beiag  an  exact  differential  we 
have  by  Prop.  i. 


therefore 


|(^S)-e(4;)=''. 

dUdu     dUdu 


Therefore,  by  the  proposition  in  the  first  Article  of  the  second 
Chapter,  U  will  be  a  function  of  «. 

EXERCISES. 
1.     (a?  +  Zxy^  db  +  {y  +  Sai'y)  dy  =  0. 

6.     (l+e')ifa+e"(l--liiy.O. 
6.     e'(a?+y+2ai)(fa+2je"%-0. 


54  i3:ebcise3.  [ch.  in. 

7-    {n  cos  {nx  +  my)  —  m  sin  {mx  +  ny) }  dz 

+  {mcos  (not  +  mi/)  — n  Bin  (ma;  +  wy)}<?y  =  0. 

8.     Shew,  without  applying  the  criterion,  that  the  follow- 
ing are  exact  differentiaLs,  tiz. 

xdx  +  ydy       yise 


(:  +  ai'  +  y*)i        =^-^f 

9.  Integrate  the  above  equations. 

10.  Integrate  the  equation  — y  ?  _^  .^ 1"  a''"'*^  =  0, 

dietlnguishing  between  the  different  cases  which  present  them- 
selves according,  1st,  as  h  and  c  are  of  the  same  or  of  opposite 
signs;  2iidly,  as  a  is  equal  to,  or  not  equal  to,  0, 

11.  Shew  by  the  criterion  that  the  expression 

is  generally  an  exact  differential,  and  exhibit  the  functional 
,  ...  d^M-      ,  de- 

forms which  -J—  and  -;—  assume. 
ay  ax 


D,g,i,7?<iT,Google 


(    55     ) 


CHAPTER  IV. 

ON   THE  INTEGRATING  FACTORS  OF  THE  DIFFBBBNTUL 
EQUATION  Mdx  +  Ndy  =  0. 

1.  The  fii'St  member  of  the  equation  Mdx  +  Nd^  =  0  Dot 
being  necessarilr  aa  exact  differential,  analysts  have  sought 
to  render  it  such  by  multiplying  the  equation  by  a  properly 
determined  factor. 

ThuB  the  first  member  of  the  equation 
a+f)dx  +  xydjf  =  0 
is  not  an  exact  differential,  since  it  does  not  satisfy  the  con- 
dition -.—  =  -5- ,  but  it  becomes  an  exact  differential  if  the 

ay      ax 
equation  be  multiplied  by  2aj,  and  its  integration,  which  then 
becomes  possible,  leads  to  the  primitive  equation 

The  multiplier  2a!  is  termed  an  integrating  factor. 

We  propose  in  this  Chapter  to  demonstrate  that  integrating 
factors  of  the  equation  Mdx  +  Ndi/  =  0  always  exist,  to  in- 
Testi^te  some  of  their  properties  and  relations,  and  to  shew 
how  in  certain  cases  integrating  factors  may  be  discovered. 
To  complete  this  subject  we  shall,  in  the  next  following 
Chapter,  investigate  a  partial  differential  equation,  upon  the 
solution  of  which  their  general  determination  depends,  and 
Bhall  examine  some  of  the  conditions  under  whim  the  solu- 
tion of  that  equation  is  possible. 
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56  ON  THE  INTEGRATING  FACTORS.       [CH.  IV. 

2.    To  every  differeatial  equation  of  the  form 

pertams  an  infinite  number  of  integrating  factors,  all  of  which 
—  - — ^uded  under  a  single  functional  expression. 

s  been  shewn,  Cbap.  Ii,  Art.  2,  that  the  above  equa- 
raye  involves  the  existence  of  a  complete  primitive  of 

+  (>^,S)-  = (!)■ 

itiating  the  last  equation,  we  have 

dx  dy      dx 


.(2). 


dx 

lation  must  be  the  same  aa  the  value  of  ^  furnished  by 
in  differential  equation  expressed  in  the  form 


M+N- 


:e  eliminating  -/  between  these  equations  we  have 

-$ #- (3). 

I  be  the  value  of  each  of  these  ratios,  then 

M  and  ^N  are  therefore  the  partial  differential  co- 
&  with  respect  to  x  and  y  of  the  same  function  -^  (ir,  y), 
pression  jlMdx  ■\- fiNdy  will  be  an  exact  differential. 
Idx-\-Ndy  is  always  susceptible  of  being  made  an 
ifferential  by  a  fector  /*, 
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3.  The  form  of  the  complete  primitive  is  however  without 
gain  or  loss  of  generality  susceptible  of  variatioD.  Thus  the 
primitive  a^(l  +  y^  =  c,  Art.  1,  might,  without  hecoming  more 
or  leas  general,  be  presented  in  the  forms 

Bm[a?{l+f)]  =  c„  log[a^(l+y*)]  =  c„ 
or  in  the  functional  form  /[^^(l  +y*)]  —c,  where  c,  c,,  c,  are 
arbitrary  coDBtants.  And  generally  a  complete  primitive  ex- 
pressed in  the  form  V=  c  may  be  expressed  also  in  the  form 
_/"( 10  =  Ci  /{^  denoting  any  function  of  V.  These  variations 
in  the  form  of  the  complete  primitive  imply  corresponding 
variations  in  the  form  of  the  integrating  factor,  a  special  deter- 
uiinatioo  of  which  has  already  been  given.  Art.  1. 

To  investigate  the  general  form  under  which  all  such 
special  determinations  are  included,  let  us  suppose  ft  to 
be  a  particular  integrating  factor  of  Mdx  +  Naif,  and  let 
fiMda:  +  (iJfdy  be  the  exact  differential  of  a  function  ^  {x,  y). 
Then  representing  for  the  present  -^{x,  y)  by  v,  we  have 

fiMdx  +  ftNdy  =  do. 
Multiply  this  equation  by  f{v),  an  arbitrary  function  of  v ;  such 
being,  b^  Art.  4,  Chap,  ill.,  the   general   form  of  a  factor 
which  wdl  render  the  second  member  an  exact  differentiaL 
We  have 

fjfiv)  (Mdx  +  Ndi/)  =/(i.)  dv, 

-Now  the  second  member  of  this  equation  being  an  exact  dif- 
ferential the  first  is  so  also.  As  moreover  the  first  member  of 
the  above  equation  can  only  become  an  exact  differential 
simultaneously  with  the  second,  the  factor  ff{v)  is  the 
general  form  of  a  factor  which  renders  Mdx  +  Natf  an  exact 
differential. 

We  may  express  the  above  result  in  the  followii^  theorem. 

If  fi.  he  an  integrating  factor  of  the  equation  Mdx+Ndy=0, 
and  ifv  =  G  he  the  complete  primitive  obtained  by  mvltipying 
the  equation  hy  that  factor  and  integrating,  then  /jf{v)  will  be 
ihe  typicaifomi  of  all  the  integrating  factors  of  the  equation. 

Furthermore,/(v)  being  an  arbitrary  function  off,  the  num- 
ber of  such  iactors  ia  infinite. 
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Ex.     The  equation 

(a^y  -  2/}  (&  +  (y'x  -  Saj*)  dy  =  0, 

becomes  iategrable  on  multiplying  it  by  the  factor  ( — J ,  the 
actual  solution  thus  obtained  being 

Hence  the  general  form  of  the  integrating  factor  of  the  equa- 
tion is 


4.  From  the  typical  form  of  the  integrating  factor  of  the 
equation  Mdx  +  Nd^  =  0,  it  follows  that  if  we  know  two  par- 
ticular integrating  factors  of  the  equation,  the  solution  may  be 
inferred  without  integration. 

For  /i  being  one  of  the  factors  given,  the  other  must  be  of 
the  form  /'/(u).  If  we  determine  their  ratio  by  division  and 
equate  the  result  to  an  arbitrary  constant  we  shall  have 

which,  &om  what  has  been  said  in  the  preceding  Article,  is  a 
form  of  the  complete  primitive. 

5.  It  has  been  observed.  Art.  1,  that  the  discovery  of  an 
integrating  &ctor  of  the  differential  equation  Mdx  +  Ndy  =  0 
generally  depends  on  the  solution  of  another  differential  equa/- 
tion,  but  there  are  some  cases  in  which  it  presents  itself  on  in- 
spection.    The  equation 

{xy*  -\-y)dx  —  xdy  =■  0, 

becomes  integrable  on  being  multiplied  by  the  factor  -^,  and 

thb  factor  is  at  once  suggested  if  we  place  the  equation  in 
the  form 

^xdx  +  ydx  —  xdy  ™  0. 
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We  could  tbu3,  abo  by  inspectioa,  aseiga  the  integrating 
Actors  of  any  equation  of  the  form 

^dx  +  ^  {x)  {ydx  —  ady)  =  0, 

and  many  other  forms  will  readily  suggest  themselves.  The 
following  anaJyais  will  however  leadto  results  of  greater 
generality  and  importance. 


Special  Determinationa  of  Integrating  Fadors. 

6.  Whatever  may  be  the  constitution  of  the  ftinctiona  M 
and  N  we  have  identically 

But  f  +  |..,„g(^,,f-|  =  .,„gg). 

Hence, 

Mdx  +  Ndy  =  ^i{Mx  +  Ny)d\<ygxy  +  {Mx-Ny)d\og^    (!)■ 

The  functions  Mx  +  Ny  and  Mx  —  Ny  appear  in  the  second 
member  of  this  equation  as  the  coefficients  of  exact  differen- 
tials. And  upon  the  nature  and  relations  of  these  functions 
the  inquiry  will  now  depend. 

Whatever  may  bo  the  constitution  of  M  and  N  some  one, 
and  only  gne,  of  the  following  cases  wiU  present  itself. 
Either  the  functions  Mx-\-Ny  and  Mx~Ny  will  be  both, 
identically  equal  to  0,  or  one  of  them  will  be  so  and  not  the 
other,  or  ndmer  of  them  will  be  identically  equal  to  0.  These 
cases  we  will  separately  consider. 

let.  The  case  of  Mt  +  Ny  and  Mx  —  Ny  being  both  iden- 
tically equal  to  0  may  be  dismissed,  as  it  would  involve  the 
BnppositioQ  that  M  and  N  are  each  identically  equal  to  0. 


SPECIIL  DETERMINATIONS  [CH.  IV, 

Suppose  that  one  of  the  functions  i^  +  Ny  and 
is  iaentically  equal  to  0  and  not  the  other,  and  first 
Ni/  be  identically  equal  to  0,  then  (1)  becomes 

Mdx  +  Ndy=\{Mx~  Ny)  <?  log  -  ; 

ividing  by  Mx  —  Ny, 

Mdx  +  Ndy     ,   ,,     x  ,_. 

lsrry/-J'"»Sj (2). 

second  member  being  an  exact  differential  the  first 
is  also  one.     In  this  case  then  Mdx  +  Ndy  is  made 

differential  by  the  factor  -r^ j^ .     By  parallel 

;  it  follows  that  if  Mx  ~  Ny  is  identically  equal  to  0 
Mx  +  Ny,  an  integrating  factor  of  Mdx  +  Ndy  will 

W 

lua  we  are  led  to  the  following  theorem. 

:em.  1/  one  only  of  the  fwnctions  Mx  +  Ny  and 
is  identically  equal  to  0,  the  reciprocal  of  the  other 
will  be  an  integrating  factor  of  the  equaiwn 

Mdx  +  Ndy  =  0. 

Let  neither  of  the  functions  Mx  +  Ny  and  Mx  —Ny 
ically  equal  to  0.  Then  first  dividing  the  funda^ 
quation  (1)  by  Mx  +  Ny,  we  have 

ha  +  Ndy     ,  ,,              ,  Mx  —  Ny  ,,      x         ,., 
g^-iilog..j  +  i^^ilog- (3). 

r  Art.  3,  Chap,  m.,  the  second  member  of  the 
[uation  becomes  an  exact  differential  (its  first  term 

■eady  such)  if  ^ ~  is  a  function  of  log  - ;  there- 

is  a  function  of  - ;  therefore  if  it  is  a  homogeneous 
of  X  and  y  of  the  degree  0,  for  the  typical  form  of 


ART.  6.]  OF  INTEGRATING  FACTOHS.  61 

such  a  function  is  ^  (-);  therefore,  finally,  if  M  and  N  are 
homogeneous  functiona  of  x  and  y  of  a  common  degree.    For 


let  Jf  and  N  be  honwweneous  and  of  the  n""  degree.     Then 
Mx—Ny  and  Mx  +  Nv  ai 

— — ^11 


Mx—Ny  and  Mx-^Ny  are  each  of  the  degree  n  +  1,  and 


If   ,v   is  of  the  d^ee  0.  Thus  -3f  and  .y  being  homogeneous 

functions  of  the  «*  dM;ree,  the  second  member,  and  therefore 
the  first  member  of  (3),  is  an  exact  differential. 

From  this  conclusion,  combined  with  the  previous  one,  we 
arrive  at  the  following  theorem. 

Theorem.    The  equation  Mdx  +  Ndy  =  0  wh^n  homogeneous 
is  made  integrable  By  the  factor  .,       y  ,  unless  Mx  +  Ky  is 

id^itically  equal  to  0,  in  which  case  ^  _  „  is  an  integrating 


Always  then  the  homogeneous  equation  Mdx  +  Ndy  —  0  is 
made  integrable  either  by  the  factor  .,        y  ,  or  by  the 


Mc-Ny' 

In  the  second  place,  dividing  the  fundamental  equation  (1) 
by  Mx  —  Ny,  we  have 

Mdx  +  Ndu     ,  /Mc  +  Nyj,  ,   ,,     x\         ... 

of  which  Ute  second  member,  and  therefore  also  the  first 

member,  becomes  an  exact  differential  if  ^7 5J-  is  a  fime- 

'  Mx  —  Ny 

tion  of  log  xy ;  therefore  if  it  is  a  function  of  xy  \  therefore, 
finally,  if  M  and  N  are  of  the  respective  forms 

M  =  F^{(cy)y,   N=F^[xy)w; 
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Bince  tbis  supposition  would  give 

Mx  +  Ny     ■F,(ay1+J'.(3y) 
Mx  -  Ny     F^  {xy)  -  F^  {xy) ' 
of  which  the  second  member  ia  a  functiou  of  the  product  xy. 
Hence  the  following  theorem. 

Theorem.    The  equation  Mdx  +  Ndy  =  0  ia  made  integrahle 
hy  the  Jactor  -jg -rr- ,  when  M  and  N  are  of  the  respective 

forms 

M=F,(xy)y,    N'^F,{xi,)x, 

unless  Mx  —  Ny  is  iden^eaUy   equal  to   0,   in  which   case 

■Tj j^  is  a/n.  integrating  factor. 

Or  the  theorem  might  be  thus  expressed.     The  equation 

Fi{xy)  ydx  +  FJ^xy)  xdy  =  0 
is  made  integrahle  by  the  factor 


in,[F,(x!,)^F,{xy)]' 
unless  we  have  identically  F^  (ay)  —  F^  (xy)  =  0,  in  which  case 


is  an  integrating  &ctor. 

We  may,  however,  remark  that,  in  the  particular  case  in 
which  Fj{xy)—F^{xy)  =  0,  no  factor  is  needed,  as  the  dif- 
ferential equation  may  then  be  expressed  in  the  form 

F^(xy)  (ydx  +  xdy)  =  0, 
the  first  member  being  manifestly  an  exact  differential. 

7.  The  results  of  the  above  investigation  may  be  summed 
up  as  follows. 

If  either  of  the  functions  3£c+  Ny,  Mx  —  Ny  ia  identically/ 
egvat  to  0,  the  reciprocal  of  the  o&terfwwiion  is  an  integratinff 
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factor  of  Mdx  +  Ndy  =  0 ;  but  if 'neither  of  Uiese  functions  is 
equal  to  0,   then    ^       y    vt  an  integrcmng  fiictor  for  the 

equation   when  homogeneous,  and    -„  _-y-    an  integraiing 

factor  of  the  equation  when  smcepttble  of  expression  in  the  form 

F,  [xy)  ydx  +  F^  {xy)  xJy  -  0. 

Ex.  1.     Given     a^dx  +  {3a?if  +  2f)dy  =  0. 

This  is  a  homogeneous  equation,  and  ita  integrating  factor 
according  to  the  rule  above  given  will  be 

1 
a* +  30;'/ +  2/* 

Thus  we  have,  as  aji  exact  differential  equation, 

a^dx              (3a^y  +  V)Jv 
ic'+ai;'y'+2y"^ai'  +  3xy  +  2/""  ^^■'■ 

Referring  then  to  Art.  2,  Chap,  ni.,  we  have 

i:*dx 


3x"/  +  2y 


Differentiating  this  expression  with  resjiect  to  y,  and  com- 
paring the  result  with  the  corresponding  term  in  (1),  we  find 

y}"2.  —  0,  whence  4  (y)  =  const.,  and  we  have 
rfy 

or    3?  +  2y'=C*/(a?  +  if) 
for  the  integral  required. 
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Ex.  2.     Given  (y  +  icy')rfa!+(a;-ya^*f^  =  0. 

This  eqimtioB  may  be  expreseed  in  the  fomi 
(l+xi/)ydx  +  {l-xs)xdtf=0. 
Hence  ito  int^rating  factor,  as  given  by  the  rule,  will  be 

1        ^  1 

Mm  -  Ntf     (1  +  xi/)xi/-{l-  xif)  xy 

1 

Rejecting  the  constant  \t  we  have,  on  multiplying  the  given 
equation  by  -j^ , 


f Jfii^r  =  f^  +  f  — =  log  ar  -  -  +  A  (v). 

Now  Ndy  =  -^  — ^ .    Hence  the  complementary  function 
^  (y)  will  be  —  log  y.    Thus  we  have 


for  the  integral  required. 

Ex.  3.     Given  {a^y + a^)  dx  -  (a?y  +  sc'if)  dy  =  0. 

If  we  treat  thia  as  a  homogeneous  equation  regardless   of 
the  implied  conditions,  we  6nd 


Mx  +  Ny     0  ■ 
The  rule  however  shews  that  when  Mx  +  Ny  is,  as  in  the 
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above  example,  identically  equal  to  0,  ^^ j^  represents  an 

integrating  factor,  which  in  the  above  case  wiU  be 
1 

The  equation  ia  thua  reduced  to 

X       y 
whence  we  find  y  =  cxas  the  complete  integral 

8.  From  the  theorems  of  the  preceding  article  others  of 
greater  generality  may  be  deduced  by  transformation.  Thus, 
since  the  equation  F^  {xy)  ydx  +  F^  {xt/}  xdy  =  0  is  made  inte- 

grable  by  the  factor  — rrr-? — ; — rw — rr .  it  follows  that  the 
equation 

F^  {uv)  vdu  4-  F,  (mu)  udv  =  0 

is  made  integrable  by  the  factor  — t^=-, — r =^7 — rr  i  «  Mid 

^  ■'  uv  [F^  (u«)  -  F^  {w])\ ' 

V  being  any  functions  of  x  and  y.    Hence  ezpresaing  du  in 

the  form  -j-dx-^-T-dy,  and  dv  in  the  form  -^ rfa;  +  t-  dy,  we 

dx  dy   '^'  dx  dy   "' 

see  that  the  equation 

ie  made  intorrable  by  the  factor  — j-ftt — ; — ts-t — ^ .  what- 

^  •'  uv  (i-;  (uv)  -  F,  {uv)] 

ever  functions  of  x  and  y  are  represented  by  u  and  v.  And, 
on  giving  particular  forms  to  these  functions,  particular  con- 
ditions of  mtegration  of  the  equation  Mdx  +  Ndy  =  0  present 
themselves. 

9.  An  integrating  factor  for  homog^eous  equations  may 
^Bo  be  found  by  the  following  method,  due  to  Professor  Stokes, 
who  first  pointed  out  the  necessity  of  taking  account  of  the 
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case  in  -which,  Mx  +  Ny  is  identically  equal  to  0.    ( Cambridge 
MathematicalJoumal,  Vol,  iv.  p.  241.     First  Series.) 

e  M  and  JV  to  be  homogeneous  functions  of  x  and  y 

free  «.     Then  we  may  write 

M^x'^iv),  N'-x'fiv)  (1), 

tands  for  -  . 

X 

Mdx+Ndy  =  x''4>'{v)dx->ric'-^{v)dy  (2). 

D,  therefore  dy  =■  xdv  +  vdx.    Substituting  this  value 

he  second  member,  we  have 

-  Ndy  =  x'  {^  {v)  +  vf  {v)]  dx  +  a">  («)  t£w  . .. (3). 

3  here  present  themselves. 

he  constitution  of  the  functions  0  (ii)  and  if-  («)  may 

that  0  (r)  +  w^  («1   may  be  identically  equal  to  0, 

happen  if  Mx  +  .Yy  is  identically  equal  to  0,  since 

Mx+Ny  =  x''*^[4,{v)  +  v^{v)\  (*)• 

case  the  equation  (3)  reduces  itself  to 

Mdx  +  Ndy  =  ic"*'-^  (v)  dv, 

Mdx  +  Ndy       ,  ,  ,  , 
or    — — i;H — ^  =  -^  {vj  dv. 

second  member  being  an  exact  differential  the  first 
,  and  Mdx  +  Ndy  is  therefore  made  integrable  by 


lly,  the  constitution  of  i^  (d)  and  ^  {v)  may  be  such 
}  + 1!^  («)  is  not  identically  equal  to  0.     And  this, 
when  Mx  +  Ny  is  not  identically  equal  to  0. 
1  case  dividing  both  members  of  (3)  by 

Mdx  +  Ndy        ^dx         ^  {v)  dv 


.,Got)^le 
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But  the  secoud  member  being  aa  exact  differential  the  first 
also  is  such.     Now 

Mdx+Ndf/        _  Mdx  +  Ndy  .      . 

a:-«l^(«)  +  ^(t,)j-    Mcc  +  Ny     "^  ^^'^ 

Here  then  Mdx  +  Ndy  is  made  iategrable  by  the  factor 
1 

Mx  +  Ny' 

■   Combining  these  results  together,  we  see  that  the  homo- 
geneous equation  Mdx  +  Ndy  =  0  is  made  iategrable  by  the 

&ctor  ~j^-~ — i^ ,  unless  the  constitution  of  M  and  N  is  such 
Mx-^  Ny 

as  to  make  that  factor  infinite.     In  the  latter  case  -^^  will  be 
an  integrating  factor,  n  being  the  degree  of  M  and  N. 

The  form  of  the  supplementary  integrating  factor  as  given 
by  the  above  investigation  is  different  from  that  before  ob- 
tained.    The  results  are  however  perfectly  consistent. 

For  a  more  complete  analysis  of  the  problem  which  has  for 
its  object  the  discovery  of  the  integrating  factors  of  a  homo- 
geneous equation  we  must  have  recourse  to  the  method  of  the 
next  Chapter. 


EXEKCISES. 

1.  Shew  by  the  application  of  the  theorem  of  Art.  1, 
Chap,  II.  that  the  expression  a?^  -\-  a?  -t  y*  +  2  (xy  —  1)  ix  +  y) 
is  a  function  of  x  and  y,  only  as  being  a  function  oixy-^x-^y. 

2.  A  particular  integrating  factor  of  the  equation 

'2.xydx-\-{rf*  -Z^dy  =  (i  is  y"*. 
Prove  this,  and   deduce   another  integrating  factor  by  the 
formula  established  in  Art.  6  for  hom<^neous  equations. 

3.  Exhibit  the  general  form  under  which  all  the  integrat- 
ing Actors  of  the  above  eqnation  are  comprehended. 

,5-2.. 
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4,    Deduce  in  like  tnaimer  the  fbnctional  expression  for  all 
the  integrating  factors  of  the  equation 


(7-t)=»- 


-  +  =2  +  2, 

S.    Obtain  integrating  factors  for  the  homogeneous  equa- 
tions: 

(1)  xdy-ycb:'-<J(!^  +  jf)dx. 

(2)  (8y+10^)<fa+(5j(  +  7x)i;y  =  0. 

(3)  (a?  +  2»!(-j/^&  +  (/  +  2ay-20ij(  =  a 

(4)  s/'+(^  +  »,')g  =  0. 

(5)  (a!co8^  +  3fain^]yda!+(a!cos"-y8in"ja!(%  =  0. 

Exhibit  the   corresponding  integrals  of  the  above  equa- 
tions. 

6.  The  formula    „       y     fails   to  give  an   integrating 

factor  for  the  homogeneous  equation  —^ — ~—  =  0.    What 

formula  ought  here  to  be  employed  and  to  what  result  does  it 
lead? 

7.  Determine  an  integrating  factor  of  eaoh  of  the  equations 
(2)     {a?tf*Wy*+xy  + 1)  ydx+(x'!f'-  ^y'-  «y+ 1)  xdy  =  0. 
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on  THE   GENERAL  DETEIUknNATIOIf  OF  THE  INTEQUATIIIG 
FACTOBS  OF  THE  EQDiTION  Mdx  +  Nd^=0. 

1.  Prop.  It  is  required  to  form  a  differential  equation  for 
detenmning  in  the  most  general  maimer  the  integrating  fac- 
tors of  the  equation  Mdx  +  Ndy  =  0. 

Let  /t  be  any  integrating  factor  of  the  above  equation,  then 
since  fuMdx  +  fiNdy  is  by  hypothesis  an  exact  differential,  we; 
have  by  Prop.  L  Chap.  m. 


'  dx         dx  dy         dy  ' 

or,  by  transposition, 

^l-^^l-lf-S)" «. 

which  is  the  equation  required. 

Now  this  eauation  involves  the  partial  differential  coefiS- 
cients  of  /*  taken  with  respect  to  x  and  y.  It  is  therefore 
a  partial  differential  equation.  We  have  not  the  means  of 
solving  it  generally,  and  it  will  hereafter  appear  that  its 
general  solution  would  demand  a  previous  general  solution 
of  the  differential  equation  Mdx  +  Ndy  =  0,  of  which  fi  is 
Ijie  integrating  factor.  But  there  are  many  cases  in  which 
ye  can  solve  the  equation  under  some  restrictive  condition 
or  hypothesis,  and  the  form  of  the  solution  obtained  will 
always  indicate  when  the  supposed  condition  or  hypothesis 
is  Intimate. 
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The  faUowiDg  are  examples  of  such  solutions. 

2,     Let  ju  be  a  function  of  one  of  the  variables  only,  e,  g. 
suppose  /(.  ■=  ^  (x),  then  since  ->-  =  0,  we  have  from  (1) 


suppose  fi  - 

9  \x),  men  since  t-  =  u,  we  e 

^«')  =  (f-f)*M 

Therefore 

dU    dN 

*'M      dy       dx 

dM    dN 

^H*H  =  i!^ 

Now  if  the  second  member  of  this  equation  is  a  function  of  x 
the  equation  is  integrable,  and  we  have 
rdM    dN 


Whence 


fdM^dN 


P 


(2). 

We  have  seen  that  the  hypothesis  assumed  aa  the  basis  of 
the  above  solution,  viz.  that  the  integrating  factor  /i  is  a 
function  of  x  only,  is  legitimate  when  the  constitution  of  the 
functions  if  and  Nia  such  that  the  expression 

is  a  function  of  x  only.     In  this  case  (2)  enables  us  to  deter- 
mine the  value  of  ft. 

In  like  manner  the  condition  under  which  /t  is  a  function 
of  y  only,  is 

dN_dM 

\i  "  =  a  function  ofy  only (3), 
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and  the  value  of  fi,  on  this  hypothesis,  is 


(*). 

Es.     Let  us  inquire  whether  the  equation 

(S3^  +  Gxy+S^dx+{2x*  +  3xi/)dy='0 (5) 

admits  of  an  integrating  factor  which  is  a  function  of  x  only. 
Making3f=3^+6aw/+"3/,  Jf  =2a;»+3a^,  we  find 
dM_dN^ 

dy      dx      6j;  +  6y-(4a!  +  3y)     1 
N       ~  2x'  +  Zxy         ~  i ' 

and  this  result  being  a  function  of  x  alone,  the  determination 
of  ;t  as  a  function  of  x  alone  is  seen  to  be  possible.  From 
(2)  we  now  find 

G  being  an  arbitrary  constant. 
Kow  multiplying  (5)  by  Cx,  we  have 

GliZ^  +  Q3?y  +  ^xf)  dx  +  {2a?  ■\-^:^y)dy]  =  0. 
The  first  member  of  this  equation  remains  a  complete  differ- 
ential whatever  value  we  assign  to  G.    If  we  make  0=\, 
and  int^rate,  we  find 

the  integral  sought. 

The  student  may  obtain  also  the  same  result  by  solving  (5) 
as  a  homogeneous  equation. 

The  linear  differential  equation  of  the  first  order 

i*Py-9-o (6). 

P  and  Q  being  functions  of  x,  may  be  solved  by  the  above 
method. 
For,  reducing  it  to  the  form 

(iV-Q)(iB+d(/  =  0 (7), 
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we  have  M=  Py  —  Q,  N=  1,  whence 
dM_dN 
dy      dx  _p 

which  bemg  a  fdnction  of  ai  we  find  from  (2) 

li  =  e'     . 

MultiplyiDg  (7)  by  the  factor  thus  determined,  we  have 

eP"-^  {Py-Q)dx  +  J^"  dy  =  0, 

the  first  member  of  which  is  now  the  exact  differential  of  the 
function 


-jJ"'Qdx. 


Equating  this  expression  to  an  arbitraiy  constant  c,  we 
find 

y.,-'"'le  +  jJ"'Q<b:] (8), 

which  agrees  with  the  result  of  Art,  10,  Chap,  il 

3.  Xrf  it  he  required  to  determine  the  conditions  tinder 
which  the  equation  Mdx  +  Ndy  =  0,  can  be  made  integrable  hy 
afoAtorfi  which  is  a  function  of  the  product  xy. 

Representing  a:y  by  w  and  making  /A.  =  tf>  («),  the  partial 
differential  equation  (1)  becomes 

w.)|-^fw|-(f-f)*w-«. 

whence,  since  t-  =  Vi  -j-  =ir,  we  find 
dx     "^    dy 

dM_dS^ 

*>}  ^  ^ ^  /qi 

^{v)      Ny~Mx '•^■'■ 

Thus  the  condition  sought  is  that  the  second  member  of  the 
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above  equation  be  reducible  to  a  function  of  v  alone,  L  e.  of 
ary  alone.     And  the  corresponding  value  of  /ii  is 

r-        -     ^"^* (10). 

One  case  in  which  the  above  condition  is  satisfied  is  the 
following,  viz. 

F^ixs)  l/dir  +  F^(x2,)xd!f  =  0 (11). 

Making  Jf  =  F,  (p)  y,  N=  F^  {v)  x,  and  observing  that  since 
dv  dv  _    , 

dSf    dN 

dy_ in     j;(iil  +  »f,'W--F.M-»i^.'(») 

Sy-ifai  0  (?,(»)- >;(!>))  - 

J',w--r.M  +  »[F,'w-y.'wi 
_    I    f/W-J.'W 

tl      >'(  (»)  — 1\  (o) ' 
a  function  of  v  alona 

Kultiplyiog  by  dv  and  integrating,  we  liave 
fin    dN 


'  Ny-lb""         '"t 

1  1 


KW-y,Ml. 


This  accords  with  a  result  of  Art.  6,  Chap.  iv. 

[The  above  investigation  iaila  when  the  constitution  of  the 
functions  Mand  ^  is  such  that  we  have  identicaUi/ 

Ny-Mx=0. 
An  integrating  factor  for  this  case  has  already  been  found  in 
the  preceding  Chapter.} 
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Ex.  1.    Thus  the  equation  {s^y*+\)ydx-^{3fy*-~\)xdy  =  <i 

becomes  integrable  on  being  multiplied  by  the  factor  ^XT » 

which  is  found  by  substituting  in  the  previous  expression 
o?f+\  for  F^  ixy),  and  a?y* - 1  for  F^  (zy). 

The  final  solution  is 

1     ,    ,        ,        fl! 

-a?/+log-  =  c. 

Ex.  2.     The  equation 

{2xy  -y)dx  +  {2a?f  -x)di/^0. 

does  not  fall  under  the  type  (11),  but  the  values  which  it 
furnishes  for  M  and  N  give 

dM^dN; 

d.y       dx  ^  ^     4a^.y  - 1  -  ( Va;  - 1)     ^      2  ^     2 

Ny  —  Mx     2a:*y*  —  ary  —  C2.e'i/'  —  xy)        xy        v  ' 

so  that  the  condition  of  integrability  by  a  factor  of  the  form 
f{''oy)  is  satisfied.     Hence 


Multiplying  the  equation  by  this  factor,  and  integrating,  we 
find  for  the  primitive 


4.  It  is  required  to  investigate  the  conditions  under  which 
the  equation  Mdw  +  Ndy  =  0  can  be  made  integrable  by  a 
Jitctor  fl,  which  is  a  homogeneous  fwiction  of  x  and  y  of  the 
degree  0. 

As  /t  must  be  of  the  form  ^  (-J  let  us  represent  -  by  v, 
and  then  assuming  /*  =  ^  («),  and  observing  that 
dv  _—y      dv  _1 
das     «"  '    dy     9' 
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the  partial  differential  equation  (1)  becomes 

■whence  -5- — =— tv — .   >/     '• 

Thus  the  condition  sought  is  that  the  second  member  of  the 
above  equation  should  be  a  function  off,  Le.  of-. 
And  the  corresponding  value  ot  fits 

But  since  eveiy.  function  of  -  is  hom<^neous  and  of  the 

decree  O,  with  reference  to  the  variables  x  and  y,  we  may 
express  the  above  results  in  the  following  theorem. 

in  order  that  the  equation  Mda:  +  Ndy=0  may  he  made 
inteffrdble  hy  a  factor  /*  whtchis  a  homogeneom  function  ofx  and  * 
y  of  the  degree  0,itia  neceasary  and  sufficientthat  the  function 


./dAT     dM\ 
^[jh:       dy) 
'Me  +  Ny      ' 


.(13) 


ahovld  he  also  homogeneous  and  of  the  degree  0.     This  con- 
dition being  satisfied,  the  value  of  (l  vnll  be 

/i  =  .A"«' (U), 

where  v  stands  for  - ,  and  f(v)  is  what  ike  function  (13)  is 
reduced  to  by  this  transformation. 

The  above  investigation  fails  when  the  constitution  of  the 
functions  Jf  and  ^is  such  that  we  have  idejUicaUy 

Mx  +  Ny^O. 

An  integrating  factor  for  this  case  has  already  been  found  in 
the  preceding  Chapter. 
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We  proceed  to  notice  some  of  the  consequecces  of  the 
above  tneorem. 

It  is  evident  that  the  condition  which  it  involves  will  be 
satisfied  when  M  and  N  are  homogeneous  fanctions  of  x  and  y. 
For,  supposing  them  to  be  homogeneous  and  of  the  n*'  degree, 
the  numerator  and  denominator  of  the  fraction  (13)  will  each 
be  of  the  (n  + 1)*  degree,  and  the  fraction  itself  therefore  of 
the  degree  0,  the  conditioa  required. 

It  is  not  however  hy  homogeneous  equations  only  that 
this  condition  is  satisfied,  and  it  is  sometimes  worth  while  to 
inquire  into  its  applicability  in  other  casea  Thus  for  the 
equation 

(l+.ec|)d.-5<fy-0 
we  should  find  the  int^rating  factor  cos  ^ . 

5.  It  is  required  to  investtgaie  the  conditions  under  which 
{he  equation  Mdx  +  Ndy  •=  0  can  be  made  intearahle  by  a/ac- 
rtor  fi,  which  is  a  homogeneous  function  of  the  degree  n. 

Assuming /I  =a:"^  1^1 ,  the  partial  differential  equation  (1) 

=(f-S>>(S- 

Dividing  by  a^"°  and  transpoang,  we  get 
whence 

f©   -^(f -f)^-^' 

Mx  +  My 


*© 
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Let  ^  =  v,  and  suppose  the  second  member  to  assume  the 

form_/'(r) ;  then,  multiplying  both  sides  by  dv  and  integrating, 
we  have 

hg4>iv)^j/{v)dv. 

Hence  /*  =  aj"  ^  (v)  =  x'e^^*-"  * 
Thug  we  arrive  at  the  following  theorem. 

Theorem.  In  order  that  the  equation  Mdx  +  Ndif  =  0  may 
be  made  integrable  by  a  factor  /i,  which  is  a  homogeneouB  func- 
tion of  a:  and  y  of  t}i£  n'"  degree,  it  is  necessary,  and  it  suffices, 
that  on  making  y  =  vx  the  function 

,  (dN    dM\  ,     „ 

^Jij <'^' 

shoMld  assvme  the  form  f{v).     This  condition  being  satisfied, 
the  expression  for  fi  vnll  be 


,.(16). 


It  will  be  noted  that  the  condition  that  (15)  shall  be  a 
function  of  v,  is  the  same  as  the  condition  that  it  shall  be  a 
homogeneous  function  of  x  and  y  of  the  degree  0. 

The  theorem  fails  when  Mx  +  JfJy  =  0,  a  case  already  con- 
odered. 


Ex.  1.     Keqaired  to  determine  whether  the  equation 

(2iB*  +  3a^y  +  /  -  y')  (fo:  +  (2/ +  3a^  +  «?  -  as")  (%  =  0 

admits  of  an  integrating  factor  which  is  a  homogeneoua  fanc- 
tioD  of  X  and  y. 
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Here  M=  to?  +  3a^y  +  y'  -y*,    N~  2^  +  Zxy^  +  ic*  -  a?, 


dM 

.3»-  +  2y-3j(',          ^-3j-  +  2 

f-f-^-««-— ^■ 

eDco,  on  substitution. 

-(f-^)-- 

jMi+Jf^ 

-(»+ 

6)  ai' +  (3«  +  6)  aiy  +  2mj(' +  (»  + 

''  2*'  +  ix'y  +  213/°  +  2/  +  ai'y  +  ^  ' 

We  are  now  to  inquire  whether  there  exists  any  value  of  n 
which  reduces  the  second  member  of  the  above  equation  to  a 
homogeneous  function  of  x  and  y  of  the  d^ree  0. 

That  member  may  be  expressed  in  the  form 

-X   ^^(n4-6)a^-(3»+6)V-2ny'-<w  +  2)a^  +  2ay 
x  +  y^  2a^+2sr'  +  a;y 

and  it  is  now  plain  that  if  any  value  of  n  will  answer  the 
required  condition,  it  must  be  one  which  will  make  the  terms 
containing  xy*  and  a;'  in  the  numerator  of  the  second  factor 
vanish.     Making  then  n  =  —  2,  we  have 

—  X        ia^  +  ii^  +  2x1/ _  —23! 
a  +  y      2x'  +  2y'  +  xi/  ~  x  +  y 
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Multiplying  the  given  equation  by  this  factor  and  integrating, 
we  find  as  the  primitive  equation 

as  +  y 

In  the  case  of  homogeneous  equations  the  condition  in- 
volved in  the  general  theorem  will  be  satisfied  itidependentli/ 
of  the  valve  of  n,  the  particular  case  in  which  Ma}  +  Ny  =  0 
excepted.  It  follows  hence  that  with  this  exception  we  can 
find  an  integrating  factor  of  any  proposed  degree  for  the 
homogeneous  equation  Mdx  4-  Ndi/  =  0, 

Ex.  2.  Required  two  integrating  factors  of  the  respective 
degrees  0  and  1  for  the  equation 

(3a!  +  2if)  dx  +  xdif  =  0. 

First  making  M^  3a!  +  2y,  N=  x,  and  n  =  0,  we  have 

\dx       ay  J —jg 


\x  +  yj 
Secondly,  making  itfss  3aj  +  2y,  N=x,  «  =  !,  we  have 
.  /^N    dM\     -      ■ 

ll^tT^ =^' 

Hence  /(»')  =  0. 

Thus  replacing  each  of  the  constants  c  and  c  by  unity,  the 
integrating  factors  in  question  are  f 1   and  ar. 
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Multiplying  by  the  second  factor  x  and  iDtegrating,  we 
find  a?  +  3?y  =  dor  the  primitive, 

Agiun,  if  in  illustration  of  the  remark  of  Art  4,  Chap.  1V„ 
we  equate  to  an  arbitrary  constant  the  ratio  of  the  second 
factor  to  the  first,  we  have 

w*  [x  +  y)»  =  constant, 
which  being  equivalent  to 

iE*  (a!+y)  =  constant, 
^reea  with  the  previous  solution. 

Let  us  next  examine  the  general  results  to  which  the 
theorem  leads,  when  M  and  N  aie  homogeneous  and  of  the 
m"  degree. 

The  general  forms  of  M  and  N  will  be  on  putting  ti  for  ? , 
Hence,  observing  that 

we  have   on   substituting  in  the  expression  for/(ii),    aod 
dividmg  numerator  and  denominator  of  the  result  oy  aT*^, 

^/■■^  _  (m  +  Tl)  ^  (t>)  -  V^'  {V)  -  4>'  (")  n71 

^^''^  0(t.)  +  rfCt.)  ^^^J- 

If  we  make  n,  the  value  of  which  may  be  choeen  at  plea- 
sure, equal  to  — 1»  —  1,  we  have 

, , ,      _  f  M+vf' («)  +  0'(t>) 
J^i  *(t.)+t"|r(«)         • 

Hulti|dying  by  dv  and  integrating, 

//(«)(&=- log  {0C«)+i^Cc)j. 
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Hence, /t=a!-g/^^=-^,.,  f,     , ,  ,|  =  »■  fxr  -(18)- 

And  here  agma  it  results  that  the  homogeneous  equation 
Mdx  +  Ndy  =  0,    may  be    nuuie   integrable   by   the  &ctor 

If  -L  V  '  ^^'^^P'  ™  *^^  particular  case  in  which  the  con- 
slitntion  of  M  and  ^is  such  as  to  make  Mx+N^f^O.  More- 
over this  theorem  is  seen  to  be  only  a  particular  consequence 
of  the  general  theory  of  the  integrating  factors  of  homogeneoas 
equations. 

Resumiug  (17)  which  we  may  write  in  the  form 

_  {m  +  n  +  l)^{v)  ~{^}>-iv)  +V^}r•  (v)  +^'{v)]        . 

/W  *(«)  +  «tCP) 

we  have 


//Mi«-(«+«+i)/^^*|i^-iog(*{,)+,^Ml, 

lich,  combine* 
J  of  /t  become 


by  the  substitution  of  which,  combined  with  the  previous  re- 
duction, the  general  value  of  /t  becomes 


Mx  +  Ny 


(19), 


which  is  the  general  expression  for  an  integrating  factor  of  the 
fi*  d^ree,  supposing  n  not  equal  to  —  m—  1. 

If  we  now  equate  to  an  arbitrary  constant  the  ratio  borne 
by  the  last  value  of  /*  to  the  previous  one  (18),  we  have 

vhich  is  readily  reducible  to 


=  G (20). 


Now  this  is  the  very  solution  of  the  homogeneous  equation 
Mic  -f  ^i:^^  =  0,  obtained  by  the  direct  assumption  y  =  vx,  in 
Art  8,  Chap.  u. 
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We  thus  Bee  that  in  the  case  of  homogeneous  equations  the 
employment  of  integrating  factors  conducts  us,  but  by  a  more 
lengthened  route,  to  the  same  Jlnal  integrals  as  the  direct 
method  of  Chap.  ii.  It  is  difficult  to  lay  down  any  general 
rule  as  to  the  v^ue  of  concurrent  methods,  but  it  woiild  pro- 
bably be  not  very  remote  from  truth  to  say,  that  the  peculiar 
advantage  of  the  theory  of  integrating  factors  consists  rather 
in  its  appropriateness  for  the  investigation  of  conditions  under 
which  soluticHi  is  possible,  than  in  the  actual  processes  of 
^lution  to  which  it  leads. 

6.  The  following  application  of  the  theorem  is  of  a  more 
general  character. 

The  equation 

I>,dx  +  P,d!/  +  Qixdy-ydx)  =  0 (21), 

where  P,  and  P  are  homogeneous  functions  of  x  and  y  of  the 
d^ree  p,  and  y  is  a  homogeneous  function  of  x  and  y  of  the 
degree  g,  may  be  rendered  integrable  by  a  factor  ft  which  is  a 
homogeneous  function  of  x  and  y  of  the  degree  —  y  —  2. 

Here  M=  P,  -  Qy,     N^  P,  +  Qx. 
Hence  Me  +  Ni/  =  P^x  +  Pj/. 
Thiis  the  denominator  of  (15)  is  the  same  as  if  Jfand  ^"were 
reduced  to  their  first  terms  P^  and  P .    And  the  numerator 
remains  the  same  also.     For  the  addition  which  the  second 
terms  of  M  and  N,  viz.  —  Qt/  and  Qx,  make  thereto  is 

which,  on  effecting  the  differentiation,  becomes 


«..,^ 


fM»+2)e}. 


hut  Q  being  by  hypothesis  homogeneous  of  the  j""  degree, 
■ffhence, 

dQ  .     dQ       ., 

D,o,i,7.<iT,Google 
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the  above  expreasion  reduces  to 

i^(3+n+2)  Q, 

and  vaDiahes  if  n  is  made  equal  to  ~  g  —  2,  Thus  (15)  as- 
sumes the  same  form  as  if  J/  and  N  were  homogeneous  of  the 
degree^,  and  the  condition  of  the  theorem  is  satisfied. 

[K  we  write  equation  (21)  in  the  form 

the  required  result  follows  at  once  from  the  remark  on  p^e 
79,  lines  4... 7;  for  a  homogeneous   factor  of   the  degree 

-  y  —  2  will  obviously  render  Qx*  d  ^  integrable.] 

7.  All  the  applications  which  we  have  hitherto  made 
of  the  partial  differential  equation  (1)  are  of  one  kind.  The 
general  problem  which  they  exemphfy  is  the  following.  Under 
what  condition  does  the  equation  MdsB-^Nd}/  =  {i  admit  of 
heing  made  integrable  by  a  factor  of  the  form  0  (v)  where  v  is 
a  known  and  definite  function  of  x  and  y  1  Let  us  examine 
the  general  form  of  its  solution. 

On  substituting  ^  (u)  for  n  in  (1),  we  find 

dM_dN_ 
tf>'  (v)  _     dy      dx 

Wo " «h_u± 


The  condition  sought  then  is  that  the  second  member  of  this 
aquation  should  be  a  function  of  v.  Bepresenting  that  func- 
tion hy/(v)  the  corresponding  value  of /t  is 

fi^ef^'^ (23). 

Any  special  case  may  be  treated  either  independently  as  in 
the  previous  examples,  or  by  directly  referring  it  to  the  above 
general  form. 


,..{22). 


■,l!!^)(.ij^le 
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TIius  a  direct  reference  to  the  above  theorem  Bhews  that  the 
condition  which  must  be  satisfied  in  order  that  the  equation 
Mdx  +  Ndy  =  0  may  admit  of  an  integrating  factor  of  the 
form  <jt(ii?  +  y)  ia  that  the  function 

dM_dN 
dy      dx 


ay      dx 


should  be  a  function  of  a^  +  y.  And  the  mode  of  determining 
this  point  would  be  to  assume  a^  +  y  —  v,  and,  thence  deducing 
y  =  V  —  0^,  to  substitute  that  value  of  v  in  the  above  function, 
and  see  whether  the  result  assumed  the  form  f{v).  The 
.equation  (23)  would  then  give  the  value  of  ft.  And  tMs  mode 
of  procedure  is  general 

8,  When  by  the  discovery  of  an  integrating  factor  the 
possibility  of  solving  a  diflferential  equation  has  been  esta- 
blished, there  is  no  more  valuable  exercise  than  to  endeavour 
to  effect  the  same  object  by  other  means. 

Let  us  take  as  an  example  the  equation  considered  in 
Art.  6,  viz. 

P,dx-i,P^dy+Q{xdy-ydx)=0 (24), 

Pj  and  P,  being  homogeneous  of  the  degree^,  and  Q  homo- 
geneous of  the  degree  q. 

Leti-.-a^^g),  P,.«''('(|),  e-^x(f).  *en 
making  "  =  »,  whence  flow 

dy  =  xdv  +  vdx, 
^dy  —  ydz  —  a^dv, 
the  given  equation,  expressed  in  terms  of  the  variables  x  and 


!j?^  (»)  dx  +  a^-f  (ti)  {xdv  +  vdx)  +  si?x  («)  X  ^dv  =  0, 

nr„i",i-,Go(.i^le 
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aud  assumes  on  transpositioa  and  divisioo  the  form 

Now  tLe  reducibility  of  aD  equatioD  of  this  form  to  a  linear 
form  has  been  established  in  Chap.  ii.  Art.  11. 

tJDder  the  general  form  (24)  are  virtually  included  some 
remarkable  equations  which  have  been  made  the  subjects  of 
distinct  investigations. 

Thus  Jacobi  has,  by  an  analysis  of  a  very  peculiar  character, 
solved  the  differential  equation.    (Crelle'a  Journal,  Vol.  SSIV.) 

+  (C+CW+C»(2a;  =  0 (26). 

If,  however,  we  assume  iu  that  equation 

we  can,  by  a  proper  determioatioa  of  the  constants  a  and  /9, 
reduce  it  to  the  form 

(of  +  a',)  {(d^  -  vdi)  -  M  +  y-l)  A)  +  M  +  «'-))  *  -  0, 
which  falls  under  (24).    On  effecting  the  substitution  in  ques- 
tion the  equations  for  determining  a  and  /3  will  be  found  to  be 

-j9{^  +  ^'a  +  4"/S)+C+C'a+G"y3  =  0. 

The  most  convenient  mode  of  solving  these  equations  is  to 
write  them  in  the  symmetrical  form 


then,  equating  each  of  these  expressions  to  X,  we  find 
A-\  +  A'a-¥A"0  =  O, 
B+{R-\)a  +  B"^  =  0, 
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from  vhicb  eliminating  a  and  /3  we  hare  the  cubic  equation 

{A-\)  {B- -\)  {G" -\)-S"G' {A-X)-A"CiB'-\) 

~A'B{C"-\)  +  A'S'C+A"BC'  =  0 (27). 

If  a  value  of  X  be  found  from  this  equation,  any  two  equa- 
tions of  the  preceding  system  will  ^ve  a  and  /3. 

9.  The  present  chapter  would  be  incomplete  without  some 
notice  of  a  method  which  waa  largely  employed  by  Ealer. 

That  method  consisted  in  assuming  ^  to  be  a  function 
definite  in  form  as  respects  the  variable  y,  but  involving  un- 
known functions  of  x  as  the  coefficients  of  the  several  powers 

ofy. 

After  the  substitution  of  this  form  of  fi  in  the  partial  dififer- 
ential  equation  (1),  the  result  is  arranged  according  to  the  powers 
ofy,  and  the  coefficients  of  those  powers  separately  equated  to 
0.  This  gives  a  series  of  simultaneous  differential  equations 
for  the  determination  of  the  unknown  functioia  of  x.  But  for 
the  success  of  the  method  it  is  necessaiy  that  the  primary 
assumption  for  /i  should  have  been  chosen  with  some  special 
fitness  to  the  object  proposed.    The  following  is  aa  example. 

Bequired  the  conditions  under  which  the  equation 

Pt/dx+iy  +  QDdt,  =  0 

admits  of  being  made  int^Tf^ble  by  a  factor  of  the  form 

1 

F,  Q,  B  and  8  being  functions  of  x. 

In  the  partial  differential  equation  (1),  making 
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clearing  the  result  of  fractions  and  arranging  it  according  to 
the  powers  of  y,  we  have 

+(«f-«a)^-'' w 

Whence,  equating  separately  to  0  the  coefBcients  of  the  dif- 
ferent powers  of  y,  we  have  the  ternary  system 

^•P+S-i=« M. 

^^+^'&-ef-£-o M. 

sS-eS-« m- 

The  last  equation  gives  8=cQ,c  being  an  arhitraiy  constant. 
SubBtituting  this  ^ue  of  jS  in  the  equation  obtained  by 
eliminating  P  from  the  first  two  equations  of  the  system,  we 
find 

(2c-B)dQ  +  2QdB=BdR, 

or,  regarding  therein  B  as  the  independent  and  Q  as  the  de- 
pendent variable, 

a  linear  equation  of  which  the  solution  is 

Q  =  R-e+c'(B-2e)\ 

Hence  we  have 

S  =  c{B-c)+cc'{B-2c)'', 

and  &om  the  Bubstitution  of  the  value  of  Q  io  the  first  equa- 
tion of  the  ternary  system, 

P=-.'(B-2«)g. 

D,g,l,7?<lT,GOOgle 
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These  values  of  8,  Q,  and  F,  in  which  B  is  arbitrary,  re- 
duce the  given  differential  equation  to  the  form 

[B-c  +  o'iB~2c)'  +  3]ds-c'i/{S-2c)dR  =  0...iS$.). 

and  present  its  integrating  factor  in  the  form 


y'  +  Hy^f  [c  {H~c)  +  co'  (ii- 2c)'ly ' 

R  being  an  arbitrary  function  of  x. 

For  other  examples  the  student  is  referred  to  Lacroix 
{Trai14  du  Calcid  iHff.  et  dv,  Calctd  Jnt  VoL  ll.  Chap.  iv.). 
The  results  of  this  method  are  usually  of  a  very  complex 
character,  while  their  generality  is  limited  by  the  restrictions 
which  must  be  imposed  in  order  to  render  the  system  of 
reducing  equations  solvable.  Thus  Euler's  equation  above 
considered  is  virtually  only  a  limited  case  of  the  general 
equation  (21).     If  we  assume 

j+c  =  «,    B-2c  =  t, 
It  becomes 

(s  +  £}da  +  cc'tdt  +  c't  (tda  -  sdt), 
which  evidently  falls  under  that  equation. 

[The  Jacobian  theory  of  the  Laat  Multiplier,  which  is 
connected  with  the  subject  of  the  present  Chapter,  is  dia- 
cussed  in  the  Su/pplemervtary  Vohime,  Chapter  xxxi.] 

EXERCISES. 

1.  The  following  equations  admit  of  integrating  factors 
of  the  form  ^  [x],  viz; 

(1)  {a? +y'  +  Zx)  dx  -itty  dy  =^0. 

(2)  {a?-]ry^dx~'!b^dy  =  0. 

Determine  these  factors  and  integrate  the  equations. 

2.  The  equation  ixydx-^  {^—^c^dy=(i  has  an  inte- 
grating factor  which  is  a  function  of  y.  Determine  it,  and 
integrate  the  equation.' 
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3.  Find  tboee  mtegrating  factors  of  the  equation 

which  are  homogeneous  functions  of  x  and  y  of  the  respective 
degrees  0  and  —  %  and  from  the  consideration  of  those  factors 
deduce  the  complete  primitive  of  the  equation. 

4.  For  each  of  the  following  equations  examine  whether 
there  exists  an  integrating  factor  fi  satisfying  the  particular 
condition  specified,  and  if  so  determine  the  factor,  and  inte- 
grate the  equation. 

(1)  y  {a^  +  ^)  dx  +  x  (xdy  —  ydx)  =  0,  ^  a  homogeneous 
function  of  the  degree  —  3. 

(2)  l^  +  axf)dy-ay''dx-]r{x  +  y)  {xdy-ydx)  =  0,  /t  as 
in  the  previous  example. 

(3)  (i/  —  x)dy-i-ydx  —  xdi-)=0,  ft,  homogeneous  of  the 
degree  —  1. 

(4)  (a!*  +  y*  + 1) (&  —  ixydy  =  0,  fie.  function  of  y* — a;*. 

(5)  (y-3a?^-23?)dx+{2f+^y'-x)dy  =  0,fi  a  func- 
tion o[itr  +  y. 

(6)  ix'+a?y+%ey-y*-y')dx+(y*+xy*+2xy-a?-a?}dy=0, 
ft,  a  function  of  the  product  (1  +x){l+  y). 

(7)  (Sy*  -x)dx+  (2y"  -  6xy)  dy  ==  0,  /*  a  function  of 
x  +  y*. 

5.  The  equation  y(af  +  y')dx  +  x  {xdy  —  ydx)  =  0  has  an 
integrating  factor  of  the  form  e'^  l^+y*)-  Determine  it,  and, 
from  the  comparison  of  the  result  with  that  of  (1)  Ex.  4, 
deduce  the  complete  primitive. 

6.  The  linear  equation  ^  +  Py  =  Q  having  an  integrating 

factor  of  the  form  e^^  deduce  a  corresponding  expression 
for  an  integrating  factor  of  the  equation 


[CH.  V. 

7.  Prove  that  the  equation 

do)^^     dx        ' 
where  P  is  any  function  of  x,  has  an  int^rating  factor  of  the 
form  T -p^ .    Lacroix,  Tom.  il  p.  278. 

8.  Deduce  a  similar  egression  for  an  integrating  factor 
of  the  equation  ^  +  2/*  +  ^  +  -P"  =  0-    /*■ 

9.  Investigate  the  conditions  under  which  tlie  equation 

where  P  and  Q  are  functions  of  x,  can  be  made  integra,ble 
by  a  factor  of  the  form  r^r/7"TTS>  *iid  determine  the  form 
of/(»). 


C    91    ) 


CHAPTER    VL 


1,  These  are  certain  differential  equations  of  tlie  first 
order  and  d^ree,  to  which,  in  addition  to  their  intrinsic  claims 
upon  our  notice,  some  degree  of  historical  interest  belongs. 
Ainong  such,  a  prominent  place  is  due  to  two  equations 
wliicli,  having  beea  first  discussed  by  the  Italian  mathema- 
tician Riccati  and  by  Kuler  respectively,  have  from  this 
circumstance  derived  their  names.  To  these  equations,  and  to 
some  other  allied  forms,  the  present  Chapter  will  be  devoted. 


Riccati's  equation  is  usually  expressed  in  the  form 


..(1). 


Cut  as  both  it  and  some  other  equations  closely  related  to 
it  and  possessing  a  distinct  interest,  may,  either  inmaediately 
or  after  a  slight  reduction,  be  referred  to  the  more  general 
equation 

a^-oy  +  S/^M- (2), 

the  discussion  of  which  happens  to  be  much  more  easy  than 
that  of  the  special  equations  which  Sie  included  under  it,  we 
shall  consider  this  equation  first. 

To  reduce  Kiccati's  equation  under  the  general  form  (2), 
it  suffices  to  assume  w  =  " .     We  find,  as  the  result  of  this 

X 

substitution  in  (1), 

x^-H  +  hf.a!" (3), 

which  is  seen  to  be  a  particular  case  of  (2). 
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Of  the  equation  x-^  —at/-i-bi/'  =  ca?. 

2,     The  discusBioa  upon  which  we  are  entering  may  be  I 

divided  into  two  parts.     First,  we  shall  shew  that  the  equa-  | 

tion  is  solvable  when  n  =  2a.     Secondly,  we  shall  establish  t 

a  series  of  transformations  by  which  a  correapondiug  series  of  ;. 
other  cases  may  be  reduced  to  the  above. 

S.     First.     The  equation  a; ->"  —  uj  +  6^  =  cs"  is  solvable 


when  n  —  2a. 


dx 


For,  assuming  y  =s  aj"«,  we  find  on  substitution 
-  +  oa;  o  =  <jar. 


whence,  dividing  by  a:*",  we  have 


Now  if  n  =  2a  the  above  becomes 

Ac 
whence 

dv         die 

c  —  in*     ic'"" ' 

an  equation  in  which  the  variables  are  separated.      If  -vpe 
restore  to  «  its  value  ^  and  transpose,  this  becomes 

^^^S^+«"^-«-- ■ w- 


„G( 


lOoole 


igl£ 
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an  exact  differential  equation,  of  whicli  the  solution  will  be 


(0 


ll&c)lx> 


y-  i  V 


'c\i     &•     +1 


according  as  ft  and  c  have  like  or  have  unlike  signs. 
4.     Secondly.     The  solution  of  tbe  equation 


is  always  reducible  by  transformation  to  the  preceding  case 
whenever  — „ —  =  i,  a  positive  integer. 

For  let  y  =  A-] — ,  t/,  being  a  new  variable  which  is  to 

replace  y,  and  A  a  constant  whose  value  is  yet  to  be  deter- 
mined. On  substitution  and  arrangement  of  the  terms  we 
have 

-aA-\-hA'  +  (n-a  +  2hA)--}-h'^-^^  =  cx\..(5\ 

Vi     y*    yi  ^ 

Now  let  —aA  +  bA*  =  0,  then  A—j-  or  0.    These  values 

0 

of  A  we  shall  employ  in  succession. 


Vi        y'      Vi    <^ 


x-^-ia  +  n)y^  +  C!/;^h!D'... (6). 
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Now  this  equation,  ia  of  the  same  /ojwi  as  the  given  equation 
between  y  and  x.  The  coefficients  however  differ,  in  that  b 
and  c  have  changed  their  places,  and  a  has  become  a  +  n. 
And  this  transformation  has  been  effected  by  the  assumption 
a  ,  aT 

Hence,  if  in  the  transformed  equation  (6)  we  make  a  second 
assumption 

a  +  n     a^ 

we  shall  have  as  the  result 


{a  +  2n)i/.+  6y,*  =  ca;' (7). 


i  and  c  again  changing  places,  and  a  +  n  becoming  a  +  2n. 
And  the  result  of  i  successive  tranafonuations  of  the  same 
series  will  be  to  reduce  the  given  equation  either  to  the 
form 

w-£~{a  +  in)7/t  +  cyi*  =  ha^ t^^' 

or  to  the  form 

X'£-(a+in)i/t-i-byt^  =  ca^ ^9). 

according  as  the  integer  t  is  odd  or  even. 

Now  by  what  has  been  established  in  Art.  3  the  above 
equations  will  be  integrable  if  we  have 

n=2(o  +  tM), 

ao  equation  which  gives 

"-^-'■- m. 

If  we  assign  to  ji  its  second  value  0,  (5) 


(n-a)-+6-i f  #'  =  C!tr. 


T,Google 
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Or,  multiplying  by  ^  and  traasposing, 

«^'-C»-a)y,  +  Ci/,*  =  6af (11). 

Now  this  equation  for  y^  differs  from  the  equation  (6)  ob- 
tained for  y^  in  the  previous  series  of  transformations  only  in 
that  a  in  the  coefficient  of  the  second  term  has  become  —  a. 
With  this  change  only  then  that  series  of  transformations 
may  be  adopted  in  the  present  instance.  The  change  of  a 
into  —  d  in  the  final  condition  (10)  gives 

n  +  2a 

as  a  new  condition  under  which  the  equation  in  y  is  solvable. 
If  1  =  1  this  gives  n  =  2a,  the  condition  first  arrived  at,  and 
upon  which  the  subsequent  researches  were  based. 

Collecting  these  results  together  we  see  that  the  equation 
x-^~ay  +  bi^  =  ca^is  itdegrable  whenever  ~ —  is  a  positive 
integer. 

7.     Let  us  now  examine  the  form  in  which  the  solution  is 


"    If  — ;;—  =  i,  which  is  the  condition  arrived  at  in  Art.  5, 

2n 
we  have  the  series  of  transformations 

a     a^ 

a+n    as" 

a  +  2n     of 

and  finally 

a  +  (»-l)«^ 
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where  /:  =  6  or  c,  according  as  i  is  odd  or  even ;  and  the  effect 
of  these  transfoi-mations  is  to  reduce  the  given  equation  to 
one  or  the  other  of  the  forms  (8)  and  (9). 

If  in  the  above  exfireasion  for  y  we  substitute  for  «,  its 
value  in  terms  of  y,,  in  that  result  again,  for  y,  its  vafiie  in 
terms  of  y,,  and  so  on,  we  find 

a       x' 

"        ^ (A), 

the  last  denominator  being  , — —  ■\ — .     The  value  of 

yj  must  then  be  determined  by  the  solution  of  (8)  or  of  (9), 
these  equations  being  now  susceptible  of  expression  as  exact 
differential  equations  in  the  forms 

r^-^-  (<■  +  .y  y.^-,i,  ^  ^^-^  _  „ 

CJji  —  OX  ^ 

^"dn.-^  +  inU^-'i,  .,^^^ 

oy'  —  cx"  ^  ' 

When  tiierefore  — ^ —  =  i  a  positive  integer,  ike  solution  of  Ae 

equation  x-r-~ay+b^  =  a^  willbe  expressed  in  the  form  of 

a  continued  fraction  hy  (A),  the  value  of  y^  in  the  last  denomi- 
nator being  given  by  the  solution  of  the  exact  differential  equa- 
tion (B)  or  (C)  according  asiia  odd  or  even. 

Secondly,  if  — ^ — -  =  i,  which  is  the  condition  arrived  at  in 
Art.  6,  we  have  the  series  of  tnuisformations 
aj" 

n  —  a     a^ 
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2»  -  a  ,  31" 


wbere  k  =  b  or  c,  according  as  V  is  odd  or  even.  From  these, 
eliminating,  as  liefore,  the  intermediate  Tariables  ^,,  y,,...yij, 
weiind 


y- 


2it-a         af 


(O), 

tile  last  denominator  being  ^^ i +  —  .    In  this  case, 

*  *    ■         ■ 

flowever,  the  equation  for  j/i  formed  by  chaDging  a  into  —  a 

inland  Clriirbe 

''"•'a.-an-atj.^-dx  ,^^^ 

cyi^  —  baf  ^   " 

«'    £:rifc^=g|!2iI^^.^.^.o (F), 

according  aa  i  is  odd  or  even.    . 

When  therefore     ..    ■■  =  i  a  positive  integer,  the  solution  of 

«-^— ay  +  6y*  =  ca!"  is  eicpressedly  (D),  the  value  ofytin  the 

hut  denominator  heing  given  iy  the  exact  differential  egvation 
(E)  (w  (F)  according  aaiis  odd  or  even. 

Ex.    Givena!^-y  +  s*=3^. 

B.D.K.  7 
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„  .  ,  1        n  +  2o',.,    n  —  2a  _ 

Here  «  =  |,   o=l,   and  aa      ^n    ~  ~2« "  ^  ~  ^' 

the   formulffl   (D)  and   (F)   must   be  employed.    Assuming 
thereina  =  l,  i  =  l,  c=l,  n=J,  i  =  2,  we  nave 

u  beii^  given  by  the  exact  differential  equation 

iA^il£l^+^-lda:.0 (14), 

frosa  which,  we  find 

j  +  Sxi='0 (15). 


The  elimination  of  y,  between  (IS)  and  (15)  gives 

log^^^"^i"^  +  6^=C (16). 

which  L9  the  complete  primitive. 

Ex.  2.    Given  ff+tt»=a;-».   . 
ax 

■    This  is  an  example  of  Riccati's  equation.   Assuming  there- 

forew  =  -,  wefind  aj-j^  — ,V  +  v'  =  i':'.  which  is  identical  witli 
»  ike     "     " 

the  equation  last  considered.    Suhstituting  therefore  in  (X  6J 

taB  for  y,  we  find  after  reduction 

i»^5^^!^^«="*-« -(in. 


Sucl  +  3  +  we* 
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General  Observations. 


8.     The   connexion   between   the  two  couditiona  for  the 
solution  of  the  equation  x  ^~ay  +  b^~  ca^,  implied  by  the 

double  sign  in  the  equation      ~  —  =  t,    may  otherwise   be 
established  as  follows. 

If  the  differential  equation  be  written  in  the  form 

'I+*K»-f)-"" ('^>' 

it  becomes  evident  that  it  is  symmetrical  with  respect  to 

a  place 

of  y,  and  writing  y  —  r  =  ^i  l/  —  y'  +  Tt  the  equation  becomes 

"%+'■{' +1)"'-^' (!''■ 

or  x-^+ai/'  +  hy'*  =  caf (20), 

an  equation  which  differs  from  the  given  equation  only  in  that 
y  has  become  y',  and  a  has  changed  its  sign.     Hence  the 

conditions  n  =  ^. — ^  and  n  =  ^ — j  are  mutually  dependent, 

and  the  value  of  y  having  been  obtained  for  the  former  case, 
its  value  in  the  latter  will  be  found  hy  changing  therein  a 


into  —  a,  and  finally  adding 


J- 


It  is  here  also  to  be  noted  that  instead  of  beginning  with 
an  assumption  of  the  form  i/  =  A  +  —  3sm  Art.  4,  we  might 

have  commenced  our  reductions  by  the  assumption  y  =  -jr— — , 
the  fonner  of  the  above  being  proper  for  increasing  by  n,  uia 
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latter  for  diminiahing  l^  n  the  quantity  a.  And  as  the  first 
led  directly  to  the  solution  (A),  so  would  the  second  have  led 
directly  to  the  solution  (D). 

Lastly,  it  may  be  remarked  that  each  of  the  above  assump- 
tions is  only  the  inverse  of  the  other.  To  increase  the  value 
of  a  by  n  we  had  to  employ  the  assumption 


which  gives 


--4+yi., 


and  this  indicates  the  foi^n  of  the  assumption  for  tbe  case  in 
which  a  is  to  be  diminished.  Hence  also  by  admitting  nega- 
tive as  well  as  positive  values  of  i,  the  two  forms  of  solution 
mi^t  he  replaced  by  a  single  one. 

9.    We  have  seen  in  Art.  1  that  Riccati's  equation 

dx 
is  reduced  by  the  assumption  u  =  -  to  the  form 

Hence  the  condition  for  the  solution  of  Riccati's  equation, 
found  by  substituting  in  the  final  theorem  of  Art.  6,  1  for  a 
and  m-i-%  for  n,  will  be 

m+2±2_. 
2m  +  4       *• 
whmce 

__    „.      2 


..(21), 


\  being  a  positive  int^er. 
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We  may  give  to  the  expression  for  m  another  form,  viz. 

m  =  „■     - ,  i  admittii^  of  the  value  0  together  with  positive 

integral  values.  In  order  to  prove  this,  let  it  be  observed 
that  two  values  of  m  included  in  (21)  are   . 

2i  —  1  2t  —  1 

If  in  the  second  of  these  values  we  change  t  —  1  into  i,  and 
therefore  i  into  i  +  1,  a  change  which  merdy  involves  that 
we  interpret  i  as  admitting  of  the  value  0  aa  well  as  of  posi- 
tive integral  values,  we  find 


..(22). 


"-STl 

When  1  =  0  this  gives  wi  =  0,  and  as  this  value  also  results 
from  the  first  of  the  expressions  for  m  on  making  t  =  (J,  we  are 
permitted  in  that  formula  also  to  r^ard  i  aa  admitting  of  the 
same  range  of  values.  Heace,  combining  the  two  formulie  in 
a  single  expression,  we  have 

•»=2iri -w. 

t  being  0,  or  a  positive  integer. 

10.  Kiccati's  equation  may  also  be  reduced,  and  it  usually 
has  been  reduced,  by  a  series  of  double  transformations,  of 
which  the  following  will  serve  as  an  example. 

The  equation  being  t-  +  Ju*  =  ar",  let  u  =  t-  +  -3—  - 


du  _       1         2  1    dw, 

dx         fcji*     a^u,     a^u'  dx  ' 


ogle 
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Substituting  these  values  in  the  giTen  equation,  we  have 

85  w,      ari*,  ax 
Whence, 

In  this  equation  assume  x  =s  «"*',  then 

whence,  after  substitution  and  reduction, 
dw,         c         ,         ft      .^ 

an  equation  differing  from  the  given  equation,  as  to  its  coeffi- 
cients and  indices,  in  that  J  has  been  converted  into  "  ,  q  •  o 

b                  .          m+4 
into  — — s ,  and  m  into — ^  ;  but  which  is  still  of  Kiccati's 

form.  The  transformation,  it  will  be  observed,  is  a  double 
one,  as  it  affects  the  independent  as  well  as  the  dependent 
variable, 

—  4t 
Now  if  m  be  of  tho  form  -r- — r  i  we  find  on  suhetitution 
^1  —  1 
and  reduction 


■  (24). 


m  +  4,^  -i(i- 


m  +  3     2(t-l)-l* 

Hence,  asecond  double  transformation  of  the  same  nature  as  the 
last  will  reduce  the  differential  equation  to  a  form  in  which  the 

index  in  the  second  member  will  become—^  ..    -.     -^ .  And 

thus  after  a  series  of  t  transformations  the  index  is  reduced 
to  0,  and  the  equation  becomes  solvable  by  separation  of  the 
variables. 

D,g,l,7?<lT,GOOglC 


ART.  11.]  OENEEAL  OBSERVATIONS.  103 

To  establiah  another  condition  of  solution,  assume  in  the 
given  equation  M  =  -,  8!  =  .^^,  then,  after  substitution  and 
reduction,  we  have 

ds     m+l"      m+l         ' 
which,  by  what  has  preceded,  will  be  solvable  if  we  have 


m  +  l         2t  -  1  • 
whence,  m  =— -tt — =-. 

21  +  1 

Combining  these  results  it  appears  that  Riccati's  equation  is 
integrable  if  m = •^. — - ,  i  being  0  or  a  positive  int^r.  This 
s  with  (23). 


It  is  manifest  from  the  complexity  both  of  the  transforma- 
tions above  described  and  of  the  results  to  which  they  lead, 
that  Biccati's  equation  is,  in  its  actual  form,  far  less  adapted 
for  such  transformations  than  the  equation 

ar  ^  -  ay  +  fty*  =  c«", 

to  which  it  is  so  easily  reduced, 

11.    Riccati's  equation  becomes  linear  on  assuming 
1  duj 

The  transformed  equation  is 

^-Jca!"w  =  0 (25). 

We  shall  consider  it  under  this  form  in  a  subsequent  Chapter. 
[jSee  Exercise  3  of  Chapter  xvn.] 
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To  Biccati's  equation  some  others  of  greater  generality  may 
be  reduced  by  a  change  of  yaxiables,  e.g.  the  equation 


T-T«C   M    =CC   l.*"^» 

by  assuming  ;»""  =  t, 

Euler's  Equaiion. 

It  has  tdready  appeared  that  the  solution  of  a  differen- 
tial equation  may  sometimes  be  freed  from  transcendents 
introduced  by  integration.  An  example  of  this  has  been 
afforded  in  the  instance  of  the  equation 

(Chap.  II.),  the  solution  of  which  ia  capable  of  being  exhibited, 
in  an  algebraic  form,  although  immediate  integration  intro*- 
duces  the  transcendental  functions  8in"';E,  sin"'y.  The  inquiry 
ia  here  suggested  whether  in  any  other  cases  the  direct  inte- 
gration may  be  evaded,  an  inquiry  the  more  important  as  our 
means  of  int^ation  are  so  limited.  Euler  succeeded  in  ob* 
taining  without  direct  integration  the  solution  of  the  equation 

^ ,  '^.y  ^Q 

•/{a  +  hx  +  ca^  +  ea^  +Jx*)     'J  {a  +  bj/ +  ct/"  +  ej/' +  fy')        ' 

and  of  some  related  forms.  The  result  belongs  to  the  theory 
of  the  elliptic  functions,  and  may  be  established  independently 
by  the  methods  which  more  peculiarly  pertain  to  that  theory. 
But  the  method  by  which  Euler  arrived  at  that  result  demandB 
notice  here. 

12.     To  integrate  the  equation 

dx  dy 


Representing  the  polynomials   a  +  fta;  +  ca^  +  ea"  +/b\  a 
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a  +  %  +  (^  +  ey"  -k-fy*  by  X  and  Y  respectiyely,  we  have  to 
integrata 

The  ordiuaiy  BohiHon  of  tliis  equation  in  the  sense  of  Art.  5, 
Chap.  L  would  be 


!^[X)*I.J{,Y)     *" 


but  it  is  our  present  object  to  obtain  an  algebraical  relation 
between  a  and  y  without  performing  the  integrations  above 

implied. 

i'^m.i-^m (3). 

Also  letx+y=p,x—y^g.  We  shall  endeavour  to  form  a 
difiFerential  equation  in  which  p  and  q  are  dependent  variables, 
and  t  the  independent  variable. 

From  (3)  we  have 

|-vm-v(n (4), 

^^^m+'Ji'n (5), 


.S}  +  cpj  +  ies(3;)-  +  j')  +  }^(y'+g')...  (6), 
since  the  tnmsfonnatioQS  a;  +  y=;),  x~^  =  q  give 
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A^in,  from  (3)  we  have 

de"     dt  dt      dx         2  <ie ' 
<ry  IdT 

dt  ~ii<l  '' 

whence  by  axldition 

.}  +  q)  +  |<(y'+J^+|/^(y'  +  3rt  (7), 

on  effecting  the  differentiations  and  transfonmng  as  befor« 
from  a:  and  ^  top  and  j. 

Multiplying  (7)  by  j,  and  from  the  result  suhtracting  (6), 
we  have 


2d^p_2^d^ 


l^-+2* 


q'  dt  dt 


Now  multiplying  both  sides  by  ■£ , 


6t>m  -which,  each  member  beiog  an  exact  differentia],   we 
have  on  integration 

C  being  an  arbitrary  constant. 


ABT.  13.3  ETOER'S  equation. 

dp 

di 


Hence  -£  =  q^/iG  +  ep  +^'). 


Therefore  by  (4) 

J(X)-VCiO-(«-y)V[C+e(a;+y)+/[a!  +  yn...{9). 

the  integral  required. 

The  student  may  apply  the  same  process  of  transformation 
ajid  redaction  to  the  equation 


=  0 (10). 

The  resulting  integral  will  he 

13.  It  will  probahly  appear  that  there  is  somethii^  arhi* 
traiy  in  the  mode  in  which,  in  the  ahove  investigation,  the 
Gnal  differential  equation  (8)  between  p,  q,  and  (,  upon  which 
the  solution  of  the  problem  depends,  is  formed.  The  analysis 
which  is  subjoined  may  throw  some  light  upon  its  real  nature, 
and  shew  of  what  general  theorem  th^t  equation  constitutes 
an  expression. 

Pbop.  Whatever  may  be  the  form  of  the  (unction  ^  {x), 
the  following  theorem  of  development  holds  good,  viz. 

+^a0"'(2')+0"'Wl(y-^)' 

+  4[*'(y)  +  *'Ml(y-a;r  +  &c....(12), 
wherein  A^,  A^,  A^,  &c.  are  the  coefficients  of  the  successive 
powers  of  x,  ii 
aeries  of  the  form 

AiX  +  A^-{'A^  +  Sai. 
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For  let  jf-'X  +  h,  then,  employing  a  well-known  Bymbolical 
form  of  Taylor's  theorem, 

*(y)-*(«)=*(»+*)-*W 

(13). 

wbere  A^,  A,,  &c.  have  the  aeries  of  values  above  described. 
Hence,  performiDg  the  differentiations  and  replacing  x+h 
by  y,  and  A  by  y  —  a;,  we  have 

+  Air  (?)+*'"  W)(j-»^)'+*"- -{14), 

which  is  the  proposition  in  question. 

The  values  of  A,,  A^,  A^,  &c.  may  be  expressed  by  means 
of  Bernoulli's  numbers,  but  they  may  also  be  calculated  very 

simply  by  developing  the  exponentials  in  the  fraction  — — ~  , 

and  then  expanding  the  fraction  itself  by  division.  We 
readily  find 

A=2'    ^•  =  -24-    ^'^SiO'    -^'=40320'  *•=• 
When  ^  (a;)  is  a  polynomial  of  the  fourth  degree,  we  have . 
^'  (x)  =  0,     0"  {x)  a.  0,  &a, 
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and  the  theorem  is  reduced  to  the  followiog,  71?.: 

-^ff"(y)+f"W)  (»-»■)' (15). 

Now  the  differential  equation  (8)  into  whose  origin  we  are 
inquiring  is  merely  a  transformation  of  the  last  theorem. 
We  -will  on  this  occasion,  and  for  the  sake  of  variety,  ex- 
emplify the  ahove  remark  in  the  solution  of  the  differential 
equation 

dx      _       dy 

vi*wrvi*(y)) '"'■ 

in  which 

^  (j^)  =  a  +  &r  +  ca)*  +  fia;' 4-/c' (17), 

i>iy)='a  +  hy  +  cy'-vey*  +/t,* (18). 

Representinff  either  member  of  (16)  by  (ft  and  assumine  t  as 
an  independent  variable,  substitute  the  values  hence  deter- 
mined for  ^  (a),  ^'(*)>  0"'(^))4°'i°tl*e  theorem  (16).  There 
will  result 

|-n'»W1.  |  =  V(+(y)l. 


Hence      *(.).(J)'.  *M.(|)-. 


-rf*a5 


^■^v)-^% 


Lmtly  from  (17)  and  (18)  . 
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by  which  substitution,  (15)  becomes 

Or,  transposing 

(S)'-(§)"-'^-')(J-S)-(/-A+l)('-)"-(i»)-' 

Now  the  very  form,  of  this  equation  suggests  the  transforma- 
tion a! + y  =  p,  a;  —  y  =  2,  by  which  it  becomes 

whence  multiplying  by  t  dp  and  integrating 

therefore 

^v3iMi^]V(,+,).H.,(«+„  +  a...(2o), 

the  integral  sought.  ,  , 

KXEECISES. 

2.  a; -^-0^  +  5"  =  a"*. 


3.  ^  +  « 


4. 


<2u     ,  ,         ^ 

OK 
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_         dii         ,      „  -I 

5.  J u'  =  2a:    . 

dx 

6.  Aasuming  the  conditions  for  the  solution  of  Riccati's 
equation.  Art.  9,  investigate  those  under  which  the  equation 

-j-  +  fta^M*  =  caf  ia  integrable. 

7.  Assuming  the  conditions.  Art.  6,  under  which 

is  integrate  ia  finite  terms,  investigate  those  under  which  the 
equation 

x^  +  a  +  ^y  +  yi/'^Bp^ 

is  integrable  in  finite  terms. 

8.  Transforming  the   equation  a:  ~—ay-i-b^  =  ca?",  by 

assuming  ib'  =  (,  an  integrating  factor  maybe  found  by  Art.  6, 
Chap.  T. 

9.  The  equation  -=- +  Sw*  =  ca:"  + -5 ,   more  general  than 


Biccati's,  is  reducible  to  the  form  »  j—  —  ^V  +  ^V ' 
sidered  in  Art.  3,  by  an  assumption  of  the  form  it  -■ 


.y-^ 


10.  Hence  investigate  the  conditions  under  which  the 
former  equation  may  be  solved. 

11,  The  same  equation  may  be  reduced  to  Riccati's  form 
by  an  assumption  of  the  form  y  =  Ax'^-^z^{x),  followed  by 
a  transformation  afiecting  only  x, 
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12.  Integrate  the  equation 

^_^__    + ^ =0 

VCo  +  Ja!  +  ca^  +  ea!"  +  A*)      ^(o  +  Jy + cy*  +  «/ +^ 

by  tbe  application  of  the  theorem  of  Art.  IS. 

13.  Deduce  from  that  theorem  the  following  expression  for 
the  value  of  a  definite  integral,  viz,: 


jVwd 


M°)+»(')  ,j  _  „,  _£W+£j6) ,, 


ly-^>^^-.)-^<■'■■^>r<■'■'"^h-a)^ 


^*^',^"(»-»)'-^- 
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CHAPTER  VIL 


ON   DIFFEREinUI.  EQUATIOHB  OF  THE  FIBST  OBDEB,  BUT 
NOT  OP  THE  FIBST  DEOBEE. 

1.    Referbinq  to  the  general  type  of  differential  equations 
of  the  first  order,  tIz.  : 


^(-^■l)-" 


■volved  ttat  the  given  equation  cannot  be  redacad  to  the  form 


already  considered. 

Freed  from  radicals  the  supposed  eqaation  will,  however, 
present  itself  in  the  form 

©"-^.(in^.  ©"-•-'-« «■ 

-where  P^,  P,, ...  P,  are  functions  of  x  and  y. 

An  obvious  preparation  for  the  solution  of  such  an  equation, 
ia  to  resolve  its  first  member,  considered  as  algebraic  with 

respect  to  the  differential  coefficient  -r-,  into  its  component 

factors  of  the  first  degree.     If  p,,  p^.-.p,  be  the  roots  of  (1) 
thus  considered,  we  shall  have 


g-^.)®-*.)-(|-^)= 


T,Goo^e 
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Pi'  Pf--P'  b«"ig  supposed  to  be  determined  as  koown  func- 
tions of  X  and  t/.  And  it  is  now  manifest  that  aay  relation 
between  a;  and  y  which  makes  either  one  or  more  than  one  of 
the  factors  of  the  first  member  to  vanish,  will  be  a  solution  of 
the  equation,  and  that  no  relation  between  x  and  y  not  poa- 
sesaing  this  character  will  be  such.  Hence  if  we  solve  the 
separate  equations 

|-..  =  <^|-i..  =  <^... 1-^  =  0 (3), 

any  one  of  the  solutions  obtained  wUl  be  a  solution  of  (2), 
since  it  will  make  one  of  its  factors  to  vanish.  And  if  we 
express  the  diflerent  solutions  thus  obtained,  each  with  its 
arbitrary  constant  annexed,  in  the  forma 

F;-(7j  =  0,  F,-(7,  =  0,  ...  F,-C,=  0, 

any  product  of  two  or  more  of  these  equations  will  also  be  a 
solution  of  (2),  since  it  will  cause  two  or  more  of  its  factors  to 
vanish. 

Ex.     Qiven  the  differential  equation 

'     (S)"-V=0 (4). 

Here  the  component  equations  are 


=  0, 


and  their  respective  solutions  are 

logy-aiB-c,  =  0  (5), 

logy  +  oa!-c,  =  0  (6). 

Sither  of  these  equations  is  a  solution  of  the  given  equation, 
and  so  is  their  product 

Qogy-ax-e^l}.ogjf  +  ax-c^='0 (7). 
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2.  And  here  two  important  questions  are  suggested  First, 
how  is  it  that  two  arbitrary  constants  present  themselves  ia 
the  solution  of  an  equation  of  the  first  order  ?  Secondly,  is  it 
possible  to  express  with  equal  generality  the  solution  of  the 
equation  by  a,  primitive  containing  a  tingle  arbitrary  constant 
is  accordance  with  what  has  been  said  of  the  genesis  of 
differential  equations  of  the  first  order.  Chap.  I.  Art.  6? 
These  are  connected  questions,  and  they  will  be  answered 
together. 

The  equation  (7)  implies  that  y  admits  of  two  values  each 
mTohing  an  arbitrary  constant,  but  it  does  not  imply  that  y 
admits  of  a  value  involving  two  arbitrary  constants.  The 
component  factors  of  the  solution  separately  equated  to  0,  as 
is  [5)  and  (6),  give  respectively 

y-C.e",  y=C;e-" (8), 

each  of  which  involves  one  arbitrary  constant  only,  and  each 
of  which  corresponds  to  a  single  factor  of  the  given  differential 
equation.  The  true  canon  is,  not  that  a  general  solution  of 
an  equation  of  the  first  order  can  involve  only  one  arbitranr 
eoDstant  in  its  expression,  but  that  each  value  of  y  which 
such  a  solution  establishes  involves  in  its  expression  only  a 
single  arbitrary  constant. 

At  the  same  time  there  is  a  real  sense  in  which  it  remains « 
tme  that  every  differential  equation  of  the  first  order,  what- 
ever its  degree  may  be,  implies  the  existence  of  a  complete 
primitive  involving  a  single  arbitrary  constant,  and  there  is  a 
letd  sense  in  which  such  primitive  oonfftitutes  the  general 
solntion  of  the  differential  equation.  To  reconcile  these  seem- 
ing contradictious  I  shall  shew  that  if  we  suppose  the  arbi- 
trary constants  c,  and  c,  in  (7)  identical,  and  accordingly 
replace  each  of  them  by  c,  we  shaJl  have  an  equation  which 
will  be,  first  the  tme  primitive  of  (4),  in  that  it  will  generate 
that  equation  hy  differentiation  and  the  elimination  of  c, 
secondly  its  general  solution,  in  that  no  particular  relation  is 
deducible  from  the  solution  (7)  involving  two  arbitrair  con- 
stants which  may  not  also,  by  the  use  of  a  lawful  freedom  of 
iutei^tatioQ,  be  derived  from  it. 

8—3 
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Thus  replacing  c,  and  c,  by  c,  we  have 

(\ogtf-ax-c)(logy  +  ax-c)=0 (9), 

■whence     (log  y)*  —  aV  —  2e  log  y  +  c*  =  0. 

Dififerentiating,  and  representing  -. "  by  p, 

2  log  w  ^  -  2a^x  -  2e  2  =  0, 

whence  c  =■ ^  +  log  y. 

Substituting  this  value  in  (9),  we  have 

{t-'")(f --)-»• 

which  reduces  to 

aV(ay-p*)=0. 

Or,  rejecting  the  factor  aV  which  does  not  contain  p,  and 

replacingi>by  ^, 


(I)' 


-oy=o, 


the  differential  eqiiation  given.  Thus  (9)  is  its  complete 
primitive. 

Again,  that  solution  iB  geTieroL   The  two  relations  between 
•y  and  a:  which  it  furnishes  are 

y=(7«",  yOe-" (10), 

and  these  differ  in  expression  from  (S)  only  in  that  the  arbi- 
trary constant  is  here  supposed  to  be  the  same  in  one  aa  in 
Ihe  other,  but  as  it  is  arbitrary  and  admits  of  any  value,  there 
is  no  single  relation  implied  in  (8)  which  is  not  also  implied 
in  (10).  And  it  is  in  this  sense  that  the  generality  of  the 
-solution  is  affirmed. 

[See  the  ^pplementary  Volume,  Chapter  xi.  Art.!.] 
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3.  These  illustrations  will  prepare  the  way  for  the  def 
moiiBtratioii  of  the  general  theorem  which  they  exemplify. 

Theorem.  If  the  differential  equation  of  the  first  order  and 
ft*  degree  be  resolved  into  its  component  equations 

|-^.=o.|-p..o.,..|-,..o, 

and  if  the  complete  primitives  of  these  equations  are  T^,  =  c, . 
V,=  ey...  K,=  c,,  then  the  compete  primitive  of  the  given 
equation  will  be 

(V;-c)(F.-c)...(r,-c)=0. 

Let  uei  first  examine  the  case  in  which  the  proposed  difie- 
teotial  equation  is  of  the  second  degree,  and  therefore  express- 
ible in  the  form  (-Jf  — p,)  (-^  ~Pi)  =0.     Suppose  that  the 

integral  V^  =  c^  is  derived  from  the  equation     "  —p^  i=  0  by 

means  of  an  integrating  factor^,.   Then  dV^= /iJ—  —  pA  dx. 

In  like  manner  we  shall  have  dV^  =  fi^(-r — Pi)*^-     Now 

t^ing  the  equation 

(.V,-')(V,-c).<l (11)  ■ 

as  a  primitive,  ve  have,  on  differeQtiating  witli  respect  to  iS 
andu. 


Therefore 


(,r,-c)dV,  +  (,V,~e)dr,-0 (12). 

■  y,dv,  +  V^V, 

°~     dV.  +  dV.     ■ 


■  (r.-F,)<iF. 

■~         dr.  +  dV.    • 
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Substituting  these  values  in  (11),  ve  have 

(V^-V;fdV^dV^~0 (13). 

,hich  gives    (P;-r/^^.(g-;,,)  (|-p,)  =  0...(U). 

And  this,  on  rejecting  the  factor  (V.  —  TQ'/*,^,  ■which  does 
not  contain  any  differential  coefEcients,  Deoomes  identical  with 
the  given  dimsrential  equation.  Hence  (  F',  -  c)  ( F,  —  c)  =  0 
is  the  complete  primitive  of  that  equation. 

To  generalize  this  particular  demonstration  it  would  he 
necessary  to  eliminate  c  between  the  equation 

(f;-c)(i;-c)...(f.-«)-o (15), 

and  the  equation  thence  derived  by  differentiation  with  re- 
spect to  X  and  y.  The  ordinary  process  of  elimination,  as 
exemplified  above  in  the  particular  case  in  which  n  »  2,  would 
be  complex,  but  the  result  may  be  determined  without  dif- 
ficulty by  logical  considerations.  It  will  suffice  for  this  pur- 
pose to  confflder  the  case  in  which  n  :=  3. 

We  have  then  as  the  supposed  primitive 

{7;-c)(F,-c)(r,-c)-0 (16), 

and  as  the  derived  equation 

(^.-')(n-.)(2.f|) 
.(r.-=)(..-.,g-.^|)=o (ir). 

Now  (16)  implies  that  some  one  at  least  of  the  equations 
F,-c=-0,  P",-o-0,  r.-c  =  o, 
is  satisfied. 
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If  the  liTst  of  these  equations  is  satisfied  we  have  c—  F,. 
and  substituting  this  value  in  (17)  there  results 

(r,-r,)(p;-  v,)dv^=o ..(is). 

If  tbe  second  equation  of  the  eastern  ia  satisfied  we  have 
in  like  manner 

(P*.-^J(^.-^.)dF;  =  0 (19). 

If  the  third  equation  of  the  system  is  satisfied  we  hare 

(F,-  FJ  (F,-  r.)  dF,  =  0 (20). 

Hence  the  existence  of  (16)  as  primitive  supposes  the  exist- 
ence of  some  one  at  least  of  the  equations  (18),  (19),  (20),  and 
therefore  of  the  equation 

(r,-  r;;(v,~  v,)'(v,-  F/dF;rfr,jF,=o (2i), 

Tthich  is  formed  by  multiplying  those  equations  together. 

Conversely  the  supposition  that  the  equation  (21)  is  true, 
ioTolves  the  supposition  that  one  at  least  of  the  equations 
(18),  (19),  (20)  IS  true. 

The  equation  (21)  is  therefore  equivalent  to  the  result  which 
ordinary  elimination  applied  to  (16)  and  (17)  would  give. 
The  same  process  of  reasoning  applied  to  the  more  general 
equation  (15)  as  supposed  primitive,  would  lead  to  a  result 
of  the  form 

KdV^dV,.,.dV,  =  0 (22), 

K  being  the   product  of  the  squares  of  the  differences  of 

p;,  F.,...  F.. 

On  comparison  with  (13)  we  see  that  in  the  particular  case 
of  »  B  2,  uiis  is  not  only  equivalent  to  but  identical  with  the 
result  of  ordinary  elimination  in  that  case.  And  this  identity 
of  form,  though  it  is  not  necessary  to  our  present  purpose  to 
establish  it,  might  he  demonstrated  generuly. 

Now  JF,  =  /*,(J-p,W,  ^K=/^t&-P^^>  *«•    ' 
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Hence  (22)  givea 

^.A->.(|-.,)(|-^.)-(|-^-)-°' 
Or,  rejecting  the  factor  Kfiji^...fi„  which  does  not  contain 
differential  coeffioiente, 


(M-^m- 


Ex.    Given         '^^ - 


Of  this  equation  it  has  therefore  been  shewn,  as  was  required, 
that  (F^-c)  (P',-e)...(r,-c)  =  0  conatitutea  the  complete 
primitive. 

[See  the  Supplementary  Volume,  Chapter  XX.  Art.  2.] 

©'-;=» •■■«• 

Here  the  component  equations  are 

1-©'=-^  1-©'-°. 

and  their  respective  integrals  are 

y-c.-2V((M!)=0 (2), 

y-c,  +  2V(a«)=0 -. (3). 

Replacing  boUi  constants  hj  c  and  miiltlplying  the  equations 
tc^ether,  we  have 

{y  -  c)*  -  4aa:  =  0 (4). 

as  the  complete  primitive. 

'  Now  this  primitive  represents  a  series  of  |)araholas,  the 
parameters  of  which  are  constant  and  equal  to  4a,  and  the 
axes  of  which  are  parallel  to  the  axis  of  z ;  but  the  ver- 
tices of  which  are  situated  at  different  points  of  the  axis  of 
y,  corresponding  to  the  different  values  which  may  be  give4 
to  the  arbitrary  constant  c.  Of  these  parabolas  the  equations 
(2)  and  (3)]  which  may  he  written  in  the  more  usual  forma 

3/-c,-2V(aa!),    y-<^--2V(<w). 
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represent  respectively  the  positive  and  the  negative  hranches, 
while  the  e<iuation 

(y-«.-2VW)(y-«,  +  2VWl-o (5), 

represents  the  terms  which  would  he  found  by  taking  one 
positive  and  one  negative  branch,  but  not  necessarily  from 
the  same  parabola.  Thus  there  is  no  portion  of  the  loci  ie< 
presented  by  the  apparently  more  general  solution  (5),  which 
is  not  also  represented  by  the  complete  primitive  (4).  The 
defect  of  generality,  if  as  such  it  is  to  he  regarded,  consists 
in  this  that  while  each  branch  of  every  ourve  in  the  series 
*  is  represented,  those  branches  which  belong  to  the  same  curve 
are  paired  together. 

[On  the  subject  discussed  in  the  first  three  Articles  of  the 
present  Chapter  the  student  may  consult  a  paper  by  Pro^ 
feasor  De  Morgan  entitled  On  the  question.  What  is  the  solu- 
tion of  a  Differential  Equation  i  The  paper  is  published  in 
the  Qimbridge  I%ilosophical  Transactiona,  Vol.  jJ] 

4.  There  are  certain  cases  in  which  differential  equations 
of  the  first  order  can  be  solved  without  the  resolution  of  the 
first  member  into  its  component  factors.  Of  these  the  most 
important  are  the  following. 

Ist.     When  the  given  equation  contains  only  one  of  the 

variables  x  and  y  in  addition  to  -^ ,  being  either  of  the  form 


■F  (x,  -^^  =  0,    or  of  the  form 


■F(y. 


Sndly.    When,  involving  at  and  y  only  in  the  first  degree, 
it  is  expressible  in  the  form 

a^(p)+y^(i')=x(p)'  where  p*^. 

Sndly.    When  the  equation  is  homogeneous  with  respect  to 
X  and  y- 

These  cases  we  shall  consider  separately. 
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mil/   OTte 
with  - 


Equationa   involving    only    one    of  the   varicMes  x  and  y 


'a- 


5.     In  tiiis  ( 


^  as  a  new  variable,  wa  form  a  diSerential  equation  between 
p  and  the  variable  which  does  not  enter  into  the  original 
equation,  and  integrate  the  equation  thus  formed,  the  elimiiia- 
tion  of  p  between  the  resulting  integral  and  the  original 
equation  will  give  the  complete  primitive  required.  For  it 
will  express  a  relation  between  x,  y,  and  the  arbitrary  con-* 
stant  introduced  by  integration. 

Thus  if  from  the  equation  F{x,  j>)  =■  0  we  deduce  x  =fip), 
then,  since  dy  =pdx,  we  have 

therefore  y=  \pf' {v)  <^  +  c (1)- 

Afler  the  integration  here  implied  y  will  be  expressed  as  a 
function  of  p  and  c,  and  between  that  result  and  the  original 
equation  p  must  be  eliminated. 


In  like  manner,  if  from  F{y,p)  =  0  we  deduce  y™f{p), 
the  equation  dy  =pdx  gives  f  {p)  dp  =  pdx,  whence 

whence 

■£M*4.„ _....ra, 


"/■ 


P 


between  which  (after  the  integration  has  been  performed)  and 
the  original  equation,  p  must  be  eliminated. 

But  these  methods,  though  always  permissible,  are  only- 
advantageous  when  it  is  more  easy  to  solve  the  given  equa- 
tion, wiui  respect  to  the  variable  a;  or  y  which  it  involves, 
than  with  respect  to  p. 
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Ex.  1.     Given  x=^l  +  p\ 

Here  dy=pdx=p  x  3p'rfp  =  3p'dp; 

therefore  «=-— +c 


Now  as  the  original  equation  gives  p^ix  —  1)*  the  com- 
plete primitive  found  hy  subetitution  of  this  value  in  (3) 
will  be 

S^\{x-l)U, ■,.(*). 

and  it  would  l>e  directly  obtained  in  this  form  by  integrating 
the  original  equation  reduced  by  algebraic  solution  to  the  form 

J=,.-i,*. 

This  example  illustrates  the  process  but  not  its  advantages.   ' 
Ex.  2.    Given  x  =  \^-p  +p\ 

Here  dy  =  pdx=pdp  +  ^p'dp; 

therefore  y  =  ^+  ^+c (5). 

between  which  and  the  original  equation  «  must  be  eliminated. 
We  may  do  this  bo  as  to  obtain  the  final  equation  between  x 
and  y  in  a  rational  form ;  but,  if  this  object  is  not  deemed  im- 
portant, we  may,  by  the  solution  of  a  quadratic,  determine  p 
from  (5)  and  substitute  its  value  in  the  ^ven  equation. 

Ex.  3,     Given  y=y  + V- 

Here  since  pdx  =  di/  we  have 

dx'=-dy  =  2dp  +  Spdp ; 
P 

therefore  aj  =  2p  +  3p*  +  c 
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From  this  equation  we  find 


G  being  an  arbitrary  consent  introduced  in  the  place  of  1  —  3< ; 
and  y  will  be  found  by  Bubstituting  thi^  value  of  p  in  the 
ori^nal  equation. 

EiiaaUons  in  which  x  andv  are  involved  only  in  ike  first  degree, 
the  typical  form,  being  a:^(p)  +yV'(P)  =x(p)- 

6.  Am  equation  of  the  above  iclass  may  be  reduced  to  a 
linear  differential  equation  between  x  and  p,  after  the  solution 
of  which,  p  must  be  eliminated. 

The  reduced  equation  ie  found  by  differentiating  the  given 
equation  and  then  eliminating,  if  necessary,  the  variable  y.  It 
may  happen  that  such  elimination  ia  unnecessary,  y  disappear* 
ing  through  differentiation. 

Ex.    Let  ua  apply  this  method  to  the  equation 

y-'p+Ap) (1). 

usually  termed  Clairaut's  equation. 
Differentiating,  we  have 

Now  thi3  is  resolvable  into  the  two  equations, 

«+/(p)-0 ...(2). 

|-» t3). 

The  second  of  these,  which  alone  contains  differentials  of  the 
new  variables  x  and  p,  ia  the  true  diferential  equation  between 
a;  and  J). 

D,o,i,7.<iT,Google 


AfiT.  6.]     ORDER,   BUT  NOT  OF  THE  FIRST  DEGRER.  125 

Integrating  it  we  have  p  =  c, 

and  substituting  this  value  of  p  in  (I), 

y^cx+fic) (4), 

■which  is  the  complete  primitive  required. 

But  what  relation  does  the  rejected  equation  (2)  hear  to 
the  given  differential  equation  (1),  and  what  relation  to  its 
complete  primitive  just  obtwuedi 

If  we  eliminate  p  between  (1)  and  (2)  we  obtain  a  new  rela- 
tion between  x  and  y  not  included  in  the  complete  primitive 

aheady  found,  i.e.  not  deducible  from  that  primitive  by 
asEigniag  &  particular  value  to  ita  arbitrary  constant,  and  yet 
Bati^fying  the  same  differential  equation,  and,  as  we  shall 
hereafter  see,  connected  in  a  remarkable  manner  with  the  com- 
plete primitive.  Such  a  relation  between  x  and  y  is  called  a 
singakr  solution.  We  shall  enter  more  fully  into  the  theory 
of  singular  solutions  in  a  distinct  Chapter,  but  the  following 
example  will  throw  some  light  upon  their  nature,  as  well  aq 
illustrate  the  process  above  described. 

Ex.     Given  y  =  xp+  —  , 
^       ^     p 

Here  differentiating  we  have 

From  the  equation  -^  =  0,  we  have  p  =-c,  whence 

i/=ca!+- (5), 


tlie  complete  primitive.  From  the  equation  x  — ^  =  0,  we  have 


=v© 
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and  this  value  substituted  in  the  original  equation  gives,  after 
freeing  the  result  from  radical  &%ns, 


the  singular  Eolution. 

Here  the  singular  solution  (6)  is  the  equatioa  of  a  parahola 
whose  parameter  is  im,  and  the  complete  primitive  (5)  is  the 
well-known  equation  of  that  tangent  to  the  same  parabola 
which  makes  with  the  axis  of  a;  an  angle  whose  trigonometri- 
cal tangent  is  c. 

Now,  for  the  infinitesimal  element  in  which  the  curve  and 

its  tangent  coincide,  the  values  of  x,  y,  and  -^  are  the  same 

in  both.  And  thus  it  is  that  the  algebraic  equations  of  the 
curve  and  of  its  tangent  satisfy  the  same  differential  equation 
of  the  first  order. 

On  the  other  hand,  if  (5)  be  regarded  as  the  general  equa- 
tion of  a  system  of  straight  lines,  each  stra^ht  line  in  that 
system  being  determined  by  giving  a  special  value  to  c  in  the 
equation,  the  envelop  or  boundaiy  curve  of  the  system  will 
be  determined  by  (6).  Here  the  singular  solution  is  presented 
as  the  equation  of  the  envelop  of  the  system  of  lines  defined 
by  the  complete  primitive. 

7.  In  the  second  place  let  us  consider  the  more  general 
equation 

y  =  x/ip)  +  4>(p).  I 

Differentiating,  we  have 

■whence  |y-/(j>)J  ^-/'W^f  (P). 


dp  p-flj))     r-f(s)' 
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a  linear  equ&tioD  of  the  first  order  by  which  x  may  be  deter- 
mined as  a  fuQCtion  of  p.  The  elimina^bion  of  p  between  the 
resulting  equation  and  the  given  one  will  give  the  complete 
prinutive.  _ 

The  typical  equation 

may  be  reduced  to  the  above  form  by  dividing  by  ^(p),  but 
it  may  also  be  treated  independently  by  direct  differentiation. 

Instead  however  of  forming  a  differential  equation  between 
X  and  p,  we  may  form  a  differential  equation  between  y  and 
p.  Or,  with  greater  generality,  repreaenting  any  proposed 
function  o{  phy  t,ve  mj.y  form  a  differential  equation  be- 
tween either  of  the  primitive  variables  and  t  Such  a  diffe- 
rential equation  will  necessarily  be  lineu  with  respect  to  the 
primitive  variable  retained,  and  its  solution  must  of  course  be 
followed  by  the  elimination  of  t  And  this  general  procedure, 
more  fully  to  be  exemplified  when  we  come  to  treat  of  some 
of  the  inverse  problems  of  Geometry  and  of  Optics,  is  often 
attended  with  signal  advantage. 

Es.     Given  x-fi/p  =  ap'. 

We  shall  reduce  this  to  a  differential  equation  between  « 


and 


Differentiating,  we  have 
then  eliminatiug  y  by  means  of  the  given  equation,  we  have 
which  may  be  reduced  to  the  linear  form 


dp     p{l  +p*)     1  +p' ' 
its  integral  being 

«  =  ^^1^  [C  +  aloglp  +  VCl+i)-}]]. 
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If  ia  tbis  equation  we  8u1»titute  for  p  its  value  in  terms  of  x 
and  y  fuTnished  by  the  given  equation,  i.e.  if  we  make 


we  shall  be  in  possession  of  the  complete  primitive. 

Had  we  chosen  to  form  a  differential  equation  between  y 
and  p,  we  should  have,  on  differentiating  the  given  equatioa 
while  regarding  y  as  the  independent  variable, 


whence,  replacing  t-  by  -  and  reducing, 

■therefore  on  integration 

from  which,  as  before,  n  must  be  eliminated.    The  final  results 
axe  of  course  identical. 

Homogeneous  Equations  of  the  first  order. 

8.    Kquations  which  are  hom(^eneous  with  respect  to  aa 
and  y  may  be  prepared  for  solution  by  assuming  y  =  vx. 

The  typical  form  of  such  equations  is 

"'^g.p)-" (1). 

Aseamiog  then  -^v,  and  dividing  by  x"  we  have 

^C".?)-© (2). 

D,o,i,7.<iT,Google 


JJIT.  8.]  HOHOQENEOUS  EXJUATIOira, 

If  we  can  solve  this  equation  with  respect  to  j>,  we  have 
But,  since  y  =  inj, 

Tbns  the  transformed  equation  becomes 


4+-/W. 


sa  equation  in  which  the  yariables  are  separated,  and  in  the 
integral  of  which  it  will  only  rem^n  to  substitute  for  v  its 


But  if  it  be  more  easy  to  solve  (2)  with  respect  to  v  than 
with  respect  to  p,  and  if  the  result  be 

<■-/(?). 

then  restoring  to  jj  its  value  - ,  we  have 

which  is  a  7)articular  case  of  the  equation  of  the  previous 
section.     Hence  differentiating,  we  have 

,=/(p)+»/'(j,)*, 

from  vrhich  results 
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an  equation  in  vliicK  the  variables  x  and  p  are  Beparated. 
Between  the  integral  of  this  equation  and  the  given  equation 
p  must  be  eliminated,  and  the  relation  between  x  and  1/  which 
results  will  be  the  complete  primitive, 

Ex.     Given  j2>  +  na!=iV(/  +  «a^ -/(l+P*)- 

Assuming  y  =  vx,  ve  have 

vp  +  n  =  -/(t^  +  n)  V(l  +i>'}- 

the  solution  of  which  with  respect  to  p  gives 


But 

Jl-X 

&  +  "■ 

Therefore 

VC^')^'"-"'' 

dt, 

^-y(^)t- 

V(»'+ 

Integrating,  we  have 

logl. 

+  v'(<'' 

"))-*y(^)'»^ 

r+O 

■,  replacing  t>  by  " , 


the  complete  primitive. 
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Equations  solvable  hy  differenHaiion. 

9.  A  remarkable  claaa  of  equations,  the  theory  of  which 
has  been  fully  discussed  by  Lagraoge,  deserves  atteation. 

It  has  be^n  shewn,  Chap.  I.  Art.  9,  that  if  two  differential 
equations  of  the  first  order,  each  involving  a  distinct  arbi- 
traiy  constant,  give  rise  to  the  same  difierential  equation  of 
the  second  order,  they  are  derived  from  a  common  primitive 
involving  both  the  arbitrary  oonstanta  in  question. 

Let  us  suppose  these  differential  equations  of  the  first  order 
to  be  reduced  to  the  forms 


+(-.y.S)-« w. 


and  let  the  primitive  obtained  by  the  elimination  of  -f^  be 

*  {x,  y,  a,  h)  =  0.     Lagrange  has  then  observed  that  if  we 
liave  any  differential  equation  of  the  first  order  of  the  form 


*(.,y,|),     +(«,»,  *)}-» (3), 


its  complete  primitive  will  still  be  €>  {x,  y,  a,  h)  =  0,  but  with 
-the  condition  that  a  and  b  are  no  longer  independent  con- 
atants,  but  are  connected  by  the  relation 

This  is  an  obvious  truth.     For  as,  by  hypothesis,  the  sup- 
posed primitive  *  (a;,  y,  a,  6)  =  0  gives 


(^!/.i)-».  +(^.y.i) 


it  will  convert  (3)  into  ^"(0,  h)  =  0,  and  will  therefore  aoMsfy 
that  equation  if  a  and  h  are  connected  by  the  relation 

F{a,h)=(i. 
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Moreover  it  contains  virtually  only  one  arbitrary  constant, 
for  the  relation  F{a,  J)  =  0  permits  us  to  determine  i  as  a 
function  of  a.  Hence  it  will  constitute  the  complete  primitive 
of  (3).     See  also  Chap.  I.  Art.  10.  _      ' 

This  result  may  he  expressed  in  the  following  theorem. 
If  any  differential  equation  of  the  first  order  he  a^esaihle 
in  the  form 

J'(*,+)-o W. 

wh£re  0  and  -^  are  functions  of  x,  y,  -^ ,  guch  that  t}te  dif- 
ferential equations 

^  =  o,   ^  =  J, 

are  derivable  from  a  single  primUive  involving  a  and  h  as 
arbitrary  constants,  the  solution  of  the  given  differential  eqva- 
tion  will  be  found  by  limiting  that  primitive  by  the  condition 

F{a,h)  =  0, 
so  as  actually  or  viHuaUy  to  eliminate  one  of  ihf  arbitrary 
constants. 

Ex.    Suppose  that  the  given  equation  is 

,    /y^(i)i=/(-^s) «■ 

Now  the  differential  equations  of  the  first  order 


y 


•+*|- (2). 

y{-(D}- (^)- 


are  derivable  from  a  common  primitive;  for,  on  difTeren- 
tiating  them,  we  have  respectively 
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and  these  agree  aa  differential  equations  of  the  Second  order, 
Cliap.  L  Art.  9.  That  common  primitive,  found  by  elimi- 
nating -y-  between  (2)  and.  (8),  is  . 

Hence  the  primitive  of  the  given  equation  is 

<f+{<c-a)'-{/{c)\' (1). 

We  might  aJao  proceed  as  in  the  solution  of  Clairaut's 
equation.     Differentiating  the  given  equation,  we  have 

,       §y  1 


vt 


The  second  factor,  which  alone  involves  ^ ,  equated  to  0, 
gives  on  integration  the  primitive 

as  will  be  seen  in  Chap.  X.  Art.  1,  in  which  the  relation  be- 
tween 6  and  a  remaina  to  he  determined  as  before.  The  first 
factor  equated  io  0  constitutes  the  differential  equation  of  the 

nngidar  mlution,  which  will  be  obtained  by  eliminating    " 

between  that  equation  and  the  equation  given. 

Clairaut's  equation  belongs  to  the  above  class.     We  may 
eipress  it  in  the  form 


dx    ■'  \de} ' 


Now  the  differential  equations 
in -I 
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geoeiate  the  same  differential  equation  of  the  second  ordei 


^y^ 


0. 


da? 

and  are  derivable  from  the  same  primitive 
y  =.  Ja;  +  o. 


Examplei  of  Trans/<»tnation, 

10.     Well-chosen  transformations  facilitate  much  the  sola- 
tioD  of  differential  equations  of  the  first  order, 

Ex.1.    G&ven-j'J^^^=/(a^+y*}*,     Zacroix,  Tom.  u. 
p.  292. 

Assuming  a;  =  r  coe  5,  y  =  r  mn  tf,  we  have 

-/w. 


TFWf 


di  f{r) 


Consequently 


>-h 


fir)d 


rV[7--{/(r)n 


+  C. 


Aa  -vTj  .  ..  IS  the  expresaon  for  the  length  of  the  per- 
pendicular let  &11  from  the  ori^n  upon  the  tangent  to  a 
curve,  the  above  is  the  solution  of  the  problem  which  pro- 
poses to  determine  the  equation  of  a  curve  in  which  that 
perpendicular  is  a  given  function  of  the  distance  of  the  point 
of  contact  &om  the  origin. 
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Bj  the  wme  transfonnation  we  may  solve  the  equation 

Et2.     Given  (jy-^a:-  +  £/. 

To  render  the  above  equation  homogeneona  if  possible 
let  y  =  2";  we  find 


("'"l)"-^"'+*"*- 


This  will  he  homogeneous  with  respect  to  2  and  ir,  if  we 
have 

k{n-l)  =  ii~n0, 
equations  from  which  we  deduce 

the  formet  of  which  expresses  a  condition  between  the  indices 
of  the  given  equation,  the  latter  the  value  which  miist  be 
given  to  n  when  that  condition  is  satisfied 

It  appears  then  that  the  equation 


«-'_ 


(£y 


Aai'  +  Bs^, 


CMi  be  rendered  homogeneous  by  the  assumption  y  =  )f. 

If  the  more  general  transformation  «  = »",  x  =  f,  which 
i^eems  at  first  sight  to  put  ua  in  possession  of  two  disposable 
constants,  be  employed,  the  necessity  for  the  fulfilment  of  the 
same  condition  between  o,  p,  and  k,  will  not  be  evaded,  the 
ratio  of  the  constants  m  and  n,  not  their  absolute  values, 
proving  to  be  alone  available. 

Ex.  3.  The  equation  of  the  projection  on  the  plane  o^  of 
the  lines  of  curvature  of  the  ellipsoid  i^ 
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.Assuming  s^'^t,  t^^t,  the  equation  is  reduced  to  oi^e  of 
Claimut's  form.  Art  6.    Ite  solution  is 

■  .,     ^  .     .       BO       '' 

The  equation  m^  also,  -without  preliminary  transformation, 
be  integrated  bj  Lagrange's  method,  Art.  9.  We  miay  ex- 
press it  in  the  form 

A^  +  Bp+'^  =  0. ........: (2), 


Now  -p  —  a.    ^  —  ypxrsh, 

are  derived  firom  a  common  primitive  y*  —  oa^  =  6,    The  solu- 
tion of  (2)  will  therefore  be,  ... 

■with  the  connecting  relation  between  the  constants, 

Aah  +  5a  +  6  =  0. 
And  this  will  be  found  to  agree  with  the  previous  result. 


■   The  following  examples  axe  chiefly  in  illustration  of  Arts. 
1,  2,  S,  5. 

&-i">-  :     ■     ■  ■ 
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tiH/m;! 

fiXEHClSES.' 

1. 

■W^i-^'"- 

5. 

-»l-'©- 

6. 

■»="2+»(D'-- 

7.     • 

-4V{'-(i)}- 

8. 

'=4V{'^®}- 

9. 

■l-yh.(l)}- 

10. 

4.^/}--.=a  ■ 

11. 

'-©■=s^- 

jsr 


The  followin?  examples  are  intended  to  illustrate  Art,  6. 
The  singular  solutious  as  well'aa  the  complete  primitives  are 
to  be  determined.  -  • 

The  following  examples  are  in  illustration  of  Arts.  7  and  8. 

y.4'.y{i.(g)]. 


.3$  KXESCISES.  {C!H.m 

The  following  examples  are  in  illustration  of  Art  9. 
^  1 
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CHAPTER  VIII. 

OH  THE   SINQBXAE  SOLUTIONS  OF  DIFFERENTIAL  EQUATIONa 
OF  THE  FIBST  OEDBH. 

1.  In  the  largest  sense  wliich  has  heen  given  to  the  term, 
a  singular  solution  of  a  differential  equation  is  a  relation 
between  the  variahles  which  reduces  the  two  members  of  the 
equation  to  an  identity,  but  which  is  not  included  in  the 
complete  primitive. 

In  this  sense,  the  relation  obtained  by  equating  to  0  some 
common  algehrac  factor  of  the  terms  of  the  equation  might 
claim  to  be  called  a  singular  solution. 

But,  in  a  juster  and  more  restricted  sense,  a  singular  solution 
of  a  differential  equation  is  a  relation  between  x  and  y,  which 
satisfies  the  differential  equation  by  vieans  of  the  values  which 

it  gives  to  the  diferetitUU  coefficients  -r- ,   -jp  >  &c.,  but  is  not 

included  in  the  complete  primitive.  In  this  sense  the  equa- 
tion a?  +y'  =  n\  is  a  singular  solution  of  the  diSerentiat 
equation  of  the  first  order 

It  reduces  the  members  of  that  equation  to  an  identity,  but 
not  by  causing  any  algebraic  factor  of  them  both  to  vanish. 
At  the  same  time  it  is  not  included  in  the  complete  primitive 

y-ca;=nV{l+c*). 

And  this  is  the  juster  definition,  because  that  which  is 
essential  in  the  singular  solution  is  thus  in  a  direct  manner 
connected  with  that  which  is  essential  in  the  differential 
equation.    Def.  Chap.  I. 
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When  it  is  said  that  a  singular  solution  of  a  differential 
equation  is  not  included  in  the  complete  primitive,  it  is  meant 
that  it  is  not  deducible  from  that  primitive  by  giying  to  the 
arbitrary  constant  c  a  particular  constant  value.  But  sjthough 
a  singutar  solution  is  not  included  in  the  complete  primitive, 
it  is  still  implied  by  it.  Upon  tlie  posilibility  of  satisfying  a 
differential  equation  by  an  infinite  number  of  particular  equa- 
tions, each  formed  by  the  particular  determination  of  w 
arbitrary  constant,  rests  the  possibility  of  satisfying  it  by 
another  equation,  to  the  formation  of  which  each  p^i^icular 
solution  has  contributed  an  element.  We  have  seen  -in 
Chap.  VII.  how  a  singular  solution,  as  representing  the 
envelope  of  the  loci  defined  by  the  series  of  particular  solu- 
tions, possesses  a  differential  element  common  with  each  of 
them.  We  shall  now  see  that  this  property  is  not  accidental 
— that  it  is  intimately  connected  with  the  definition  of  a 
singular  solution. 

It  is  important  that  the  two  marks,  positive  and  negative, 
by  the  union  of  which  a  singular  solution  of  a  differential 
eqnation  of  the- first  order  is  characterized,  and  by  the  expres- 
sion of  which  its  definition  is  formed,  should  be  clearly  appre- 
hended.   Ist.  It  must  give  the  same  value  of  ->-  in  terms  of  x 

and  ^,  as  the  differential  equation  itself  does.  This  is  its 
positive  mark,  a  mark  which  it  possesses  in  common  with  the 
complete  primitive,  and  with  each  included  particular  primi- 
tive. 2ndly.  It  must  not  be  included  in  the  complete 
primitive.  This  is  its  negative  mark.  Upon  the  analytical 
expression  of  these  charuc(ers  'the  entire  theory  of  this  class 
of  solutions  depedds. 

Among  the  different  objects  to  which  that  theory  has 
reference,  the  two  following  are  the  most  important,  1st.  The 
derivation  of  the  singular  solution  from  the  complete  primitive. 
Sadly.  The  deduction  of  the  singular  solution  from  the  differ- 
ential equation  without  the  previous  kuowledge  of  the  com- 
plete primitive.  The  theory  of  the  latter  process  is  so  de- 
pendent upon  that  of  the  former  that  it  is  necessary  io  consider 
them  in  the  order  above  stated. 

[Important  additions  to  the  present  Chapter  are  gtren  in 
the  SupplemeiUary  Volume,  Chapt«r  XST.]  .  •  •■ 
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Decitiation  of  ike  avHfftUar  aolution  from  the  complete  primitive, 

2.  The  complete  primitive  of  &  differential  equation  of  the 
lirgt  order,  whatever  may  be  the  degree  of  the  equatiun,  is  of 
the  form 

^  (aj)  y,  c)  =  0. 

If  we  give  to  c  a  particular  constant  value  in  this  eqdtitioa 
we  obtain  a  particular  primitive.  If.  we  give  to  c  a  variable 
value  by  making  it  a  function  of  x,  or  of  y,  or  of  both,  we,  as 
will  immediately  be  shewn,  convert  the  equation  into  any 
desired  relation  between  x  and  y.  We  propose  then  to  deter- 
mine c  as  variable,  but  as  so  varying  th£.t  the  resulting 
relation  between  x  and  if  shall  continue  to  satisfy  the  differ- 
ential equation. 

The  general  effect  of  the  conversion  of  c  into  a  function  of 
X  <ff  of  y  must  first  be  considered. 

Pbop.  l    a  primitive  equation 

^  (ic.  y.  c)  =  0 

tMoy,  hy  the  conversion  of  c  into  a  ^notion  of  x,  he  transformed 
into  any  desired  equation  containing  x  and  y  together,  or  y 
t^me,  but  not  into  an  equation  involving  x  without  y. 

liet  the  desired  result  of  trsjisformatioa  be 

■f  (a;,y)=0,  or  x(y)  =  0, 

involving  y  at  least.  Combining  either  of  these  equations 
with  the  primitive  we'  can  eliminate  y,  and  so  obtain  a  rela- 
tion between  x  and  c  which  will  deternuae  c  as  the  function 
of  K  required. 

It  is  evident  however  that  the  conversion  of  c  into  a  func- 
tion of  a:  could  not  convert  the  primitive  into  an  equation  not 
involving  y.  For  a  variable  cannot  be  eliminated  from  an 
equation,  except  by  the  aid  of  another  equation  which  contains 
tnat  variable. 
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Similarly  the  conversion  of  c  into  a  function  of  y  would 
enable  ua  to  convert  the  given  primitive  into  any  desired 
ec^uation  involving,  of  the  two  variables,  at  least  x. 

Ex.  Let  it  be  required  to  convert  the  equation  y  =  pc  into 
**  +  S"  =  1,  by  the  conversion  of  c  into  a  function  of  x. 

Eliminating  y  from  the  given  and  the  proposed  equation, 
we  have 

;^■^^^=\. 

whence  c  =  — . 

X 

Thia  value  of  c  substituted  in  y  =  cai,  converts  it  into 

j,-V(i-«0. 

which  is  equivaJent  to  a^  4-  ^  =■  1. 

3.  Let  us  now  enquire  what  determination  of  c  as  a  funo 
tion  of  CO  will  convert  the  primitive  ^  {x,  y,  c)  =  0  into  a 
relation  between  x  and  y  still  satisfying  the  differential  equa- 
tion. 

Now  the  complete  primitive  of  a  differential  equation  of 
the  first  order  is  always  by  solution  with  respect  to  y  reduci- 
ble either  to  a  single  equation  or  to  a  series  of  equations  of 
the  form 

V-fi':.o) (!)■ 

If  we  differentiate,  regarding  c  as  constant,  we  have  as  the 
derived  equation 

dy  ^df(x.c\  .g. 

dx         dx      ^  '' 

and  the  elimination  of  c  firom  this  by  means  of  the  previous 

equation  gives  us  a  value  of  -^  which  Batisfies  the  differential 

equation.  That  differential  equation  would  then  still  be  satis- 
ified  if  c  were  regarded  as  variable,  provided  that  the  variation 
were  such  as  to  leave  unchanged  the  form  of  the  relation  he- 

C,oo;(lc 
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tween  x,  y  and  c  ia  the  primitiTe  and  in  the  derived  eqaation. 
For  the  nature  of  c  does  not  affect  the  mode  of  the  elimina^ 

tion, 

DiSerentiating  (1)  then  on  the  hypothesis  that  c  is  a  func- 
tion of  X,  and  repreaenting  the  differential  coefficient  of  c  thus 


»KI)' 


^     df(^.  c)     d/(x.  0)  fdc\ 

dx         dx      '*'      do      [dxj ^''J- 

And  this  will  agree  in  form  with  the  expreaaion  for  ~  in  (2) 

if  ^^^  (J)  =  0.     But  to  suppose  (^  -  0  would  be  to 

suppose  c  a  constant  and  to  return  to  the  ordinary  primitive. 
It  lemains  therefore  that  for  a  singular  solution  we  have 

'^S-'-«-  "l-o W- 

This  is  the  £rst  analytical  condition.  What  it  means  is  that 
if  a  fixed  value  be  given  to  a;  in  the  primitive,  y  must  not 
vary  for  an  iafinitesimat  variation  of  c.  And  by  this  condi- 
tion c  is  to  be  determined  as  a  function  of  x. 

Now  in  accordance  with  the  reasoning  of  Prop.  I.  the  sub- 
stitution of  a  function  of  x  for  c  in  a  primitive  which  contains 
y,  cannot  lead  to  a  resulting  equation  not  containing  y,  though 
i(  may  lead  to  a  reaultiug  equation  not  containing  x.    Hence 

the  condition  -r^  =  0  can  only  lead  to  those  angular  solutions 

in  the  expression  of  which  y  at  least  is  involved.  Had  we 
reduced  the  primitive  to  the  form  x=/{y,  c)  we  should,  aa  is 
evident  from  the  principle  of  symmetry,  have  arrived  at  the 
iUulytical  condition 

S-» (^)- 

a  condition  by  which  o  would  be  determined  as  a  fuoction  of 
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y.  And  the  substitutioa  of  such  value  or  values  of  e  in  the 
primitive  would  lead  to  all  singular  solutions  in  the  expresaon 
of  which  X  at  least  is  involved. 

It  will  be  remembered  that  what  is  essential  to  a  singnkr 
solution  is  that  c  should  not  admit  of  determination  as  a 
constant  wholly  iudependeat  of  the  variables.  But  whether 
it  be  determined  as  a  function  of  ic  or  as  a  function  of  y  is 
indifferent  The  one  form  is  uauallj,  but  not  always,  con- 
vertible into  the  other  by  means  of  the  primitive.  Thus,  if 
the  primitive  be  in  the  form  0  (a;,  y,  c)  =  0,  and  c  he  deter- 
mined in  the  form  c  =  f{y),  the  elimination  of  y  between  these 
equations  will  generally  enable  us  to  determine  c  as  a  function 
of  X ;  but  it  wul  not  do  so  if,  in  the  elimination  of  y,  o  should 
disappear. 

Thus  if  the  primitive  were 

x={y-c)*, 

the  value  of  c  determined  as  a  function  of  y  by  the  condition 

dx 

-7-  =0  would  be  c»y,  and  this  value  of  c  is  not  expressible 

by  means  of  x,  for  on  attempting  to  eliminate  y  between  the 
above  equations  c  also  disappears.     Nor  is  it  indeed  possible 

in  the  above  case  to  satisfy  the  condition  ^  =  0.    Hence  it  is 

necessary  in  establishing  a  general  method  to  take  account  of 
loth  the  conditions  (4)  and  {5). 

And  these  conditions  are  sufficient.  Ko  other  is  implied. 
The  comparison  of  (2)  and  (3),  from  which  the  condition  ^  =  0 


other  condition.    The  expressions  which  they  fomish  for  j - 

become  equivalent  in  two  cases  only,  viz,  1st,  if  --  ^-  ■  =  0, 
the  case  first  considered;    2ndly,    if  without    suppoBing 
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df{t.  c)     ^  ,  df{x,  c)  /dc\    .  c  .,    .      ,    . 

— jr"^  =  0,   we  have  , —  1^1   intmiteBunal  m  com- 

df(x  c) 
parison  with  -  ■  ■  . '     ,  and  therefore  if  we  have 


df{x,c)  ^d/ia,.c) 
dc     ~^     dx 


-0 m. 


for,  c  being  regarded  as  a  function  of  x,  and  therefore  variable, 
the  factor  (^]  cannot  be  continuoueiy  infinitK^T^ow  dif- 
ferentiating the  equation  y=f{x,  c)  we  have 

jn^^^djt^^ j^ 


dx  de 


ce,  if  we  make  dy  =  0,  we  have 

dx_    d/(x,c)  .  d/{x.c) 


-d^ («)■ 

dx 
80  that  (6)  asaumes  the  form  -j-  =  0.   But,  as  a  Affavyaatraiism 

of  this  condition,  the  above  method  is  lesa  general  than  the 
previous  one,  for  it  assumes  the  possibility  of  expressing  as  a 
iuDction  of  x  the  value  of  c  determined  by  the  condition 

^  =  0.    Now  that  value  is  primarily  a  function  of  y,  and  may 

not  be  expressible  at  all  by  means  of  x. 

It  ia  well  to  note  that  the   final  criteria  -r-=0,    ,-  =  0 
ac  do 

are  in  ef^t  analytical  expressions  of  what  logicians  term  con- 
ditional propositions.  The  former  expresses  that  if  x  he 
assumed  constant,  y  will  not  vary  for  an  infinitesimal  varia- 
tioa  of  c;  the  latter  that  i/y  be  assumed  constant,  x  will  not 
vary  for  au  infinitesimal  variation  of  c. 

i.    Each  of  these  conditions  then 

f -0,^.0, 
do  do 

has  its  special  case  of  failure.     The  former  cannot  lead  us  to 

B.D.E.  ^«HH^Ie 
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Bingulnr  solutions  in  which  y  is  not  involved;  the  latt^  can' 
not  lead  to  those  in  which  a  is  not  involved.  It  is  prc^r 
to  shew  that  except  in  such  cases  <rf  iailure  they  are 
equivalent. 

As  expressed  by  means  of  the  primitive  y  =/(«,  c),  these 
conditions  assume  the  forms 

dc  '         dc       '      dz  ' 

or  ^.0,     ^*^.<,, 

dc  dc     ax 

and  these  are  equivalent  unless  -^  be  0  or  infitiite. 

But  -f  =  ^   implies   that  the  singular  solution  is  of  the 

form 

y=  a  definite  constant, 

and  this  is  precisely  that  form  of  singular  solution  which  the 

condition  t-  =  0  feils  to  give. 

Similarly  -7-  =  oo ,  being  equivalent  to  -,-  =s  0,  implies  that 

the  singular  solution  is  of  the  form 

x  =  a.  definite  constant, 

and  this  is  that  form  of  singular  solution  which  the  condition 

^  =  0  feiils  to  idve:. 
dc  ^ 

Thus  the  conditions  >- "  0.  j~—^'  although  not  necessarily 
equivalent,  do  not  lead  to  conflicting  results. 

When  we  cannot  solve  the  primitive  equation  with  respect 
to  y  and  a;  so  as  to  enable  us  to  form  directly  the  expressions 
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for  -y-  and  -y- ,  we  ijoay  proceed  thua    Representing  the  pri- 
Btitive  hj  ifi  =  0,  we  hare  on  differentiation 

Hence,  remembering  what  is  meant  by  -r-  and  -j- , 


do        dx  _ 
d<f>'      do 


..(9), 


and  the  second  members  of  these  equations  must  be  equated 

too. 

We  see  that  these  second  members  will  usually  vanish  if 

t;-=  0.    And  this  equation  -5-  =0  is  adopted  by  some  writers 

as  a  Biifficient  expression  of  the  rule  for  the  derivation  of  the 
aingular  solution  from  the  complete  primitive,  unrestricted 
by  any  accompanying  condition.  (Lagrange,  Calcul  dea  Fonc- 
tmt,  p.  207.)     We  must  notice  however  that  the  vanishing 

of  J-  or  -3-  in  (9)  may  be  due  not  to  the  vanishing  of  the 

Qumerator  ~,  but  to  the  assumption  of  an  infinite  value  by 

the  denominator  i^  or  t-  .     The  latter  is  indeed  quite  as 

dy        ax  ^ 

probable  a  cause  as  the  former  when  <f>  is  not  expressed  b&  a 
rational  and  integral  function  of  x  and  y.    And  even  when  ^ 

is  thus  expressed  the  condition  t^  =  0  may  fail  through  its 
involving  a  iactor  contained  in  j-  or  -3-  .  We  conclude  that 
while  the  true  tests  of  a  singular  solution  are  H-  =  0  and 
j-="0,  any  subsidiary  conditions  such  as  ^=0,  Tr-  =  «, 
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_  =00 ,  are  only  to  be  used  for  purposes  of  convenience,  and 

never  vithont  reference  to  the  more  imtdainental  relations  of 
-which  they  take  the  place. 

The  following  is  a-legitimat«  example  of  the  application  of 

=  0. 

is  y  s=  {a;  —  c)'.    Here  ^  =  y  —  {x  —  c)*,  and,  this  being  rational 

and  int^ral,  the  condition  -?  =  0  gives  2  (a;  —  c)  =  0,  whence 

c  =  ar,  a  value  of  which,  substituted  in  the  primitive,  giresy^O 
a  singular  solution. 

The  condition  -^-  =  0  also  ^ves  c  =  x,  and  leads  to  the  same 

result.    But,  since  the  primitive  solved  with  respect  to  jt  gives 

x  =  c  +  y  ,  the  condition  -v-  =  0  cannot  be  satisfied.    Thus  the 

"  dc 

singular  solution  is  here  obtained  by  means  of  the  condition 

-j^  =  0,  and  not  by  the  condition  -y-  =0. 
dc  dc 

5.  The  chief  results  of  the  above  investigation  are  com- 
bined in  the  following  Proposition. 

Pbop.  II.  Every  sivfftdar  solution  of  a  differential  eqiia- 
tion  of  the  first  order  may  be,  deduced  from,  its  complete  pnmi- 
tive  by  giving  therein  to  c  a  variable  vcdue  determined  from 
that  primiHve  by  either  or  both  of  the  equations 

t=0't=o » 

And  any  solution  which  is  thus  obtained,  and  which  cannot  be 
also  obtained  by  giving  to  e  in  the  primitive  a  constant  value,  is 
a  singular  solution. 

The  conditions  (I)  are  equivalent,  except  when  one  only  of 
the  variables  x  and  y  is  involved  in  the  singular  solution ;  solu- 
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twns  involving  only  the  variable  y  resvlHng  only  from  the 
condition  ;j-  =  0,  and  those  involving  07>ly  the  variable  x  re- 


When  the  primitive,  represented  by  ^  =  0,  is  rational  and 
inte^at  we  may  for  convenience  employ  the  single  condition 

^=  0 ;  but  never  without  reference  to  the  fundamental  con- 
ditions (1). 

In  the  statement  of  the  ^bqve  theorem  the  two  followiDg 
particulars  should  be  noticed, 

Ist     It  supposes  c  to  be  determiaed  as  a  variable  quantity. 
Now  if  c  be  obtained  aa  a  function  of  both  x  and  «,  as  it 


toay  be  necessary  by  a  subsequent  elimination  to  i^educe  it  to 

a  function  of  one  of  the  vapables,  in  order  to  assure  ourselves 
that  it  is  not  constant  in  virtue  of  the  relation  between  x  and 
y  establislied  in  the  prini(tive. 

2ndly.  The  theorem  takes  account  equally  of  the  positive 
and  of  the  negative  chajracters  of  a  singular  solution.  The 
existence  of  a  variable  va,Iue  of  c  determined  by  either  of  the 
conditions  (1)  does  not  assure  us  that  the  resulting  solution  is 
singular,  unless  constant  values  of  e  are  at  the  same  time 

Ex.1.    The  equation   if~2xy^+(\+a^(^j=l,iiaA 

for  its  complete  primitive  y  =  ox  +  '^(l  —  (^.    Its  ^gular 

solution  is  required.  C^CuU'UA^'h  - 

Here  J^=« — 771—     ^- 
dc  V(l  -  cv 

variaUe  value  c  =-77-1 — ^,  the  substitution  of  which  in  the 

primitive  gives 

y-A»^'  +  i) (!)• 


„Go 


)gl£ 
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This  value  of  y  satisfies  the  gireo  difierential  equation,  and 
it  Is  evident  on  inspection  that  it  is  not  included  in  the  com- 
plete primitive.  Formally  to  establish  this,  we  find  on  elimi- 
nating y  between  that  equation  and  (1) 

solving  which  with  respect  to  c,  we  have  the  unique  value 

c  =   ..^     -. ,  which,   freeing  with  the  value  of  c  before 

employed,  shews  that  c  admits  of  no  other  value,  and  in 
particular  that  it  admits  of  uo  constant  valne.  The  solution 
IS  therefore  singular. 


Cv'-D' 


,  and  lead  to  the  same  final  result. 


We  must  be  careful  not  to  rely  upon  the  condition  -r-  =  0,- 

except  under  the  circumstances  specified  in  the  general 
theorem.  This  remark  will  be  illustrated  in  the  foUowing 
example. 

Ex.  2.    The  complete  primitive  of  the  differential  equa<- 

tion  ii  =  px-\ — ,  where  p  stands  ior-r ,  \a  y  —  ex  —  —  =  Q. 

'^        p  -^  ax        ^  c 

and,  if  we  represent  its  first  member  by  ^,  the  elimination  of 

c  between  the  equations  ^  —  ^r-^  —  ^>  gives  the  singular  sola- 

tion  y*  =  4imar. 

But,  though  this  is  not  a  procedure  likely  to  be  adopted,  if 
we  reduce  the  primitive  by  solution  to  the  form 

ir,  ' 
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and  then  represent  ita  first  member  by  <f>,  we  shall  have 

<k~     dc  '  dy 


And  here  the  singular  solution  y"  —  ^mx  =  0,  before  obtained, 
18  seen  to  be  depecdent,  not  upon  the  vanishing  of  -^    but 

upon  the  assumption  of  an  infinite  value  by  ■—■ . 

The  true  ground  of  preference  for  the  conditions  -j-  =  0, 

y;  =  0,  consists,  however,  not  In  the  directness  of  their  appli- 
cation to  irrational  forms  of  the  primitive,  but  in  the  plainness 
of  their  geometrical-  interpretation,  and  still  more  in  their  fun- 
damental relation  to  the  problem  of  the  derivation  of  the 
singular  solution  from  the  differential  equation — questions 
hereafter  to  be  discussed. 

The  following  example  is  intended  to  illustrate  that  portion 
of  the  theorem  which  relates  to  the  negative  character  of  a 
singular  solution. 

Ei,  3.    The  complete  primitive  of  the  differential  equation 


©■-^^i 


'^&y  =  c{m  —  c)'.     The  singular  solution  is  required. 
Here  the  condition  ;y   =  0  gives 
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whence  c  = «,  or  „ .    Theae  values  of  c,  both  of  ■which  are 
Taxiable,  reduce  the  primitive  to  the  forms 

4a^ 


y  =  o,   y  = 


27' 


and  both  these  are  eolutions  of  the  differential  eqaation.  But 
while  the  latter  of  the  two  is  not  included  in  the  complete 
primitive,  the  former  is  included  in  it.  If  between  the  equa- 
tions 

y=c{a;-c)',    y  =  0, 

we  eliminate  jr,  the  resulting  values  of  c  will  be 

c  =  0,    c=x. 

We  see  therefore  that  the  solution  to  which  we  were  led 
by  the  assumption  c  =  a;  is  a  particular  integral.  But  it  pos- 
sesses the  geometrical  properties  of  a  singular  solution  ex- 
plained in  the  following  Article, 

Geometrical  Interpretation. 

6.  Let  J/  =f{x,  c)  represent  a  family  of  curves  the  indi- 
vidual members  of  which  are  determined  by  giving  different 
values  to  c.  Then,  adopting  for  a  moment  tie  language  of 
infinitesimals,  the  ditferentiation  of  y  with  respect  to  c  implies 
the  transition  from  an  ordinate  y  of  one  curve  to  an  ordinate 

y  +  -rdc,  corresponding  to  the  same  value  oSae,  but  belonging 

to  another  curve  of  the  series;  viz.  the  curve  obtfuned  by 
changing  c  into  c  +  dc 


transition  shall  not  affect  the  value  of  the  tHrdinate  y  corre- 
sponding to  a  value  of  x  determined  by  the  equation  -j^  =  0. 
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Hence  the  singular  equation  obtained  by  the  elimination  of 

c  between  the  equations  y=f(^,  c),-j-s=0,  represents  the 

locus  of  such  points  of  succetisive  intersection. 

In  stricter  language,  the  singular  solution  represents  the 
locua  of  those  points  which  constitute  the  Umtta  of  position  of 
the  points  of  actual  intersection  of  the  different  members  of 
the  family  of  curves  represented  hy  the  equation  y  =f{iE,  c), 
always  excepting  the  case  in  -which  that  locus  coincides  with 
a  particular  curve  of  the  system. 

And  as  at  these  limiting  points  the  value  of  -^  is  the  same 

for  the  locus  of  the  singular  solution  and  the  loci  of  primitives, 
it  follows  that  the  former  has  contact  with  every  curve  of  the 
latter  system  which  it  meets.  The  locus  of  the  singular  solu- 
tion is  seen  to  be  the  envelope  of  the  loci  of  piimitives.  The 
envelope  of  the  loci  of  primitives  is  the  locus  of  a  singular 
Bolution,  except  when  it  coincides  with  one  of  the  particular 
lod,  of  which  it  forms  the  connecting  bond. 

Similar  observations  may  be  made  with  reference  to  the 

condition  t-  =  0. 


SerivaUon  of  the  singular  solution  from  the  differential 
equation. 

7.  We  have  found  that  the  singular  solution  of  a  differen- 
tial equation  considered  as  derived  from  its  complete  primitive 
possesses  the  following  characters. 

Ist,     It  satisfies  one  of  the  conditions  ^  =  0,  -=-  ■=  0. 
ac         do 

2nd.  It  is  not  possible  to  deduce  it  from  the  complete 
primitive  by  giving  to  c  a  constant  value. 

It  has  also  been  shewn  that  the  positive  conditions  are 
equivalent  except  when  the  singular  solution  involves  only 
one  of  the  variables  in  its  expression. 


ogle 
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Now  we  shall  endeavour  to  translate  the  above  characters 
from  a  language  whose  elements  are  x,  y,  and  c  to  a  langui^e 

whose  elements  are  x,  y,  and  -r- , — from  the  language  of  the 

complete  primitive  to  the  language  of  the  differential  equation. 

If  we  differentiate  with  respect  to  a;  the  complete  primitive 
expressed  in  the  form 

i)  ^\\M  ^\iA^  *-/('•  «> ■••■•«■ 

we  obtain  the  derived  equation 

^     .  _L,  '' — ^~ ■■■■■; ^^^■ 

1  1  ara  substituting  in  this  for  c  its  expression  in  terms  of  x  and 
y  given  by  the  primitive  (1),  we  have  finally  the  differentvd 
equation  in  the  form 

P-H",}) (3)- 

Thus  the  differential  equation  (3)  is  the  same  as  the  derived 
equation  (2),  provided  that  c  be  considered  therein  as  a  func- 
tion of  X  and  y  determined  by  (1). 


Accordingly  we  have 


^fcf?K<T!,S    |'°(=)-|'°(^)^S 


in  (I). 


"In  ^^               ^""^          ^     ' 

since  in  (1)  T-=l-r-^  =  l-^  -^  \     ' . 

^  '  dy           dc                dc 

Hence  £^(3)  =-^  log-^  , 


orfindly  t  =  ^%t W. 


^K~AC^\%.  ""'^' 
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provided  that  the  value  of  the  first  member  be  derived  from 
the  differential  equation,  that  of  the  second  member  from  the 
complete  primitive. 

In  like  manner  if  we  suppose  the  complete  primitive  ex- 
pressed iu  the  form 

we  shall  have  through  symmetry  the  relation 

-f\  LO'l^i ^■^•^^'- 

the  first  member  referring  to  the  differential  equation,  th« 
second  to  the  complete  primitive. 

The  equations  (4)  and  (5),  which  are  rigorous  and  funda- 
mental, establish  a  connexion  between  the  ditferenttal  equa- 
tion and  the  complete  primitive,  and  it  now  only  remains  to 

introduce  the  conditions  -r-~0,    ,  -  =  0.     We  berin  with  the 

dc  do  * 

former. 

We  have  seen  that  when  t^  =  0  leads  to  a  singular  solu- 
tion it  does  so  by  enabling  us  to  determine  c  aa  a  function 
of  X,  suppose  c  =  X  Before  proceeding  to  more  general  con- 
siderations it  will  be  instructive  to  ma&e  a  particular  hypo- 
thesis as  to  the  form  of  the  equation  'j  =0. 

Suppose  then  this  equation  to  be  of  the  form 

occ-xr-o (6). 


mbeing  a  positive  constant  and  Q  a  function  of  a;  and  c,  which 
neither  vanishes  nor  becomes  infinite  when  c  =X.  This  hypo- 
thesis is  at  least  sufficiently  general  to  include  all  the  cases  in 

wbich  ~  =  (iiB  algebraic. 

D,g,i,7?<iT,Google 


lS6         DERIVATION  OF  THE  SINGULAE  SOLUTION      [CH.  Till. 
By  (6)  we  have  then 

iQ  dX 

dp      d  ,      dy      ai  ^x  ~, 

^-s'»si-5-'«r!T (^' 

and  tbe  second  term  of  the  right-haDd  memher  having  e-X 
for  its  denomiDator  and  not  containing  c  at  all  in  its  nume- 
rator, is  infinite.  At  the  same  time,  we  see  that  no  such 
infinite  term  would  present  itself  were  c  determined  as  a 
constant. 

Forlet|.«(.-.)-,then|log|.f*Q,thengl,t- 
hand  member  cf  (7)  being  now  reduced  to  its  first  term. 

The  conclusion  to  which  this  points  is  that  -^  is  infinite  for 

a  singular  solution,  but  finite  for  a  particular  integral. 

Again,  suppose  the  value  of  c  in  terms  of  x  and  y  fur- 
nished by  algebr^c  solution  of  the  complete  primitive  to  be 
c  =  d  (a;,  y),  then  substituting  this  value  in  the  equation 
c  —  .A  =  0,  we  obtain  the  singular  solution  in  the  form 

4>{x,y)-X=(i. 

Now  the  same  substitution  gives  to  the  infinite  term  in  the 

value  of  -&  the  form 
dy 


dX 
dx 


..(8). 


We  see  then,  in  the  case  of  a  singular  solution  correspond- 
ing to  a  determination  c  =  X,  that  -^  as  derived  from  the 

differential  equation  becomes  infinite  owing  to  0(a!,jr)  — X 
occurring  in  a  denominator.  And,  whatever  modification  of 
form  may  be  made  by  clearing  of  fractions  or  radicals,  we  may 
6tili  infer  that,  if  u  =  0  be  a  singular  solution  derived  from  an 
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algebraic  primitive,  the  function  >-  will  become  infinite,  owing 
to  u  presenting  itself  under  a  negative  index. 

The  analysis  does  not  however  warrant  the  conclusion  that 
an^  relation  between  x  and  y  which  makes  -?  infinite  will 
be  a  solution.  If  in  be  a  negative  constant,  the  second  term 
in  the  expression  oi-^is  still  infinite,  but  the  prior  condition 

^  =  0  is  no  longer  satisfied.  All  we  can  affirm  is  that  if 
T-=  00  gives  a  solution  at  all  it  will  be  a  singular  solution. 

Since  -^  =  - ,  it  is  evident  that  a  singular  solution  oriei- 
nating  in  a  determination  of  c  in  the  form  c=Y  wilt  make 
l(i)  infinite. 

,.„..  !,.»„„„  .t.  .™J...™.   _._  -  ",  ^  = 

dj"  .7  ""  '■"'■"''™"' 

lead  to  solutions,  but  not  necessarily  to  singular  solutions ; 
the  latter  do  not  necessarily  lead  to  solutions,  but  when  they 
do,  those  solutions  are  singular. 


Ell. 

Given 

2>'-acp+2j-0. 

Here 

p  =  x±.J{x'-2y) 

a? 
which  becomes  infinite  if  j  =  -g- ,  and  this  satisfies  the  differ- 
entia equation.     It  is  therefore  a  singular  solution. 

It  may  he  objected  against  the  above  reasoning,  not  only 
that  it  involves  ati  assumption  as  to  the  form  of  the  equa- 
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)  account  of  any  pos- 
sibilities arising  from  the  first  term  in  the  expreseioQ  of 
-T--  But  it  serres  well  to  illustrate  Irhat,  in  the  vnst  ma- 
jority of  instances,  is  the  actual  mode  of  transition  from  the 
one  set  of  conditions  to  the  other.  We  proceed  to  consider 
the  question  in  a  more  strict  and  general  manner. 

8.  When  -j  —  0  determines  c  as  a  function  of  x,  it  recipro- 
cally determines  xasa,  function  of  c,  so  that  if  a  definite  value 
be  given  to  c,  a  corresponding  definite  vfdue  or  values  will  be 

given  to  x.    Let  -j-  be  represented  by  ^  {x,  c),  then 
dp      d  ,     dy 

-limit  of  "^S-tfii^^-^M+C^L!) (9), 

A  approaching  to  0, 

Now  for  a  singular  solution  •^  (ar,  c)  =  0,  and  this  being, 
from  what  precedes,  satisfied  only  by  definite  values  of  x,  cor- 
responding to  our  assumed  definite  value  of  c,  it  follows  that 
^{x  +  h,  c)  will  not  be  equal  to  0  for  any  continuous  series  of 
values  of  A  however  small ;  neither  then  will  log -^{x-^h,  c) 
retain  continuously  the  value  of  log  "^  {x,  c),  viz.  —  oo .  Thus 
the  numerator  of  the  fraction  in  the  second  member  being 
equal  to  the  difference  between  a  finite  and  an  infinite  quantity 
is  infinite,  and  the  limit  of  the  fraction  therefore  infinite. 
Hence  we  conclude  that  a  singular  solution  considered  as 
derived  from  the  primitive  by  the  conversion  of  c  into  a  func- 
tion of  X,  satisfies  relatively  to  the  differential  equation  the 
condition 


And  in  the  same  way  it  may  be  shewn  that  a  singular  solu- 
tion derivable  from  the  pnmitive  by  the  conversioaofcintoa 

function  of  y  satisfies  the  condition  jT  (  ~)  =  ^  • 
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GhaugiDg  tlie  order  of  the  enquiry,  let  us  now  examine 
whether  there  exist  any  other  forma  of  solution  satisfying  the 

condition  ^^  =  =^  -  ^  (-)=«'  •  If  tliere  be,  it  will  be  made 
evident  that  more  is  inTolved  in  the  definition  of  a  singular 
solution  than  we  have  yet  recognized  in  our  processes  of 
deduction,  or  else  that  the  definition  must  be  enlarged. 

Ezpresaing  the  condition  ^  =  oo ,  in  the  form 


dx    ^  dc 


..(10), 


we  observe  that  it  can  be  satisfied  only  in  one  of  two  ways, 
viz.  either  independently  of  c,  or  by  some  determination  of  c, 
and  if  the  latter  again  only  in  one  of  two  ways,  viz.  either  by 
the  determination  of  c  as  a  function  of  x,  or  by  the  determina- 
tion of  c  aa  a  constant,  ■ 

We  may  pass  over  the  case  in  which  the  above  equation  is 
satisfied  independently  of  c,  because  the  relation  obtained 
would  involve  x  only,   whereas  it  has   been  shewn   that 

_f-  =  ao  leads  only  to  solutions  involving  y  at  least.     We 

may  also  pass  over  the  case  in  which  it  ia  satisfied  by  the 
aesnmption  c  =  X,  because  such  a  value  of  c,  if  it  lead  to 
a  solution  at  all,  can  only  do  so  by  satisfying  the  condition 

^  =  0,  and  thus  lead  to  the  form  of  singular  solution  already 

investigated.  There  remains  only  the  case  in  which  the 
equation  (10)  is  satisfied  by  a  constant  value  of  c. 

Let  then  the  equation  (10)  be  satisfied  by  c  =  a.  The  most 
general  assumption  we  can  make  respecting  the  form  of  its 
first  member  is  the  following,  viz. 

where  ^  (c)  is  a  function  of  c  which  becomes  infinite  when  c 

C,oo;,le 
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assumes  the  constant  value  in  question,  and  ■^  (x,  c)  does 
not  become  infinite  for  such  value.     Hence  the  most  general 

form  of  Ic^  -^  is 

logf -/*(»)  +  («,  =)&:-.^(«)/t(^,  «)<&. 

To  give  to  this  expression  the  utmost  generality,  we  must, 
on  effecting  the  integration  with  respect  to  x,  add  an  arbitrary 
function  of  c    Thus  we'shall  have 


Therefore  ^  =e*wl/*fe=)^^-*w] 

or,  representiog  the  function  j^  {x,  c)dx  +  x  (c)  hy  *  (ar,  e), 

^:„j#w»(».«) niY 

This  is  the  most  general  form  of  -^ ,  as  determined  from 
the  primitive,  which  is  consistent  with  the  hypothesis  that 
-J-  log  -£;  becomes  infinite  for  a  constant  value  of  c  Ac- 
cordingly if,  supposing  the  primitive  to  be  g^ven,  we  sought 
to  determine  the  singular  solution  by  the  condition  -f=^< 
we  should  be  led  to  an  equation  of  the  form 

or  i^{c)^{x,c)=-x  (12). 

Now  this  equation  is  not  satisfied  by  any  value  of  c  which 
makes  ^  (c)  infinite,  unless  it  give  to  v  («,  c)  an  opposite  sign 
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to  that  of  ift  (e).    But  this  indicates  ia  general  the  ezifitence 
of  &  rdation  between  x  and  c     Thus  suppose 

^(c)=c,    *(a!,c)=a).  ■    . 

Then  (12)  becomes 


which  demands  that  e  should  receive  the  valtie  —  <o  or  +  oo 
according  aa  ic  is  positive  or  negative.  In  either  case  c  is 
constant,  but  it  ia  a  dependent  constant — dependent  for  its 

sign  upon  the  sign  of  x.    Thus  the  condition  -^  ="X>  may 

indicate  the  existence  of  a  species  of  aingular  Bolution  derived 
from  the  complete  primitive  by  regarding  c,  not  as  a  conti- 
nuous function  of  x,  but  as  a  discontinuous  constant,  the  law 
of  itfl  discontinuity  being  however  such  as  to  connect  it  with 
the  variations  of  x, 

Ex.2. 

Here  we  find 

|-;(i+iw) m. 

■which  is  infinite  if  ,y  =  0.  And  this  proves  on  trial  to  be  a 
fiolution  of  the  differential  equation,  the  true  value  of,  the 
indeterminate  function  in  the  second  member  when  y  —  O 
bmg  0  (Todhuntei's  IXff.  Cal.  Art.  158).  Now  the  complete 
piimitive  is  y  »=  ^,  Hence  we  see  that  y  =  0  is  not  a  particit- 
lar  int^ral  in  the  strict  sense  of  that  term.  The  value  to  be 
assigned  to  c  is  not  whoUy  independent  of  x.  "We  may  there- 
fore regard  jr  =  0  as  a  singular  solution  satisfying  lihe  condition 


9.  We  have  said  that,  in  general,  the  equation  (12)  in- 
dicates the  existence  of  a  relation  between  x  and  c.  A  case 
of  exception  however  exists.  Representing  ^(c)  by  C,  sup- 
pose $  Jfc,  c),  expressed  in  terms  of  x  and  -v,  to  be  capaHe  of 
development  in  descending  powers  of  O:  suppose,  .too,  thajt 
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the  first  term  of  the  development  is  of  the  form  A  C,  where 
A  is  constant  and  r  >  ~  I.  Then  aa  C  approaches  infinity, 
(12)  tends  to  assun^e  the  form 

indicating  that  C,  and  therefore  c,  possesses  more  than  one 


value,  real  or  imaginai;.    Here,  then,  the  condition 


dp_ 


'would  accompany  a  solution  possessing  this  singularity,  viz. 
that  it  corresponds  to  a  multiple  vcSue  of  c,  Uie  arbitrary 
constant  in  the  complete  primitive.  It  is  in  fact  a  species  of 
mvitiple  partictdar  integroL 

Ex.  3.     Given  p*  —pxy  +  y*  log  y  =  0. 
therefore 


^     a!±V(a:*-41og.v)  ^ 

J.,  9  +  . 


..(14). 


V('^-41ogy)" 
and  this  is  made  infinite  by  jf  =  0  and  by  ic*—  4  log  y  =  0,  thf^ 

isby  y  =  0,    y=e'. 

Both  these  satisfy  the  differential  equation,  and  the  second  is 
obviously  a  singular  solution.     To  determine  the  nature  of 
the  first  let  it  he  observed  that  the  complete  primitive  is 
y  =  e^«", 

.and  that  this  reduces  to  y  =  0,  irrespectively  of  the  value  of  x, 
by  the  assumptions  c  =  +  oo  and  c  =  —  oo .  Now  this  is  tbe 
on^y  case  in  which  two  particular  integrals  agree.  We  might 
in  any  case,  by  changing  in  the  complete  primitive  of  an 
«quatibn  c  into  c",  get  two  values  of  c  for  a  particular  mtegral, 
but  then  it  would  be  for  every  particular  integral.     It  is  only 

when  the  property  is  sit^gvlarj  that  the  condition  -^  =  co  is 

flatiflfied., 
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It  is  obvious  that  one  negative  feature  marks  aJI  the  cases 

ia  which  a  solution  involving  y  satififies  the  condition  -f-="^- 

It  is,  that  the  solution,  while  expressed  by  a  single  equation, 
is  not  connected  with  the  complete  primitive  by  a  single 
and  absolutely  constant  value  of  c.  In  the  first,  or  as  it 
might  be  termed  envelope  species  of  singular  solutions,  c  re- 
ceives an  infinite  number  of  different  values  connected  with 
the  values  of  a:  by  a  law.  In  the  second  it  receives  a  finite 
number  of  values  also  connected  with.the  VAlues  of  a;  by  a 
law.  In  the  third  species  it  receives  a  iSnite  number  of  values, 
determinate,  but  not  connected  with  the  values  of  x. 

If  we  observe  that  all  the  above  cases,  while  agreeing  in 
the  point  which  has  been  noted,  possess  true  singularity,  we 
alall  be  led  to  the  following  definition. 

Definition.  A  singular  solution  of  a  differential  equation 
of  the  first  order  ia  a  solution,  the  connexion  of  which  with 
the  complete  primitive  does  not  consist  in  the  giving  to  c  of 
a  single  constant  value  absolutely  independent  of  the!  value 


Criterion  of  species. 

10.  It  is  a  question  of  some  interest  to  determine  whether 
a  given  singular  solution,  u  =  0,  of  a  differential  equation,  is 
of  the  envelope  species  or  not 

On  the  particular  hypotheses  assumed  in  Art,  7,  it  is  shewn 
that  singular  solutions  of  the  envelope  species  possess  the  fol- 
lowing character,  viz.  if  i(=sO  be'  such  a  solution,  then.  -?• 

becomes  infinite  though  containing  a  term  ia  which  u  is 
presented  under  a  negative  .index. 

Now  inquiries  which  are  scarcely  of  a  sufficiently  elemen- 
tary character  to  find  a  place  in  this  work,  indicate  (with  very 
high  probability)  that  this  character  is  universal  and  indepen- 
dent of  any  particular  hypothesis,  and  that  it  constitutes  a 
mterion  for  distii^;uishing  solutions  of  the  eavelope  species 
from  others,  '       > 


.„Jfeci(.ji|e 


164  CWTKBION  OF  SPECIES.'  [CH.  Vm. 

As  an  example  of  an  hjpothesu  different  from  that  of 
Art.  7,  let  U8  suppose 

dy^         Q        ' 
dc     log  {c~X)' 

which  vaDishes  when  c  =  X 
"We  find 

dQ                dX 
d  ,     dy     dx  ,  dx    

The  second  term  in  the  right-hand  member  becomea  inde- 
terminate when  c  =^X,  but  its  true  value  is  oo ,  and  it  assumes 
this  value  in  consequence  of  o  —  X  presenting  itself  with  a 

n^ative  index.     We  remark  that  the  fraction  -i —    _  -;  ia 

one  which  vanishes  with  c  —  X  in  whaiever  manner  c  —  X  ap- 
proaches to  0, — a  consideration  which  is  quite  of  essential 
importance. 

Applying  the  above  criterion  to  some  of  the  previous  ei- 

amples,  we  see  from' the  form  of  -r-  in  Er.  1,  Art.  7,  that  the 

singular  solution  belongs  to  the  envelope  species;  in  (13) 
Art.  8,  it  is  implied  that  the  solution  is  not  of  that  species; 
in  (14)  Art  9  two  species  are  indicated,  the  solution  ^  =  0 
resulting  from  log  y  =  -  oo  being  not  of  the  envelope  species, 
while  the  other  solution  is  of  that  species. 

11.  The  collected  results  of  the  above  analysis  are  con- 
tained in  the  following  theorem. 

Theorem:  The  singular  solutions  of  a  differential  equatxtfn 
of  the  first  order  (Dei.  Art  9)  consist  of  all  relations  wfiich 
belonff  to  one  or  both  of  the  following  classes,  viz, 

Ist     Selations  involving  y,  with  or  withotU  x,  whv^  make 

d  *'y^"*^*  '^"'^  onlyii^Kite,  and  aoHafy  the  differential  equation. 
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3nd.    lielationa  iavotoing  x,  with  or  without  y,  wkich  make 

J-  ( -j  infinite  and  only  infinite,  cmd  satig/y  the  differential 

ejmHon, 

When  a  solution  as  aiove  defined  is  actually  (Stained  by 
e^mUng  to  0  a/actor  which  appears  under  a  negative  index  in 

t}ie  expression  of-?  or-j-  f-J  it  may  be  considered  to  belong 

to  th^  envelope  speaiea  of  singular  sobaions.  In  other  caees  tf  is 
dedvcible  Jrom  the  complete  primitive  by  regarding  o  as  a  con- 
stant of  multiple  value, — its  particular  values  being  eilher  \st 
dependent  in  some  way  on  the  value  of  x,  or  Zndly  independent 
ofx,  bvi  sliU  such  as  to  render  the  property  a  singular  one. 

We  may  add  that;  there  exist  cases  in  which  the  characters 
of  different  species  of  aoIutionB  seem  to  be  blended  together. 

Thue  -^  may  admit  ot  both  a  finite  and  an  infinite  value, 

indicating  a  duplex  genesis  of  the  solution  from  the  complete 
primitive.     It  may  also  happen  that  the  assumption  of  an 

infinite  value  by  ^  may  be  attributed,  indifferently,  either  to 

a  negative  index  or  to  a  Ic^aritbm.  And  then  it  should  be 
inquired  whether  or  not  the  solution  is  of  the  envelope  species, 
but  marked  with '  some  peculiarity  arising  from  a  breach  of 
continuity  in  the  mode  of  its  derivation  from  the  complete 
primitive. 

The  following  examples  are  intended  to  elucidate  particular 
points  either  of  theory  or  of  method, 

Ei.1.    Give.  (l+«^(|)'_2«j,|  +  j^-1.0. 

This  equation,  first  discussed  in  Brooke  TayWa  Methodus 
Incrementorvm,  is  remarkable  as  having  afforded  the  earliest 
instance  of  the  actual  deduction  of  a  singular  solution  irom  a 
differential  equation  (Lagrange,  Calcul  dee  Fomctions,  p.  276). 
We  shalt  first  explain  Taylor's  procedure,  and  afterwards 
apply  the  above  general  Theorem. 

D,o,i,7.<iT,GooQle 


166  EXAMPLES  OF  SraOTTLAE  SOLUTIONS.       [CH.  TIIL' 

Taylor  differentiates  the  equation,  and  findii^ 

resolves  tliis  into  tHe  two  equations 

(i+V)|-»^.o,   g.o (1). 

The  second  of  these  gives  y  «  oa;  +  ft,  whidi  satisfiea  the 
differential  equation  provided  that  ft  =  V(l  -  <»*)•  Thus  the 
complete  primitive  is 

The  first  equation  of  (1)  gives,  on  eliminating  ~  by  means 
of  the  differential  equation, 

1^-^  +  1. 
and  this  he  terms  the  singular  solution  {avngv^aiix  qucedara 
iotutio  probleinatia). 

To  apply  to  this  example  the  general  method,  we  find 


>duciDg  the 
have  the  equations 


Introducing  the  condition  -^  =  oo ,  we  should  apparen^^ 


a?-y*+l  =0, 
sc"  + 1  =  0, 
hut  of  the  second  of  these,  as  it  does  not  involve  y  in  il 
expression,   no  account  is  to  be  taken.     The  first  makin 


^tisfylng  the  differential  equation,  is  a  sin^lar  solution. 
.A-gain,  as  also  it  is  derived  &om  the  vanishing  of  a  funcUon 
under  a  n^atlve  index,  it  belongs  to  the  envelope  species. 


.  GcKH^Ie 
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We  may  add  that  it  might  be  found  but  lees  readily  frtna  tbo 

condition  j"  (  ~ )  ^"^  • 

The  following  example  ia  intended  to  illustrate  the  use  of 
the  latter  condition. 

Ex.  2.    Given  ^  =  a:-. 

Hence,   since  p  =  a:"",    the   condition   ^  = «  cannot  be 

Badsfied. 

The  condition  j-(-)  =  <a  ghea 

and  this  la  satisfied  by  a;  =  0  if  n  be  less  than  I,  but  is  not 
BatisSed  by  a;  =  0  if  n  be  equal  to  or  greater  than  1.  ' 

Now  the  diflferential  equation  ia  satisfied  by  a;  =  0,  whatever 
positive  value  we  give  to  n,  as  may  be  seen  by  exp^ssing  it 

in  the  form  ^-  =  a:".     We  conclude  therefore  that  a  >=  0  is  a 

smgular  solution  of  the  proposed  equation  if  n  be  positive  and 
lees  than  1,  but  a  particular  integral  if  n  be  equal  to  or  greater 
than  1.  We  infer  too  that  the  solution,  when  sii^ular,  be- 
longs to  the  envelope  species. 

In  verification,  it  may  be  observed  that,  if  »  be  not  equal 
to  1,  the  complete  primitive  is 


«-[(l-n)(3,-c)r. 

Now  if  n  is  less  than  1,  the  Index  in  the  second  member  is 
poutive,  and  we  cannot  have  x  -=  (X  unless  the  quantity  under 
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the  index  be  made  equal  to  0.    But  thui  would  give  c«y< 
HeDce,  ii;  =  0  is  a  Bingular  solution. 

IE  n  be  greater  than  1,  the  index  in  the  second  member 
being  negative  we  cannot  have  x  =  0  unless  the  quantity 
under  the  index  becomes  infinite.  But  this  it  does  if  c  u 
infinite.    Here  then  x  =  0  is  a  particular  integral. 

If  fl  be  equal  to  1,  the  complete  primitiye  ia 


and  this  is  reduced  to  a;  =  0  b;  the  assumption  c  ■=  0,    Here 
then  also  a;  =  0  is  a  particular  integral. 

The  following  examjde  is  intended  to  illustrate  a  claas  of 
problems  in  which  -^  admits  of  both  a  finite  and  an  infinite 
value, 

Ex.  3.    Given  jp'- 2zy*p  +  4y*  =  0. 

.    Here  we  find 

i'-a^*±VCa^y-V) ■ (D- 

Therefore 


and  this  apparenUy  becomes  infinite  when  y  «=  0,  and  when 
ar"  _  4y*  =0,  i  e.  for 

16* 


Ijet  us  inquire  what  are  the  true  values  o 

1st.    Zl  ff  =  j%,  we  find,  on  substitution  and  reduction. 
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vhicli  becomes  infinite  Thichsoerer  sign  be  taken.  Hence, 
y=T»  isaeingulareolutioaj  and,  from  tlie  mode  of  its  ori^n, 
it  a  of  the  envelope  species, 

2ndly.    It  yO,  the  value  of  -^  in  (2)  becomes  infinite  if 

tlie  upper  sign  be  taken,  but  assumes  the  ambiguous  fonn  ^  if 

the  lower  sign  be  taken.     To  determine  its  true  value,  we 

a:*  _  6w* 
may  expand  the  fraction *^  in  ascending  powers  of  yl. 

We  UiuB  find 

vhich,  as  before,  givea  -^  =  cq  when,  taking  the  upper  sign, 
ve  make  y  =  0,  but  on  taking  the  lower  sign  gives 

=  -  +  terms  containing  positive  powers  of  y. 
And  this  expressioR,  on  making  y  =  0,  assumes  the  value  -  . 

These  results  lead  us  to  infer  that  the  solution  y « 0, 
oripnates  in  two  distinct  wa^s  from  the  primitive,  which  is  in 
this  case  y  =  tf(x  —  c)\  It  is  evident  that  this  is  reduced  to 
y  =  0,  by  either  of  the  assumptions  c  =  0  and  o  =  x.  Hence 
tbe  solution  y  3  0  is  a  particular  int^^ral. 

At  the  same  time  it  is  to  be  noted  that  this  solntion  pos- 
leaaes  all  the  geometrical  .properties  of  a  singular  solution. 
The  complete  i»imitive  represents  an  infinite  system  of  pai^ 
bolas  whose  axes  are  parallel  to  tbe  axis  of  ^i-^whose  vertices 
ill  touch  the  axis  of  x,  which  thus  constitutes  a  branch  of 
their  complete  envelope, — and  of  whose  parameters  each  is 
iaraselj;  as  tbe  square  of  the  distance  of  tbe  corresponding 
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vertex  from  the  origin  of  coHjrdinates.  The  nearer  any  par- 
ticular vertex  ia  to  the  origin,  the  more  does  the  curve  to 
which  it  belongs  approach  to  a  straight  line ;  and  the  carve, 
if  we  may  continue  thus  to  speak,  whose  vertex  Is  at  the 
origin  coincides  with  the  axis  of  x  which  ia  the  envelope  of 
the  series.  It  might  in  a  certain  real  sense  be  said  tliat  the 
particular  and  the  general  are  here  united. 

The  following  example  shews,  though  by  no  means  in  the 
most  extreme  case,  how  slight  may  be  the  difference  between 
a  singular  solution  and  a  particular  int^ral. 

Ex.  4.    Given  ^^  =  y  {log  x  +  logy  - 1). 


"  .        a  ' 

therefore  i>JjS^+}2M, 

and  this  becomes  infinite,  1st,  if  y  =  0,  2ndly,  if  y~oS  , 
Srdly,  if«=0. 

The  first  only  of  these  satisfies  the  differential  equation, 
the  assumption  y  =  0  reducing  the  indeterminate  function 
y  log  y  in  the  second  member  to  0  (Todhunter's  Differential 
Calculus,  Art  158).  We  conclude,  that  y  =  0  is  a  singular 
solution,  but  from  the  nature  of  its  origin  not  of  the  envelope 
species. 

Now  the  complete  primitive  is  y  =  — ,  and,  judging  from 

this,  it  might  at  first  sight  seem  as  if  y  =  0  were  a  particular 
integral  corresponding  to  c  =  —  oo .  We  remark  however  that 
the  primitive  is  not  reduced  to  y  =  0,  by  the  assumption 
c  =  —  oo  ,  unless  x  be  positive.  If  x  is  negative  we  must  make 
c  =  +  so  to  effect  that  reduction.  In  fact,  the  value  of  c  which 
reduces  the  complete  primitive  to  the  form  y~0,  though  in- 
dependent of  x  in  all  other  respects,  is  dependent  upon  «  fOT 
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its  Bign,  which  mnst  always  be  opporite  to  the  sign  of  x. 
And  this  connexion,  slight  as  it  is,  detennines  the  character 
of  the  Solution. 

The  following  example  illustrates  a  mode  of  procedure 
irhicb  may  be  adopted  when  ^  presents  itself  in  the  am- 

tt- 

be  solved  with  respect  to  p. 
Ex.  5.     Given  p*  —  ixj/p  +  8y*  »=  0. 
Differentiating  with  respect  to  y  and  j),  we  find 


dp     4ixp  —  1% 


..(I). 


dtf     V-*^ ^^ 

Equating  to  0  the  denominator,  we  bare  P  =  -  ,  J--  >  &i><li 

subatitnting  this  value  in  the  differential  equation,  we  obtain 
ft  result  resolvable  into  the  following  equations,  viz. 

y  =  ^a^,    y-0 (2), 

either  of  which  satisfies  the  differential  equation.    On  substi* 

tution  in  (1),  the  former  of  these  values  of  y  makes  -^  infinite, 

and  is  evidently  a  singular  solution.     The  latter  value  of  y 

reduces  ~  to  the  form  rr . 
dy  0    , 

To  determine  the  real  value  or  values  of  -^  when  v  =  0,  we 

must  obtain  from  the  differential  equation,  regarded  as  a  cubic 
with  respect  to  p,  the  three  expressions  for  that  quantity  in 
ascending  powers  of  ^,  substitute  tbem  in  the  second  member 
of  (1),  and  then  after  reduction  make  ^  ^  0. 

It  will  somewhat  simplify  the  process  if  we  transform  the 
expressions  by  assuming  p  =  2ty^.    We  shall  have 
dp_2xt-*^ 

^y-3^yi-a^* ■ '■*^' 
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while  the  difTerenlial  eqnatum  will  become 

^-a*+y*  =  0 {4}. 

whtdi,  expressed  in  tte  fatm 


gives,  1^  logiange's  Uieorem, 

a:     X* 

Suhstitating  in  (S),  and  retaining  those  terms  only  which 
contain  the  lowest  power  of  y,  we  have 

ti^  _  -  2y*  ^  g 
dy~    —ay*      ** 

Such  is  the  Tolne  of  ^  correspondiag  to  the  value  of  t  which 
is  given  by  Lagrange's  theorem. 

That  value  of  t  vanishes  with  y.  Its  other  values  do  not 
v^pish  with  ]/,  hut  approach  the  limits  ±  x*  as  jr  approaches 
to  0 ;  for  if  in  (4)  we  make  y  =  0,  we  find  0  and  ±  x*  for  the 
corresponding  values  of  t  Now  if  in  (3\  we  make  y  =  0, 
*  =  ±  l/x,  we  have 


From  these  results  combined  we  infer  that  y  =  0  is  a  par- 
ticular int^^al,  possessing  the  geometrical  characters  of  a 
singular  solution.  It  originates  in  fact  lix)m  the  complete 
primitive y  ■=  c  (a;  —  c)*,  either  by  making  c^Ooic  =  x.  And 
that  primitive,  like  the  primitive  of  Ex.  3,  represents  a  system 
of  parabolas  enveloped  by  one  of  their  own  number. 

Setting  out  from  the  primitive  we  find 
3a™^^a!  — c     x-S<i' 
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This  expression  becomes  infinite  when  c=  =  corresponding  to 

the  siogukr  solution  y  =  sb  ic".   It  becomes  infinite  when  e  =  x, 


to  the  particular  integral  3/  =  0.  All  these  determinations  agree 
vitii  those  of  -^  obtained  from  the  differential  equation. 

The  following  is  an  example  of  a  special  geometrical  pro- 
blem  generalized. 

Ex.  6.    Determine  a  curve  such,  that  the  area  intercepted 
between  its  tangent  and  the  rectajigular  co-ordinate  axes  shall 

be  constant  and  equal  to  -3- . 

The  supposed  area  is  a  ri^t^angled  triangle  whose  base  and 
perpeLdicular,  being  the  intercepts  cut  o£Fby  the  tangents  from 

the  coordinate  axes,   are   expressed   by  x  —  -,    and  y  —  xp 

respectively.     We  have  therefore 

{y-xp)  {x-^^a\ 

Proceeding  in  the  usual  way  the  singular  solution  will  be 
found  to  be 


representing  an  hyperbola,  while  the  comjAete  primitive  repre- 
KDta  the  series  of  tangents  by  whose  successive  intersection 
the  curve  is  generated. 

To  generalize  the  above  problem  we  might  suppose  a/wnc- 
twvd  relation  giyen  between  the  intercepts.  The  differeutittl 
equation  would  assume  the  form 


y-xp^fix-^^.  ^     : 
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Its  complete  primitive  would  always  be  determinable  by  tlie 

method  of  Art,  9,  Chap.  viL    Or,  since  x—  «-  =  —  i — ™   it  is 

pp. 
eastl;  seen  that  the  equation  is  reducible  to  Clairaut's  form 

The  singular  solution  may   then  be  found   either  as  in 
Chap.  VII.,  or  by  the  direct  application  of  the   condition 


Qeometiical  problems  which  are  of  a  truly  symmetrical 
character  frequently  admit  of  this  kind  of  generamuition. 

Bemarka  on  the  foregoing  theory. 

12,  As  the  theory  of  the  testa  of  singular  solutions  whicti 
has  been  developed  in  this  Chapter  differs  in  many  material 
respects  from  any  that  have  been  given  before,  it  is  proper  to 
shew  in  what  its  peculiarity  consists.  To  this  end  it  vJH  be 
necessary  briefly  to  sketch  the  history  of  this  portion  of 
analysis. 

Leibnitz  in  1694,  Taylor  in  1715  (see  Ex.  1,  Art.  11),  aod 
Clairaut  in  1734,  had  in  special  problems,  and  Euler  in  1756 
had  in  a  distinct  memoir  entitled  Exposition  de  qztelques  Paror 
doxes  du  Calcid  Integral,  examined,  more  or  less  deeply. 
various  questions  connected  with  the  singular  solutions  of 
differential  equations.  Taylor  in  particular  had  first  recog- 
nised the  distinctive  character  of  such  solutions  as  set  forth  in 
their  definition.  The  problem  of  the  deduction  of  the  singular 
solution  &om  the  differential  equation  seems  however  to  have 
been  first  considered  in  its  general'  form  by  Laplace,  Tbe 
same  problem  was  subsequently  investigated  in  a  different 
manner  by  Lagrange,  and  again  in  a  s^  different  way  by 
Oauchy.  The  state-  of  the  theoiy  up  to  the  present  time  wiU 
be  adequately  represented  ty  a  summary  of  the  results  to 
'which  these  several  investigations  have  led. 

Ist,  Laplace  (M^noirea  de  VAcadimie  dea  Sciences,  1772), 
employing  the  method  x)f  expansions,  arrived  at  results  wbidi 
agree,  so  for  M  they  go,  'with  those  of  this  Chapter.    They 
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apply  only  to  the  envelope  species  of  Bolutions,  and  the  demon- 
Btrations  of  them  rest  essentially  on  the  hypothesis  expressed 
in  (6),  Art.  7. 

Lagrange,  with  whom  originated  a  more  fundamental  idea 
of  the  method  of  the  in<iuiry,  was  led  to  the  less  exact  criteria 

dp  dp_ 

dif         '    dx         ' 
(Calctd  des  Fonctions,  Le9ons  xiv — xvn.) 

Cauchy,  whose  method  was  founded  on  the  study  of  the 
cases  of  failure  of  certain  processes  for  obtaining  the  complete 
primitive  in  the  form  of  a  series,  was  led  to  the  conclusion 
that  a  singular  solution  must  satisfy  one  of  the  two  following 
conditions,  viz. 

^_0        dp  _ 

dy~0'     dt/~     ' 

i<^ether  with  a  certain  further  condition,  the  application  of 
vEich  depends  upon  a  process  of  integration  (Moigno,  Calcul, 
ToL  n.  p.  435). 

Upon  these  results  the  following  observations  may  be  made, 
Ist  Although  Laplace  recognised  the  necessity  of  employ- 
ing in  certain  cases  the  condition  -j-  (-l  =  oo,  for  ■J-  =  <x), 

subsequent  writers  who  have  employed  his  method  seem  to 
We  invariably  omitted  this  qualification. 

2ndly,    The  supposed  criterion  •-£  =  <a,  introduced  by  La- 

graoge,  and  since  very  generally  adopted,  as  the  proper  accon)- 

paniment  of  -J-='ea,  ia  erroneous.     If  we  should  apply  it  to 

Et  2,  Art.  11,  viz.  p  =  x^,  we  should  be  led  to  the  conclusion 
that «  =  0  is  a  singular  solution  whenever  n  is  positive.  We 
liave  seen  however,  both  from  the  application  of  the  true  test, 
aod  by  verification  from  the  complete  primitive,  that  ff  «  0  is 
ft  singular  Bolutipn  only  whep  n  is  less  than  X, 
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The  principle  of  Lagrenge's  metliod  was  tbe  same  aa  tbat 

adopted  in  the  present  Chapter,  and  consisted  in  expressing  -^ 

and  -^  as  derived  from  the  differential  equation,  bjr  means  of 

differential  coeffidents  derived  from  the  complete  primitive 
before  the  elimination  of  c  The  fallacy  which  vitiated  his 
results  consisted  in  assuming  that  these  expressions  become 
infinite  in  consequence  of  the  appearance  of  a  vanishing  factor 
in  their  denominators  {GcUcM  dea  FoTtcHons,  pp.  229,  232). 
Moigno,  the  expositor  of  Cauchy's  views,  also  quotes  La- 
grange's method  and  results  as  presented  by  Caraffa,  but 
without  involving  any  essential  variation  {CmcvI,  Tom.  IL 
p.  719).  Professor  De  Morgan,  in  perhaps  the  latest  publi- 
cation on  the  subject,  adopts  Lagrange's  results,  expressing, 
however,  only  a  qualified  confidence  in  his  method  (Gam- 
bridge  Philosophical  Transactions,  Vol.  ix.  Pt  ii.  "  On  some 
points  of  the  Integral  Calculus").  And  he  illustrates  these 
results  by  geometrical  considerations  which  are  suflScient  to 
shew  that  they  contain  at  least  a  considerable  element  of 
truth.    Nor  should  this  be  thought  surprising.    For  it  is  plain 

that  Lagrange's  condition  -£  =  ix>,  and  the  true  condition    , 

00,  are  equivalent,  except  when  the  sii^lar  solu- 
tion makes  p  assume  one  of  the  forms  0  and  oo .  And  such 
cases  do  exist.  Perhaps  the  peculiar  difficulty  of  this  subject 
ha^  consisted  in  the  faint  and  shadowy  character  of  the  line 
by  which  truth  and  error  are  separated. 


dx\^J~ 


be  set  aside.     Whenever  -^  assumes  an  ambiguous  form  its 

true  value  or  values  must  oe  determined.  This  is  illustrated 
in  some  of  the  foregoing  examples.  Professes'  De  Morgan's 
■  observations  on  this  subject  in  the  memoir  above  referrea  t", 
.  are  deserving  of  attention.  The  final  criterion,  which  is  peculiar 
.  to  Oaucby's  theory,  seems  to  be  founded  upon  what  we  camiot 
but  regard  as  an  unauthoriied  position  as  to  the  meaning  of 
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a  siDgular  solution.     Thus  y  =  0,  the  Bolutiou  deduced  by  the 


regarded  by  Cauchy  as  a  pEirticular  integral.  Now  although 
when  X  is  real  the  complete  primitive  logy  =  ce"  reduces  to 
y  =  0  by  the  assumption  c  =  —  oo  ,  it  does  not  necesearily  do 
eo  when  x  is  imaginary.  Thus,  if  a;™7r\'(— 1).  we  must 
make  c  =  oo ,  in  order  to  give  y  =  0.  Cauehy's  rule  seems  in- 
deed to  have  been  desired,  contrary  to  the  general  spirit  of 
his  own  writings,  to  exclude  the  consideration  of  imaginary 
values. 

Properties  of  Singular  Solutions. 
14.    Various  properties  of  singular  solutions  of  the  en- 
velope species  have  been  demonstrated.     Of  these  we  shall 
notice  the  most  important. 

IbL    An  exact  differential  equation  does  not  admit  of  a 
Binguiar  solution. 
Let  the  supposed  equation  be 

d<i>{x,y)     d<f>(x,t/)  djf 

dx       ^      dy        dx~^ ^^^' 

and  let  y=f{x)  be  a  relation  actually  satisfying  it  and 
assumed  to  be  singular.  On  this  assumption  the  primitive 
^  {x,  y)  =  c  must,  on  substituting  for  y  its  value  f{x),  deter- 
mine c  as  a  function  of  x  and  not  a  constant,  liet  F{x)  be  - 
the  value  of  c  thus  determined,  then  ^  {x,  y)=F  [x)  whence 

d^{x,y)  ^d4>(x.y)dy^dF(x) 

dx  dy       dx        dx    "^  '' 


dF{x) 
which  contradicts  (1),  since  ■  ■j^  '  cannot  be  permanently 

equal  to  0,  unless  F(x)  is  constant, 

2ndly.  It  foUows  directly  from,  the  abwe  that  a  sinffular 
soluti(m  of  a  differential  egvation  of  the  first  order  and  degree, 
makes  its  integrating  factors  infinite. 

For  let  the  proposed  equation  be 

Mdx-^Ndy^Q ....(3). 
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and  let  /t  be  an  integrating  factor.    Then 

(i{Mdx  +  Ndt/)~0 :...(4), 

will  be  an  exact  differential  equation.  Hence,  a  singular 
solution  of  (3),  while  it  makes  the  firet  member  of  that 
equation  to  vanish,  will  not  make  the  £rst  member  of  (4)  to 
vanish.  Now  comparing  these  members,  this  can  only  be 
through  its  making  /t  infinite. 

Kx.     The  equation  x  +  t/  -,-  = -j- 1/(3^  +  1/*  — a')  has  for  its 
singular  solution  a?  +  t/'^a\    An  integrating  factor  is 

and  this  the  singular  solution  evidently  makes  infinite.  Mul- 
tiplying the  equation  by  its  integrating  &ctor  and  transposing 
we  have  the  exact  differential  equation 

,     ^V 


and  thb  is  not  satisfied  by  a^+j*  =  a',  the  singular  solution 
of  the  unrestricted  differential  equation. 

Srdly.  Even  when  we  are  unable  to  discover  its  integrating 
Jdctor,  a  differential  equation  may  be  so  prepared  as  to  cease  to 
admit  of  a  given  singular  solution  0/  the  envelope  species. 

This  proposition  is  due  to  Poisson,  aod  the  following 
demonstration,  which  is  purposely  given  in  order  to  illustrate 
the  nature  of  the  assumption  usually  employed  in  the  theory 
of  singular  solutions,  does  not  essentially  differ  &om  his. 

Let  us  represent  the  singular  solution  by  u  =  0,  and  trans- 
form the  differential  equation  by  assuming  w  and  x  as  varia- 
bles in  place  of  y  and  x.  Suppose  the  new  equation  reduced 
to  the  form 

?-/(».») (5), 

where  ^  stands  for  3- . 
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Tbia  equation  is  either  satisfied  or  not  satislied  by  u  =  0. 
If  it  is  not  satisfied,  the  preparation  in  question  has  already 

teen  effected. 
If  it  is  satisfied,  the  second  member  f{x,  u)  contains  some 

positive  power  of  u  as  a  factor.     Assuming  that  it  can  be 

deyebped  in  ascending  positive  powers  of  «  it  becomes 

where  A,  B,  C,  &c  are  functions  of  x. 

Now,  for  a  singular  solution  -^  =  00.     Hence  w  =  0  must 

render 

A  au'-^  +  BffuP-^  +  Ac.  =  00 . 

Sut  this  demands  that  there  should  exist  at  least  one 
native  power  of  «  in  the  above  development;  therefore 
a- 1,  which  is  the  lowest  index,  must  be  negative ;  therefore 
a  being  already  positive  must  fall  between  0  and  1. 

Hence  we  are  permitted  to  express  the  differential  eqaa- 
tion  in  the  form 

P-O.-, 

There  a  is  a  positive  fraction,  and  Q  does  not  involve  u  either 

is  a  factor  or  as  a  divisor.  

Dividing  by  m",  we  have 

or    :; -;-  «'    '  =  (J. 

1  —  a.dx  * 

Nowu  =  0  makes  w'-"  =  0,  since  1  —a  is  positive.  Hence 
the  first  member  of  the  above  equation  vanishes,  while  the 
secand,  not  containing  u  as  a  factor,  does  not  vanish.  In  its 
present  form  then  the  equation  is  no  longer  satisfied  by 
«  =  0. 

We  see  also  that  the  property  of  being  satisfied  by  m  =  0 

has  been  lost   in   consequence   of  a  transformation  which, 

exhibiting  the  singular  solution  in  the  form  of  a  distinct  alge- 

bruc  factor  of  the  equation,  permitted  its  rejection.  See  Art.  I. 
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It  has  been  shewn  in  the  remarks  on  Clairaut's  equation  how, 
in  the  process  of  ascending  by  difi^rentiation  to  an  equation 
of  a  higher  order,  a  somewhat  analc^ous  effect  is  produced, 
the  singular  solution  seemiDg  to  drop  aside  udder  changed 
conditions. 

4thly.  Lagrange  has  noticed  that  a  eingidar  solution  wtU 
generaUi/  make  the  valtie  of  -^ ,  as  deduced  from  the  differen- 
tial equation,  assume  the  ambiguous  form  w .  His  demonstra- 
tion, in  the  statement  of  which  we  shall  endeavour  to  exhibit 
distinctly  the  assumptions  which  it  really  involves,  is  sub- 
stantially as  follows.  Let  the  differential  equation  expressed 
in  a  rational  and  integral  form  be 

Flx,s,p).0 (1), 

then  differentiatiDg 

dFj  ^dF,  ^dF  ,      „  „, 


dx 
t 
dy       dy 


„  dp        dF    dF 

Hence  £  =  - 7^-^  ;/:;,=  "^ (3)- 


Now  F  being  rational  and  integral,  —  and  t-  are  so  also, 
and  therefore  the  above  can  only  become  infinite  for  finite 
values  of  x,  y,  and  p,  by  supposing  j-  =  0.  This  reduces  (2) 
to  the  form 

a-^+f*-" w- 

Kow,  as  obt^ed  &om  the  differential  equation, 
(fy  _dp     dpdy 
da?     ^     dydx 

dF    dF^ 
dx      dy  dx 

ir-- 

dp     . 
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an  expression  vhicli  the  previous  results  reduce  to  the  form  ^ . 

We  may  remark  that  the  condition  -^=,00  does  not  involve 

33  a  consequence  dp  =  <K  in  (2),  so  as  to  aSect  the  legitimacy 

of  the  deduction  of  (4).     For  -j—  =»  06  expresses  a  conditional 

propositiOD,  vhose  antecedent  i9 :  If  a;  be  constEint.  Noff  in 
the  deduction  of  (4)  a:  is  not  supposed  to  he  constant. 

Lagrange's  demonstration  is  certainly  only  applicable  to 

the  envelope  species  of  singular  solutions.  Of  such  solutions 
it  expresses  however  an  interesting  property.  For  the  dif- 
ferential equation  being  geoinetrically  common  both  to  the 
locus  of  the  singular  solution  and  to  the  locus  of  each  parti- 
cular primitive,  the  ambiguity  of  value  of  j^  at  the  point  of 

contact  shews  that  that  contact  ia  not  generally  of  the  second 
orderi 

In  like  manner,  F{x,  y,  p)  still  being  supposed  rational  and 
integral,  the  equation 

^•J^-O ........(5), 

shews  by  the  theory  of  equations  that  the  existence  of  a 
singular  solution  implies  in  general  the  existenoe  of  a  series 

of  pomts  for  which  two  values  of  -^ ,  usually  different,  come 

to  ^ee,  viz.  the  values  of  -J-  in  any  particular  primitive, 

and  in  the  singular  solution. 

15.    Mr  De  Morgan  has  madethe  very  interesting  remark, 

that  when  the  condition  -^  =  so ,  or  -^  [  in  strictness  3-  - )  =  00 , 

di/  dx\  axpj 

does  not  lead  to  a  solution  of  the  differential  equation,  what  it 
does  leaij  to  is  the  efjuation  of  a  curtfe  which  constitutes  the 
locus  of  points  of  infinite  curvature  (most  commonly  cusps) 
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in  the  ^tem  of  curves  represented  by  the  complete  primitive 
(Transactions  of  the  Cambridge  Pkiloa<y^ical  Society,  Vol.ix, 
Part  II.).  Geometrical  illustrations  will  be  found  in  the 
memoir  referred  to. 


EXERCISES. 

1.  The  complete  primitive  of  a  differential  equation  ie 
j/+c='^{a^+y'—a*),  where  c  is  the  arbitrary  constant.  Shew 
that  the  singular  solution  is  a^  +  ^  =  a*,  and  that  it  may  be 
connected  with  the  primitive  by  either  of  the  equivalent  rela- 
tions c  =  —  y  and  e  =  \'(a'— ic^. 

2.  Why  is  the  above  aingalar  solution  deducible  by  the 
application  of  either  of  the  conditions  t-  =  0,   -^  =  0  ? 

3.  Expressing  the  primitive  in  Ex.  1  in  a  rational  Mid 
integral  form  ^{x,  y,  c)  =  0,  deduce  the  ^gnlar  solution  by 

the  application  of  the  condition  ^  =  Qr 

4.  The  complete  primitive  of  a  differential  equation  being 
x—a=  [y  —  cy,  shew  that  the  singular  solution  is  deducible 

by  the  application  of  the  condition  j-  =  0  but  not  by  that  of 
the  condition  3  =1^1  ^d  explain  the  drcumstanca 

5.  The  differential  equation,  whose  complete  {Himitive  is 
given  in  Ex.  1,  may  be  exhibited  in  the  form 

(a:*  -0")^*-  aa^rp  -  a;*  =  0, 

Hence  also  deduce  its  singular  solution'  and  thereby  verify 
the  previous  result. 

6.  Form  the  differential  equation  whose  complete  primitive 
is  given  in  Ex.  4,  and  shew  that  the  singular  solution  is  de- 

ducible  by  the  application  of  the  condition  -; —  =  00  but  not 
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)>j  that  of  the  condition  j-=  oo ,  and  ezplain  this 


7.  Shew  that  the  singular  solutions  in  the  last  two  ex* 
amples  are  of  the  envelope  species. 

8.  The  difiereatial  equation y=^ -I —   (Ex.  2,  Art.   5J 

ks  y  =  c^  +  -  for  its  complete  primitive,  and  y*  =  4ma;  for  its 

amgular  solution.     Verify  in  this  example  the  fundamental 

relation  -f-  =  ^-  loe  -^ . 
dy     dx     ^  dc 

9.  Deduce  both  the  singular  solution  and  the  complete 
primitive  of  the  differential  equation  y=p!e-\-  tJ(}>*-\-d?p*),axi.A 
mlerpret  each,  as  well  as  the  connexion  of  the  two,  geometri- 
cally, 

10.  The  following  differential  equations  admit  of  singular 
solutions  of  the  envelope  species.     Seduce  them. 

«'/-2(a;y-2)2>  +  y*  =  0, 

{y-xp){m.p~n)~  imp, 

y={x-\)p-p\ 

11.  The  equation  (1  —  a:?)  p  +  a:_y  —  a  =  0  is  satisfied  by  the 
equation  y=ax.  Is  this  a  singular  solution  or  a  particular 
initial  J 

12.  The  equation  y  =  -^  is  Batiafied  by  y  =  0,  which  also 

mates  j-  (-)  =  «'  •  Nevertheless  y  =  0  is  a  particular  lute- 
s' Shew  that  this  conclusion  is  in  accordance  with  the 
general  theorem  (Art  11). 

13.  The  equation  p{a?— 1)  =  2aT/log,y  has  a  sing<ilar 
"olution  which  is  not  of  the  envelope  species.    Determine  it. 
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14.     Determitie  also  the  complete  primitive  in  the  last  ex- 
ample, and  shew  how  the  singular  Bolution  arises. 

16,     The  equation 

(p  -  y)*  -  Saii'y  (p -y)  =  la^y  -  ij^J^' log  y 

is  satisfied  hy  y  =  0.     Shew  that  this  is  a  singular  solution 
but  not  of  the  envelope  species. 

16.     Find  singular  solutions  of  each  of  the  following  equa- 
tions, and  determine  whether  or  not  they  are  of  the  envelope 


1.  p*  +  Spic'  =  4a!'y. 

2.  ap'-2yp-l-4ar=0. 

3.  icp  =  n{a!-  +  Cy-.'c")log(y-a;")]. 

Geometricat  Applications. 

In  solving  the  following  problems,  the  differential  equation 
being  formed,  its  complete  primitive  as  well  as  its  singular 
solution  is  to  be  found  and  mterpreted. 

17.  Determine  a  curve  siich  that  the  sum  of  the  intercepts 
made  by  the  tangent  on  the  axes  of  co-ordinates  shall  be 
constant  and  equal  to  a.    . 

18.  Determine  a  curve  such  that  the  portion  of  its  tangent 
intercepted  between  the  axes  of  x  and  y  shall  be  constant  aud 

19.  Find  a  curve  alwayytouched  by  the  same  diameter  of 
1^  circle  rolling  along  a  straight  line. 

20.  Find  a  curve  such  that  the  product  of  the  perpendicu- 
lars from  two  fixed  points  upon  a  tangent  shall  be  constant. 
(Euler.    See  Lagrange^  Calo.  dea  FoncHons,  p.  282.) 
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(Itepresenting  the  product  by  i",  and  the  distance  between' 
the  given  points  by  2m,  making  the  axis  of  x  coincide  with 
the  straight  line  joining  them  and  taking  for  the  ori^  of 
co-ordinates  the  middle  point,  the  differential  equation  la 

[y-(x  +  m)  p]  {y  -  (x  -  m)  p] 
Its  singular  solution  ia 


TW *• 


21.  Deduce  also  the  complete  primitive  of  the  aboife  dif- 
ferential equation. 

22,  If  Uie  primitive  of  a  differential  equation  be  expressed 
in  the  form  <p  {x,  y,  o)  =  0,  the  condition  ;;   =  0  may  be  ex- 

F»d  in  the  form  ''*';/•  °'  f  *%.f^=  0.    Art.  4. 


Hence  it  haa  sometimes  been  laid  down  that  - 


Ma^.y,"), 


nil  lead  to  a  singular  solution.     Saabe,  in  CreWs  Journal 
(t/e6er  singulSre  integrate,  Tom.  48),  points  out  that  this  rule 

may  £ul  if  at  the  same  time   ^     ^        "  should  become  in- 

Snite.    Can  it  fail  in  any  other  case  1 

23.  Exemplify  Baabe's  observation  in  the  equation 

x  +  c-  V(6cy-  St?)  =0, 

which  is  the  complete  primitive  of  33^' —  6wp  +  a;  +  2y  =  0. 
At  the  same  time  shew  that  the  singular  solutions  are 

y-a;  =  0  and  3y  +  a!  =  0.     {CreUe,  Ih) 

24.  The  complete  primitive  of  a  difierential  equation  is 

(c-a;  +  y)*-3(a!  +  y)(c-a;  +  .y)'  +  l=0. 
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RepreseDting  its  first  member,  which  is  rational  and  integral, 
by  0,  the  condition  ^  =  0  assumes  the  form 


3(c-a;  +  y)(fl-3j;-j)=0. 

Shew  that  c~x  +  if  =  0  will  not  lead  to  a  solution  of  the 
differential  equation  at  all,  -while  c  —  3x  —  y  =  0  will,  and 
explain  this  circumstance  by  a  reference  to  Art.  4. 

Kma.  Th«  render  ii  teminded  that  in  all  referencee  to  the  general  eon- 
ditions  j  =°°  b^  ^(~)~''''  ^^  "  ''°^*^''  simply  "infinity"  iirespeo- 
tiTelj  of  sign.    See  General  Tbeoiam,  Art.  II. 
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CHAPTER  IS. 

OK  DIFFERENTIAL   EQUATIONS   OF   AH   OBDER   HTQHEB  THAN 
THE  nBBT. 

1.  The  typical  form  of  a  differential  equation  of  the  n* 
order  is  given  in  Chap,  i.  Art.  2.  "We  may,  by  eolving  it 
algebraically  with  respect  to  its  highest  diEferentiaJ  coeEBcieut, 
present  it  in  the  form 

rf"v      ,/  dy     d'v       rf"~'v\  ,,, 

5?-/("''S''&'  J?'-S^) ("• 

Its  genesis  from  a  complete  primitive  involving  n  arbitrary 
constants  has  been  expMned,  Chap.  I.  Art.  8. 

Conversely,  the  existence  of  a  differential  equation  of  the 
ibove  type  implies  the  existence  of  a  primitive  involving  n 
arbitrary  constants  and  no  more ;  and  a  primitive  possessing 
this  character  is  termed  complete. 

The  converse  proposition  above  stated,  is  one  to  which 
various  and  distinct  modes  of  consideration  point,  but  con- 
cerning the  rigid  proof  of  which  opinion  has  differed.  The 
view  which  ap{:>ears  the  simplest  is  the  following.  If,  as  in 
Chap.  II.  Art.  2,  we  represent  by  A^  {x)  the  increment  which 
the  function  ifi  (x)  receives  when  as  receives  the  fixed  incre- 
ment Ax,  and  if  we  go  on  to  represent  by  A'^  (x)  the  incre- 
ment which  the  function  A^  (x)  receives  when  x  again  receives 
the  same  fixed  increment  A^,  and  so  on,  then  it  is  evident 
that  the  values  of  A0  (x),  A*^  (x),  &o.,  are  fully  determinable 
if  the  successive  values  of  the  function  ift(x)  in  its  successive 
Btatea  of  increase  are  known.    Thus  since 

A^  (x)  =  ^  (x  +  A*)  -  ^  {x), 
we  have  by  definition 
AV  (x)  =  A  {^  (x  +  Ax)  -  ^  (x)} 

=  {0  (aj  +  2Aa;)  -  ^  (a;  +  A^)]  -  {^(x  +  Aar)  -  ^(x)] 
=  ^  (ic -I- 2Aa:)  -  2^  (a: -h  Aa;)  +  ^  (*), 


,Go 


)gle 


188  ON   D1FFEREWT1A.1,  EQUATIONS   OF  [CF.  IX. 

and  ao  on.     Conversely  if 

<p{x),  A^(x),  A'<f>(x),  &c. 

are  given,  the  successive  values  of  the  function  <j>(x),  viz.  the 
values -^(3;+ Ax),  ^(a;+ 2AiB),  &c.,  are  thereby  made  deter- 
minate. Geometrically  we  may  represent  ^  (a-)  by  j/,  the  ordi- 
nate of  a  curve,  or  of  a  series  of  points  in  the  plane  te,  y,  and 
therefore  functionally  connected  with  the  abscissa  x. 

Now  the  view  to  which  reference  has  been  made  is  that 
which,  1st,  presents  the  differential  equation  (1)  as  the  limit- 
ing form  of  the  relation  expressed  by  the  equation 


^.f('-«  -"-  -? 


^/(-^il'S-P) : «■ 


Aa;  approaching  to  0 ;  2ndly,  constructs  the  latter  equation 
in  geometry  (the  arithmetical  or  purely  quantitative  construc- 
tion being  therein  implied)  by  a  series  of  points  on  a  plane,  of 
which  the  first  n,  viz.  those  which  answer  to  the  co-ordinates 
x,x  +  Ar, . . .  aj  -I-  (m  —  1)  Ax,  have  the  corresponding  values  of 
y  arbitrary,  while  for  all  the  rest  the  values  of  t/  are  deter- 
mined ;  3rdly,  represents  the  solution  of  the  differential  equa- 
tion as  the  curve  which  the  above  series  of  points  in  their 
limiting  state  tend  to  form.  According  to  this  view,  the  n 
arbitrary  points  in  the  constructed  solution  of  the  equation  of 
differences  (2)  ^ve  rise  to  one  arbitrary  point  in  the  limiting 
curve,  accompanied  by  n  —  1  arbitrary  values  for  the  first 
n  —  1  differential  coefiBcients  of  its  ordinate.  And  this  mode 
of  consideration  appears  the  simplest,  because  it  assumes  no 
more  than  the  definition  itself  demands  of  us  when  we  attempt 
to  realize  the  geometrical  meaning  of  a  differential  coefficient 
as  a  limit.  We  may  however  add  that  when  by  the  consi- 
deration of  the  limit,  the  mere  existence  of  a  primitive  has 
been  established,  other  considerations  would  sufSce  to  shew 
that  in  its  complete  form  it  will  involve  n  arbitrary  constants 
and  no  more.  The  fact  that  each  integration  introduces  a 
single  constant  is  a  direct  indication  of  the  fact.    An  indirect 

f)roof  of  a  more  formal  character  will  be  found  in  a  memoir 
)y  Professor  De  Morgan  ( Transactions  of  iAe  Cambrv^e  Pki- 
loaophical  Sodetl/,  Yol  IX.  ^t.  u.). 
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The  above  theory  may  be  illustrated  by  the  form  ia  which 
Taylor's  Theorem  eoahles  us  to  present  the  solutioii  of  a 
differential  equation  of  the  n""  order,  as  will  be  seen  in  the 
following  Article. 

Solution  hy  development  in  a  sei'ies. 
%    Beduciiig  the  proposed  equation  to  the  form 

S=/^^.£--P) ('). 

and  differentiating  with  respect  to  x,  the  first  member  becomes 
T^ ,  while  the  second  member  wUl  in  general  involve  all 

the  differential  coefficients  of  y  up  to  -^-^ ,     If  for  the  last  we 

substitute  its  value  given  in  (3),  the  equation  will  assume  the 


d"*'y 


»=^(-^l--P) «■ 


Thus  -j-^  is  expressible  in  the  same  manner  as  -3-^ ,  viz.  in 

terms  of  a:,  y,  and  the  first  n—  1  differential  coefficients  of  y. 

Differentiating  (4)  and  again  reducing  the  second  member 
by  means  of  (3)  we  have  a  result  of  the  form 

dx-^  j'\^'  ^' dx'rdx'-') ''^''■>- 

and  in  this  form  and  by  the  same  method  all  succeeding  dif- 
ferential coefficients  may  be  expressed. 

Hence  reasoning  as  in  Chap.  II.  Art.  12,  we  see  that  sup- 
posing y  to  be  developed  in  a  series  of  ascending  powers  of 
*^~fi>  where  :c  is  an  assumed  arbitrary  value  of  x,  the  co- 
efficients of  the  higher  powers  of  a;  —  a;,,  beginning  with  (x  —  x^)' 
*i!l  have  a  determinate  connexion,  established  by  means 
of  the  differential  equation,  with  the  coefficients  of  the  inferior 
powers  of  x  —  Xf.    The   latter  coefficients,  n  in   number. 
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begiuoing  with  the  coostant  term  which  correeponda  to  the 

judex  0,  and  ending  with  .    „  „ — .   __   ,  -TjR  >  which  is  the 

coefficient  of  (a:  — arj""",  will  be  perfectly  arbitrary  in  value. 

To  exhibit  the  actual  form  of  the  development  Iet,y„  y,,... 

y^i  he  the  arbitraiy  values  assigned  to  y,  ~,  ...  ,.-i  when 

a  =  ir,.     Also  let  ^ /,./,,  &c-  represent  the  values  which  the 
second  members  of  the  series  of  equations  (3),  (4),  (5)  a 
when  we  make  in  them  x  =  x.;  then 


+ri::j<"'-''->'+r27i^i)<"'-''>"*'-*°-'^'"-^--W- 

Tn  this  expression  the  arbitrary  values  of  y  and  its  n—  1 
first  differential  coefficients  corresponding  to  an  assumed  and 
definite  value  of  x,  viz.  y„,  y,,  ...y,,.,  are  the  n  arbitrary  con- 
stants of  the  solution,  the  values  of  f^tf^i,  &c.,  being  deter- 
minate functions  of  these,  and  ther^ore  not  involving  any 
arbitrary  element. 

Any  function  of  arbitrary  constants  is  itself  an  arbitraxy 
constant,  and  thus  it  may  be  that  an  equation  has  effectively  a 
smaller  number  of  arbitrary  coustants  than  it  appears  to  have 
from  the  mere  enumeration  of  its  symbols.  As  a  general  prin- 
ciple we  may  affirm,  that  the  number  of  effective  arbitrary 
constants  iii  the  solution  of  a  differential  equation  while  on  the 
one  hand  equal  to  the  index  of  the  order  of  the  equation,  is  on 
the  other  hand  to  be  measured  by  the  number  of  conditions 
which  tbey  enable  us  to  satisfy.  Systems  of  conditions  to  be 
thus  satisfied  will  indeed  vary  in  form,  but  there  is  one 
system  which  we  may  consider  as  normal  and  to  which  all 
other  systems  are  in  fact  reducible.  It  is  that  which  is  de- 
scribed above,  and  which  demands  that  to  a  given  value  of  as 
a  given  set  of  Bimultaneoua  values  of  y  and  of  its  differential 
coefficients  up  to  an  order  less  by  1  than  the  order  of  the 
equation  shall  correspond.  Conversely,  the  arbitrary  constants 
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of  i.  Boiution  may  be  said  to  be  normal,  when  they  actually 
tepieseut  a  simultaneouB  system  of  values  of  y  and  its  succes- 
sive differeotial  coefiB<neiite  up  to  the  number  required. 

Ei.    Given  -~  =  j^  +  ?*■    Required  an  expression  for  y 

in  the  form  of  a.  series  such  that  when  a;  =  0,  y  and  J^  shall 
assume  the  respective  values  of  c  and  c'. 
Differentiating,  we  have 

=  -^  +  y*  +  2y  -^ ,  by  the  given  equation, 

bj  similar  reduction,  and  so  on.  Hence,  corresponding  to  a!=0, 
'TC  have  the  series  of  values. 


A_ 


!'+(l+2 


^  =  c'  +  2i?  +  (l  +  4c)(!'  +  2c'", 
and  so  on.    Hence, 


r*  4-  fl  4.  ar^  „ 


2.3  *  2.3.4  xt«^- 
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Finitely  Integrahle  Forms. 

3.  As  the  diCBculty  of  the  finite  integration  of  differentia! 
equations  increases  as  their  order  is  more  elevated,  it  becomes 
importaat  to  classify  the  chief  cases  in  which  that  difficulty 
tias  been  overcome. 

It  will  be  found  that  for  the  most  part  these  cases  are 
characterized  by  some  one  or  more  of  the  following  marks, 
viz.  1st,  Linearity,  the  coefficients  being  at  the  same  time 
either  constant  or  subject  to  some  restriction  as  to  form; 
2ndly,  Absence  of  one  or  more  of  the  variables  or  their  differ- 
ential coefficients;  3rdly,  Homogeneity;  4thly,  Expresaibility 
in  the  form  of  an  exact  differential  or  in  a  form  easily  re- 
ducible thereto  by  means  of  a  multiplier. 

The  subject  of  linear  equations  being  of  primary  importance, 
we  shall  devote  the  remainder  of  this  Chapter  to  its  discussion. 
But  as  it  will  be  resumed  in  another  part  of  this  work,  and 
in  connexion  with  a  higher  method,  we  propose  to  notice  here 
only  the  more  important  general  properties  of  linear  equations, 
and  to  illustrate  them  in  the  solution  of  equations  with  con- 
stant coefficients. 

Linear  Equations. 

i.  The  type  of  a  linear  differential  equation  of  the  n** 
order,  (Chap.  l.  Art.  4),  is 

g+^P+^.£S-+^=^- a 

in  which  the  coefficients  X. ,  X,.,.  X,  and  the  second  member 
X  are  either  constant  quantities  or  functions  of  the  independent 
variable  x^ 

Considering,  first,  the  case  in  which  the  second  member  is  0, 
the  following  important  proposition  may  he  established. 

Pbop.  Ify,,  y„..-y,  represent  n  distinct  values  of  y, which 
individually  satisfy  the  linear  equation, 

g+x.g!{+V^^..+;^y=o (8), 


T,Googlc 
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then  will  the  complete  value  of  ^  be 

c„c„...<t,  being  arbitrary  constants.  In  other  words  the  com- 
plete  value  of  ^  is  the  sum  of  n  distinct  particular  Talues  of  y, 
each  containing  an  arbitrary  constant. 

For  on  substitution  of  the  assumed  general  value  of  3/ 
in  (8),  we  have  a  result  which  may  be  arranged  in  the  follow- 
ing form,  viz. 


.+^,) 
.+^■'1 


H^-^'^^^&--^^-) 


=  0....(9). 


Now  each  line  in  the  left-hand  member  of  the  above  equa- 
tion is,  from  the  hypothesis  aa  to  the  values  of  y,,jL,..,y,, 
equal  to  0,  Hence  the  equation  (9)  reduces  to  an  identity, 
and  the  theorem  is  established. 

The  problem  of  the  complete  solution  of  a  linear  equation 
of  the  n*  order  whose  second  member  is  equal  to  0  is,  there- 
foie,  reduced  to  that  of  finding  n  distinct  particular  solutions, 
each  involving  an  arbitrary  constant. 

5.  Fbop.  To  solve  the  linear  equation  with  constant 
coeffidents  when  the  second  member  is  0. 

Were  the  proposed  equation  of  the  first  order  and  of  the 
form 


|-"*=». 


its  eolntioA  would  be 


y=c^. 


-.©otij^le 
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From  this  result,  and  from  the  known  constAucy  of  form 
of  the  differential  coefficients  of  exponentials,  we  are  led  to 
examine  the  effect  of  such  a  substitution  in  the  equation 

g  +  ".p+«.p-+<M'-0 (10). 

Assuming  then  y  ■■  Ce",  and  observing  that 

dx'  ' 

we  have,  on  rejection  of  the  common  factor  fV,  the  equation 

m"  +  o,wi"^4-a,m"^,..  +  a,  =  0 (11), 

the  different  roots  of  which  determine  the  different  values  of 
m  which  make  y  =  C^  a  solution  of  the  equation  g^ven, 

When  those  roots  are  real  and  unequal,  we  have,  therefore, 
on  representing  them  by  m,,  wi,,  ...m,,  the  system  of  «  par- 
ticular solutions, 

y=a,6"'',  y=C/^....y=G,e^ (12), 

from  which  by  the  forgoing  theorem  We  may  construct  the 
general  solution, 

y=  (?,€"'■+  0;e^...+  a.e"^ (13)- 

The  equation  (11)  by  which  the  values  of  m  are  detenoiiied 
is  usually  called  the  auxiliary  equation. 


da?        ax 


&.    Givea^,-3l+2j,.0. 


Here,  assuming  y  =  Ce",  we  obtain  as  the  auxiliary  equation 

m'- 3m +  2  =  0. 

When<»  the  values  of  m  are  1  and  2.  The  corresponding 
particular  integrals  are  y  =  Cjf,  and  y  =  (7,6*",  and  the  com- 
plete primitive  is 

.-.Goti'^le 
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6.  If  among  the  roots,  still  suppos(3<l  unequal,  imagioary 
paiis  present  themselves,  the  above  solution,  though  formaUy 
correct,  needs  traoaformatioD.  Let  a  ±{V—  1  represent  one 
of  these  pairs,  then  will  the  second  member  of  (13)  contain  a 
coiresponding  pair  of  terms  of  the  form 

vhich  we  may  reduce  as  follows, 

=  0e''(co8J(r  +  V-l8inSa!)+  (7'e"(cosSa!— V- leinia!) 
=  ((7+ CT)  e-C08Sa;  +  (0- C)  V(- 1)  e"Biii6a', 

or,  replacing  C+  C  and  {G—C)  ij{  —  l)  by  new  arbitnwy 
constants  A  and  B, 

A^coabx  +  B^^hx (U). 

li    aiTeng-4|  +  13j,.0. 

Aitanming  y  =  C^,  the  auxiliary  equation  is 
m»-4jn  +  13  =  0, 
whence  nt  =  2  ±  3  n/(  —  1).    The  complete  solution  therefore  is 
y  «  jle**  cos  Sit  +  5«*  sin  3*. 

7.  Lastly,  let  the  auxiliary  equation  have  equal  roots 
whether  real  or  imaginaiy,  e.g.  suppose  m  ==m,.  Then  in 
the  general  solution  (13)  the  terms  C^e"''  +  CJ^^  reduce  to  a 
m^  term  (Cf,  +  CJ  ^^,  and  the  number  of  arbitrary  con- 
stants is  e^ctively  diminished,  since  C.  +  C.  is  only  equiva- 
lent to  a  single  one.  Here  then  the  form  (13)  ceases  to  be 
geoeiaL 

To  deduce  the  general  solution  when  m,=9n,  let  ub  beg^n 
by  auppouog  m^  to  differ  from  m,  by  a  finite  quantity  h,  aoA, 


l^rln-sle 


examine  the  limit  to  whicb  the  terms  of  the  solution,  then 
really  general,  approach  as  h  approaches  to  0.     Now 


+  aaar+c.^.. 
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to  which  the  term: 
oach  as  k  approache 

=  e-.'  U  ^Bx  +  Bh    -^  +  &c.)  ; 

on  replacing  (7,  +  C^  and  C^  by  A  and  B,  new  arbitrary  con- 
Btants.  This  change  it  is  permitted  to  make,  however  small 
A  may  be,  provided  that  it  is  not  equal  to  0.  The  limit  to 
which  the  last  member  of  the  above  equation  approaches  as 
A  approaches  to  0  is 

This  then  is  the  form  which  must  replace  O^^  +  G^^  in 
the  general  solution. 

Suppose  next  that  there  exist  three  equal  roots  m,,  nt,,  m,' 

Then  the  terms  (7,e"'"  +  (7,e"<'  +  G.e"''  being  replaced  by 

«"'-(.<* +5a:}+(7,e"'', 

make  m,=s  m,  +  Tc,    The  above  expression  becomes 

=  e-.-|^  +  (7,+  CB+  CJt)  a:+  C',i^«'+C,j^^+&c} 

=  e"''(^'  +  £'a:+C'a:'+^a^  +  &c.) (15), 

on  making 

1.2  ^ 


^+C.  =  ^'.    B^C^  =  S,   ^  =  C\ 


Here  A,  B',  C  being  functions  of  the  arbitrary  constants 
A,  B,  G  provided  that  k  is  not  actually  0,  may  themselves  be 
jegarded  as  arbitrary  constants.     If  we  bo  consider  ^em  ii> 
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.  (15)  and  then  make  k  tend  to  0,  we  Eee  that  the  limiting 
form  of  the  expression  is 

e-.'(^'  +  5'a!+CV). 
And  in  precisely  the  same  way,  were  there  r  root*  equal  to 
m,,  we  should  have  for  the  corresponding  part  of  the  com- 
plke  value  of  y^  the  expression 

<r^'{A^  +  A^  +  A^...  +  A,ar^) (16). 

Thus  the  difference  which  the  repetition  of  a  particular  root 
»a,  produces  is  that  the  coefficient  of  the  exponential  e"'"  is 
DO  longer  an  arbitrary  constant,  but  a  polynomial  of  the  form 
A  +A^  +  Sk.,  the  number  of  arbitrary  constants  involved 
being  equal  to  the  number  of  times  that  the  supposed  root 
presents  itself. 

Ex.     Given  g-^-f^+y  =  0. 

Here,  assuming  tf  =  C^,  the  auxiliary  equation  is 
t»'  —  m*  —  M»  + 1  =!  0, 

the  roots  of  which  are  —  1, 1,  1.  Thus,  corresponding  to  the 
root  —1,  we  have  in  y  the  term  Ce"",  while  to  the  two  roots  1, 
we  have  the  term  {A+Sx)  ^.  The  complete  primitive  there- 
fore is 

y=Cfe*-  +  (-4  +  jRc)«-. 

8.  It  follows  &om  (16),  that  if  a  pair  of  imaginary  roots 
a±b s/— 1  present  itself  r  times,  the  corresponding  portion  of 
the  complete  value  of  y  will  be 


(C;  +  C^ ...  +  OaT')  e*^^  +  (O;  +  C.'a; ...  +  C;0  *"^'''*. 

which,  substituting  for  e"^'*  and  e"**^"'  their  trigonometrical 
values  and  finally  making 

C,  +  C;=A„  {C,-G,')J^  =  B„  &o., 

assumes  the  form 

{A^  +  A^ ...  +  J^^)  ^  coabx 

+  (5;  +  5^ . . .  +  J9^)  e"  sin  iaj. 
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Hence,  therefore,  the  repetition  of  a  pair  of  imaginary  roots 
a±b V— 1  changes  also  the  two  arbitrary  constants  of  the 
ordinary  real  eolation  into  polynomials,  ea<m  of  which  involves    ■ 
a  number  of  constants  eqnal  to  the  number  of  times  that  the 
imi^inaiy  pair  presents  iteelf. 

Ex,    Given  ^  +  2n'2  +  «V  =  0- 

Assuming  y  =>  Ct",  the  auxiliary  equation  is 
i»*  +  2Vm'  +  n*  =  0, 
whence  m  has  two  pturs  of  roots  of  the  fonn  ±  n  V(~  !)• 
For  one  such  pair  the  form  (^  solution  would  be 

y  =  Aco6tix  +  BBmnx. 
For  the  actual  case  it  therefore  is 

y  =  (^,  +  j4^)  cos  iwj  +  {5,  +  5^)  sin  n«. 

9.  The  above,  which  is  the  ordinary  method  of  investi- 
gating the  form  of  the  complete  solution  when  the  auxiliary 
equation  involves  equal  roots,  rests  on  the  assumption  that  a 
law  of  continuity  connects  the  form  of  solution  when  roots  are 
equal  with  the  form"  of  solution  when  the  roots  are  unequal 
Now,  though  it  is  perfectly  true  that  such  a  law  does  exist,  its 
assumption  without  proof  of  that  existence  must  be  r^arded 
as  opposed  to  the  requirements  of  a  strict  logic.  In  alll^ti- 
mate  apphcations  of  the  Differential  Calculus  it  is  with  a 
limit  that  we  are  directly  concerned.  Here  it  is  with  some- 
thit^  which  exists,  and  which  admits  of  being  determined  in- 
dependently  of  the  notion  of  a  limit 

Thus  if  we  take  as  an  example  -j^— 2-^  +  y  =  0,  in  which 

the  auxiliary  equation  m'  -  2m  + 1  =■  0  shews  that  the  values 
of  m  are  each  equal  to  1,  we  are  entitled  to  assume  as  a  par- 
ticular solution 


y=C^. 


■.Gotit^le 
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I«t  US  now  substitute  this  raltie  of  y  in  the  giren  equation 
r^aiding  C  aa  variable,  and  inquire  whether  it  admtta  of  any 
more  general  determination  than  it  has  received  above.  On 
substitution  we  find  simply 

whence  C=A+Bx.  Thus  while  the  correctness  of  the 
solution  furnished  by  the  assumption  of  continuity  is  esta- 
blished, it  is  made  manifest  that  this  assumption  is  not  in- 
dispensable. 

We  shall  endeavour  to  establish  upon  other  grounds  the 
theory  of  these  cases  of  failure  in  a  future  Chapter.  Mean- 
while it  may  be  desirable  to  shew  that  the  form  (16)  actually 
satisfies  the  differential  equation  when  r  values  of  m  are 
equal 

In  the  ^ven  equation  assume 

I  being  an  integer  less  than  r.  From  the  theorem  for  ^-  - 
it  easily  follows  that  the  result  will  be  of  the  form 

.-{/(».)a?+/'(».).ar'+/"wi&=i^+...+/«w}  =  0. 

in  which/(m)  represents  the  first  member  of  (11).  But  that 
equation  having  by  hypothesis  r  equal  roots,  we  know  by  the 
theory  of  equa^ons  that 

/H  =  0,    /'(m)  =  0,...     /'"(»»)- 0, 

ate  dmultaneoudly  true.  Thus  the  differential  equation  is 
satisfied.  And  beir^  satisfied  for  the  particular  value  of  y  in 
question  it  is  satiefi^  by  (16),  which  is  the  sum  of  all  such 
values. 

10.  The  results  of  the  previous  investigation  may  be 
summed  up  in  the  following  rule. 

D,o,i,7.<iT,Google 
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BuLEi  7^  coefficients  hei/ng  constant  and  the  second  mem- 
her  0,  Jbrm  an  avxiliary  equation  hy  assuming  y  =  Ce"",  and 
determine  the  values  o^m.  Then  the  complete  value  of  y  wiK 
6e  expressed  hy  a  sertea  of  terms  characterized  as  follows,  viz. 

For  each  real  distinct  value  of  m  there  vnll  exist  a  term  Ce"; 
for  each  pair  of  imagiruiry  values  a±b »/{—  1),  a  term 

jie"  COS  hx  +  Be"  ain  bx ; 

each  of  the  coefficients  A,  B,  C  being  an  arbitrary  constant  if 
ike  corresponding  root  oceitr  only  once,  hat  a  poljfnomial  of  Vie 
{r  —  Vf'  degree  with  arbitrary  constant  coeffidents,  if  the  root 
occur  r  times. 

Here  the  aiiziliary  equation  is 

m'  —  »m'  —  2iM.*  +  2ot  =  0, 
irheiice  it  will  be  found  that  the  values  of  m  are 
0,  1,  1.  -1±V{-1). 
The  complete  primitive  therefore  is 

y=  G+{C^  +  C^)^+  C^e^cosx+C^e^Biux. 

11.  To  solve  the  linear  equation  with  constant  coefficientE 
when  its  second  member  is  not  equal  to  0. 

The  usual  mode  of  solution  is  1st  to  determine  the  com- 
plete value  of  y  on  the  hypothesis  that  the  second  member 
IS  0 ;  2ndly,  to  substitute  its  expression  in  the  given  equation 
re^iriing  the  arbitrary  constanta  as  variable  parameters; 
3raly,  to  determine  those  parameters  so  as  to  satisfy  the 
equation  given. 

Supposing  the  ^ven  equation  to  be  of  the  n**"  degree,  n 
parameters  will  be  employed.  These  may  evidently  be  sub- 
jected to  any  n  —  1  arbitrary  conditions.  Now  that  system  of 
conditions  which  renders  the  discovery  of  the  remaining  re- 
lation (involved  in  the  condition  that  the  given  differential 

C,oo>;lc 
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equation  shall  be  satisfied)  the  most  easy,  is  that  which 
demands  that  the  formal  expression  of  the  n  —  1  difierential 

coefficients 

shall,  like  the  formal  expression  of  y,  be  the  same  in  the  sys- 
tem in  which  c,,  c,,...  c,  represent  variable  parameters,  as  in 

the  system  in  which  they  represent  arbitrary  constants. 

The  above  method  is  commonly  called  the  method  of  the 
variation  of  parameters.  It  is,  aa  we  shall  hereafter  see,  far 
from  being  the  easiest  mode  of  solving  the  class  of  equations 
under  consideration ;  but  it  is  interesting  as  being  probably 
the  first  general  method  discovered,  and  still  more  so  from- 
its  containing  an  application  of  a  principle  successfully  em- 
ployed in  hi^er  problems. 

Ei.    Given  -jH  +  n'y  "  '^^  """■ 

Were  the  second  member  0,  the  solution  would  be 

y  =  c,  cos  Tia;  +  Cg  sin  na; (a). 

Assume  this  then  to  be  the  form  of  the  solution  of  the  equa- 
tion given,  c,,  c,  being  variable  parameters,  but  such  that  t- 
shall  also  retain  the  same  form  as  if  they  were  constant,  viz. 

j^  =  —  c,n  sin  wa;  +  CjJi  cos  na: (6). 

Now  the  unconditional  value  of  -^  derived  from  (a)  is 

<iy  •  dc.  do. 

J-  =  —  c,n  em  na;  -H  c,n  cos  na;  +  cos  jw!  -i-*  +  sm  na;  T* , 
<«)  '  *  ax  dx 

which  reduces  to  the  foregoing  form  if  we  assume 

dc,      .         dc,     „  ,  . 

cos  na;  T-*  +  sin  na;  -H  =  0 fcl. 

ax  dx  ^  ' 

^fhis  then  is  the  condition  which  must  accompany  (a). 
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Now  difFereutiatiiig  {b)  and  regarding  c,,  c,  as  Tsriable,  we 
have 

rfV  *  1  •  •        <fci  ,  *^i 

-j^,  =  —  c,n  C08 ita:  —  c,n  srnnas  —  nsmna!-}J  +  »cosna!-5-*, 

Substituting  tbe  above  values  of  y  and  -r^  in  the  given 
equation,  vre  have 

w. 


—  7t  BUI  IKC  -f—  T  "  VUB  VMi  "J-  =  "JUH  U>C 

and  this  equation,  in  combination  with  (c],  gives 

de,        1  .  dc,     1 

T*  *:  —  -  cos  ox  Bin  tix,    -5-*  =  -  cos  ox  cos  nx, 

dot         n  ox     n 

,                      1   fcoa(n  +  a)aj  ,  co6(n  —  a)x\  ,   _ 
■whence     c,  =  s-  ^ — ^-; — —  +  — ' ~\  +  C,, 

_  1_  (Bm{n  +  a)x     aJn  (n  —  a)  x]       _ 
'~2»|     n  +  a  n  —  a      J         *' 

Lastly,  substituting  these  values  in  (a)  and  redudng,  i 
have 


This  EolutioD  £eu1s  if  n  —  a.     But  giving  to  (e)  the  fonn 

COStW!  — 


~a» 


-  +  C,'  cos  n*  +  t?,  sin  n». 


and  regarding  the  first  tenn  as  a  vanishing  fraction  when  n=a, 
we  fii^ 

5  s=  — 5 +  u,  cos  7UI  +  U,  sin  nx. 

Or  we  might  proceed  thus.  Differentiating  twice  the  equation 

A  .     . 

t4  +  n  y  =  cos  me, 

we  get 

o,.„.„Go 
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Hence  elimmating  (x^  lue 

an  equation  whose  complete  solution  is 

g={A+  Bx)  cos  na>  +  ((7  +  Dx)  sin  nx. 
Substituting  this  in  the  given  equation  we  £nd  S'-'O, 
5  =  =- ,  whence 

if  =  Aeo3nx  +  (C+w-j  static, 

vhich  agrees  with  the  previoas  solution. 

The  latter  method,  which  is  general,  consists  in  forming  a 
new  equation  of  a  higher  order,  but  with  its  second  member 
free  from  that  ta*ra  which  is  the  cause  of  failure.  As  by  the 
elevation  of  the  order  of  the  equation  superfluous  constants 
are  introduced,  the  relations  which  connect  them  must  he 
found  by  substitution  of  the  result  in  the  given  equation. 

12.  To  the  class  of  linear  equations  with  constant  coeffi- 
dents  sH  equations  of  the  form 

ii+hxyQ,+A{a+bx)'^^,+B{a4-bx)'--*^....+Lt,=X, 

A,  B,...L  being  constant  and  X  a  function  of  x,  may  be 
reduced.  It  sufSoes  to  change  the  independent  variable  by 
assuming  a  +  Ja;  =  e*. 

Ex.    Given  (a  +  &c)*g  +  i{a  +  M^  +  "V  =  0- 

Assuming  o  +  Jit  =  e*,  we  find 
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Hence,  ty  substitution  in  the  pven  equation,  we  liave 

the  solution  of  which  ia 

"*./!»• 

-"  '•'4 

in  which  it  only  remains  to  substitute  for  t  its  value  log(a-|-ij:).     I 

13.    Beside  the  properties  upon  which  the  above  methods     I 
are  founded,  linear  equations  possess  many  others,  of  which 
we  shall  notice  the  most  important.    We  suppose,  as  before,y 
to  be  the  dependent,  x  the  independent  variable, 

Ist.  The  complete  value  of  y  when  the  linear  equation  has 
a  second  member  X  will  be  found  by  adding  to  any  pt^icular 
value  of  ^  that  complementary  function  which  would  express 
its  complete  value  were  the  second  member  0. 

Eepresenting  the  linear  equation  in  the  form  (7),  let  y,  be 
the  particular  value  of  y  which  satisfies  it,  Y  the  complete 
value  which  would  satisfy  it  were  the  second  member  0;  and 
assume  y=y^-\■Y.    The  equation  then  becomes 

and  this  becomes  an  identity,  the  first  line  of  its  left-hand 
member  being  by  hypothesis  equal  to  X,  and  the  second  line 
equal  to  0, 

Ex,    Thus  a  particular  integral  of  the  equation 


■.Gotit^le 
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The  above  property,  which  relates  to  the  generalizing  of  a 
particular  solution,  is  important,  because,  as  we  shall  hereafter 
see,  a  particular  solution  of  a  linear  equation  may  often  be 
obtained  by  a  symbolical  process  which  does  not  involve  even 
the  labour  of  an  integration. 

2ndly,  The  order  of  a  linear  differential  equation  may 
always  be  depressed  by  unity  if  we  know  a  particular  value 
of  y  which  would  satisfy  the  equation  were  its  second  member 
equal  to  0. 

It  will  suffice  to  demonstrate  this  property  for  the  equation 
of  the  second  order 

S+^.|+^.^=^ M- 

Let  jj  be  a  particular  value  of  y  when  X=  0,  and  assume 

y  =  y^.    Substituting,  we  have 


the  first  line  of  which  is  by  hypothesis  0,     In  the  reduced 
dv  _ 
dx 


equation  let  j-  =  «>  then  we  have 


y.£+(^t+^.*)-^ (>»)■ 

a  linear  equation  of  the  first  order  for  determining  u.    And 
this  being  found,  we  have 


=  \udx  +  c. 


In  the  particular  case  in  which  X=  0,  we  find  from  (19) 


Gf-^dx+C,) (20). 
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Srdly.  liuear  equations  are  connected  hy  remarkable  ana- 
logieB  with  ordioary  algebraic  equations. 

This  subject  has  been  inrestigated  chiefly  by  Libri  and 
Liouville,  who  have  shewn  that  most  of  the  characteristic 
properties  of  algebraic  equations  have  their  analogues  in  linear 
differential  equations. 

Thus  an  algebraic  equation  can  be  deprived  of  its  Snd, 
3rd,...r'''  term  by  the  solution  of  an  algebraic  equation  of  the 
let,  2nd,..,(>  — l)*"  degree.  A  linear  differential  equation  can 
be  deprived  of  its  2nd,  3rd,...r^  term  by  the  solution  of 
another  linear  differential  equation  of  the  1st,  2nd,...(i-—  l)"* 
order. 

This  may  be  proved  by  assuming  y  =  py„  snd  properly  de- 
termining V  so  as  to  make  in  the  resulting  equation  t/^  assume 
the  requured  form. 

Again,  as  from  two  rimultaneous  algebraic  equations,  we 
can  by  the  process  for  greatest  common  measure  obtain  a  de- 
pressed equation  satisfied  onW'  by  their  common  roots,  so  from 
two  simultaneous  linear  differential  equations  we  can  by  a 
formally  equivalent  process  deduce  a  new  equation  of  a  de- 
pressed order  satisfied  only  by  their  common  integrals. 

This  is  best  illustrated  by  example 

Ex,  Kequired  the  common  integrals,  if  any,  of  the 
equations 


da^^^dx 


-6i/  =  0. 


Differentiating  the  second  equation  and  then  elimiuatiDg 
-T^wid  -7^,  we  find  the  depressed  equation 


If  we  differentiate  this  we  shall  find  that  the  result  is 
merely  an  algebraic  consequence  of  the  two  equations  last 
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written,  not  an  algebraically  new  equation.     Thus  the  process 
of  reduction  cannot  be  repeated.    We  have  therefore 

as  the  only  common  integral. 

[See  the  Supplementary  Volieme,  Chapter  XXII.] 

EXERCISEa 

5.     ;^~3-j^  +  4y  =  0,   it  being  given  that  one  of  the 
roots  of  the  auziliaiy  equation,  m*  —  3tn*  +  4  *  0,  is  —  1. 

8.     What  form  does  the  solution  of  the  above  equation 
assunae  vhen  jb  =  1  ? 


10.  C«+o)'g-*(»  +  o)^  +  6j,-0. 

11.  Integrate  S-2J«^  +  Wy=0. 
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12.  A  particular  integral  of  (1  —  a?) -r^  — x -j — t^^O 

isy=  C^"''',  find  the  complete  integral  by  the  method  of 
Art.  13. 

13.  The  form  of  the  general  integral  might  in  the  above 
case  be  inferred  from  that  of  the  particular  one  without  em- 
plojing  the  method  of  Art.  13.     Prove  this. 

14.  It  being  given  that 

.  /  .  cos  irN      _  /  sin  a:^ 

is  the  complete  int^ral  of  the  equation -r^+fl  —  T^ly  =  0, 
find  the  general  integral  of  -jK  +  ( 1  —  -5 1  y  =  «^. 

15.  Explain  on  what  grounds  it  is  asserted  that  the  com- 
plete integral  of  a  differential  equation  of  the  n"*  order  contains 
n  arbitrary  constarits  ajid  no  more. 

IC.  Mention  any  circumstances  under  which  it  may  be 
advantageous  to  form,  from  a  proposed  differential  equation, 
one  of  a  higher  order.  In  deducing  from  the  solution  of  tbe 
latter  that  of  the  former,  what  kind  of  limitation  must  ho 
introduced  ? 
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EQUATIONS  OF  AN  OBDEB  HIOHEB  THAN  THE  FIRST, 
COHTINTJED. 


I,  Wb  have  next  to  consider  certain  fonns  of  non-linear 
equations. 

Of  the  following  principle  frequent  use  will  be  made,  viz. 
When  either  of  the  primittve  variables  is  wamiing,  the  order  of 
the  emtation  may  be  depressed  by  assvminff  as  a  dependent 
taricutle  the  lowest  differential  coefficieiit  which  presents  itself 
in  the  equation. 

Thus  if  the  equation  be  of  the  form 

^{'■tSho m- 

and  we  assume 

■S- (')■ 

we  have,  on  substitution,  the  differential  equation  of  the  firet 
order. 


^('••.|)-« (3)- 


If,  by  the  integration  of  this  equation,  z  casi.  be  determined 
as  a  function  of  x  involTtng  an  arbitrary  conatiuit  c,  {suppose 
z=^(x,  c) j,  we  have  from  (2) 

whence  integrating 

P  =  U{x,c)dx  +  <}\  ,         ■ 
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If  the  lowest  differential  coefficient  of  y  which  presents 
itself  be  of  the  second  order,  the  order  of  the  equation  can  he 
depressed  by  2,  and  so  on. 

A  Bimilar  reduction  may  he  effected  when  x  is  wanting. 
Thus,  if  in  the  equation  of  the  second  order 


d^    ^y\_ 


■■(*), 


e  assume  j"  =p,  we  have 


da!*  ~  dx     dydx     "dt/' 


by  means  of  which  (i)  becomes 


Hy-P'pt}-'^ P)- 


integi 

p  as  I 

pose  p  =  ^  (y,  c),  the  equation  -^  =p  will  give 


Should  we  succeed  by  the  integration  of  this  equation  of 
the  first  order  in  determining  p  as  a  function  of  y  and  c,  sup- 


-^. 

»=/ff^)-' 

(«)•      1 

E-    S»PI»»l+(|)"+!'S-»- 

r-'s- 

^p;  thus 

therefore 

d,   pdp 

therefore 

log  s  +  logVCl  +  ?*)  -  comtanti 

Go. 
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therefore  y  V(l  +  P*J  =  constaat  ■=  h, 

therefore  1  +  p'  =  -^ , 

therefore  -r-  =  ,,,. — e  , 

dy     V(&-/) 

therefore  x  =  —  »J(^ — j")  +  a» 

where  a  is  a  constant ; 

thas  finally,  y"  +  (a! — o)'  =  b\ 

2.  In  close  connezian  with  Che  above  proposition,  stand 
the  three  following  important  cases. 

Case  I.  When  bat  one  differential  coefficient  as  well  as 
but  one  of  the  primitive  variables  presents  itself  in  the  given 
equation. 

IsL  Let  the  equation  be  of  the  form  -j^  =  ^,  we  have 
by  Boccessive  integrations 

£^^=/^*»+«. 

and  finally 

y  =  jj...Xda^  +  c^ar^  +  e^...  +  e, (7). 

We  shall  hereafter  shew  that  the  first  term  in  the  second 
member  may  be  replaced  by  a  series  of  n  single  integrals. 

adly,  If  the  equation  be  of  the  form  -~  =  Yj  it  is  not 

generally  integrable,  but  it  is  so  in  tha  case  of  n  >>  2.    Thufi 
there  being  given 

<^     V 

die*     V 
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we  have 

ax  dor  ax 

and  iutegratiDg 

Hence 

|.(2/h,+  0)». 

(2/ray+C)'' 

'-l<im^^*°' <''• 

As  a  paiticular  example,  let  -f^=-  a*y. 


+  0' 


■    f        *>         ic- 
J  (ay +  0)1 

=  llogl.,  +  V(ay  +  0)l  +  0'. 

Case  IL     When  the  giveii  equation  merely  expreBses  a 
relation  between  twp  consecutive  differential  coefficients. 
Suppose  the  equation  reduced  to  the  fonn 

^__     S=/P) (9). 

then,  asanming  -j-^  «  z,  we  have 

whence.  -  <&=-^T-r, 

"-•Irkr • t*"^- 

: :  D,o,i,7.<iT,Gooj^le 
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If,  after  effecting  the  iDtegration,  we  can  express  z  in  terms 
of  X  and  c,  suppose  z  =  ^{x,  c)  we  have  finally  to  integrate 

■  ^-*('.«) (")■ 

which  belongs  to  Case  I. 

But  if,  after  effecting  the  integration  in  (10),  we  cannot 
algebraically  express  z  in  tem^  of  x  and  c,  we  may  proceed 
thus. 


.to" 


zdz 

7W' 


and  finally, 


f  dz  [  ds        (edz  . 


the  riglit-hand  member  indicating  the  performance  of  n  —  1 
successire  integrations,  each  of  which  introduces  an  arbitrary 
constaxtt.  If  between  this  equation  and  (10)  we,  after  integra- 
tion, eliminate  z,  we  shall  obt^n  a  final  relation  between  y,  x, 
and  n  arbitrary  constants,  which  will  be  the  int^p^  sought. 


Ex. 


°'-«3S=y{^-(S)]- 


-a  -T-  =  ^(1  +  ^,  whence 
iB=C  +  oV(l+aO («)• 
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According  to  the  first  of  the  above  methoils,  we  should  now 
solve  this  with  respect  to  z,  and  thus  ohtainiDg 

imd  hence 

in  -which  it  only  remaina  to  effect  the  integrations.    According 
to   the    secoml   method,   we  should   proceed  thus.      Since 


whence  multiplying  the  second  memb^  hj  -r-^i k-  for  dx, 

and  again  integrating 

+  ocV(H-«^+c" (c)- 

The  complete  primitive  now  resulta  from  the  elimination 
of «  between  (a)  and  (c), 

Case  III.     When  the  given  equation  merely  connects  two 
differential  coefficients  whose  ord^^  diff^  by  2. 

Bedacing  the  eqiiation  to  the  form 

S=/p) w 

Let  -TzA  =  z,  then 

This  form  has  been  considered  under  Case  I. 
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It  gives 

_  f  da 

If  from  this  equation  s  qan  be  detemuned  as  a  function  of 
X,  G,  pjid  C, — suppose  z=^[x,  O,  C), — ^then 

the  integration  of  wliich  by  Case  r.  will  lead  to  the  required 
integral.  If  z  cannot  be  thus  determined,  we  must  proceed  as 
under  the  same  circumstances  in  Case  n. 

Ex.     Giv»«>^-g. 
ax*    doe 

Proceeding  as  above,  the  final  integral  will  be  fpiwd  to  be 


Momogeneoua  Equations. 

3.  There  exist  certain  claeses  of  homogeneous  equations 
which  admit  of  having  their  order  depressed  by  unity. 

Class  I.    Equations  which,  on  supposing  x  and  y  to  he  each 

of  the  degree  1,  ■-?-  of  the  degree  0,  -j^  of  the  degree  —  1,  &c, 

become  homogeneous  in  the  ordinary  sense. 

Adopting  the  notion  and  the  language  of  infinitesimals,  the 
earlier  analysta  described  the  above  class  of  equations  some- 
what more  simply  as  homogeneous  with  respect  to  the 
primitive  variables  and  their  differentials,  i,e.  with  respect 
to  X,  y,  dx,  dy,  tPy,  &c. 

All  equations  of  the  above  class  admit  <^  faaTing  their 
Qider  depressed  by  unity. 
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change  of  \ 


For  if  we  asaume  a;  =  «*,  y  =  e*2,  we  shall  find  by  the  usual 
method  for  the  change  of  vaiiahles, 


S-35" (>*)• 

S-IS  +  I) (>=). 

and  80  on.  Here  y  is  presented  as  of  the  first  degree  wibh 
respect  to  €*  which  takes  the  place  of  x,  while  -^  is  of  the 

degree  0,  and  -j^  of  the  degree  —  1,  with  respect  to  e*.     And 

the  law  of  continuation  is  obvious.  Hence,  from  the  supposed 
constitution  of  the  given  equation,  it  follows  that  on  substitu- 
tion of  these  values  the  resulting  equation  will  be  homogeneous 
with  respect  to  e*,  which  will  therefore  divide  out  and  leave 

an  equation  involving  only  «.  j5 .   ;j«  >  &*'•     That  equation 

will  therefore  have  its  order  depressed  bj  unity  on  assuming 

|-i....(Art.l). 

Let  us  examine  the  general  form  of  the  result  for  equations 
of  the  second  order. 

Eepresenting  the  given  equations  under  the  form 

^(-^•|.S)-«-- -(IS). 

we  have,  on  substitution, 

and  from  this  equation,  &om  what  has  been  above  said,  e*  will 
disappear  on  division  by  some  power  of  that  quantity,  e.g.  e^. 
But  the  effect  of  simply  removing  a  factor  is  the  same  as  that  of 
simply  replacing  such  factor  by  unity.    Now  to  replace  ^  by 
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unity  is  the  Bamie  as  to  replace  e*  by  unity,  and  if  we  do  this 
simply,  L  e.  without  changing  -,-s  and  -j^ ,  (17)  will  become 

'^-s+'.S4;)-« ('«>• 

.         ■      ^,       dss  ,  d'^     du       du         , 

AEsummg  then  -rs  =  w,  whence  -775  =  ts  =  "  -^ .  we  have 
°  da  WT     da       dz 

^Cl,^,w  +  ^,«J  +  «)=0 (19), 

an  equation  of  the  first  drdef,  which  by  int^;rat!on  gives 

w  =  0(3,  c) (20).      . 

Then  since  u  =  -53 ,  we  have 


'I 


m  which,  after  effecting  the  integration,  it  ia  only  necessary 
to  write 

e  =  loga:,     2  =  ? (22). 

The  solution  of  the  proposed  equation  is  therefore  involved 
in  (20),  (21),  (22). 

E^    Given  «x'g=(3,^^|)". 


ing  as  above  a;  =  e*,  y  =  e*z,  we  find,  aa  the  trans- 
formed equation. 


^\de''^de)~\de}' 


whence,  making  -33  = 


»C"^ +  «)  =  «' («). 
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which  resolves  itself  into  the  two  equations. 


'{t-')- 


The  former  gives  on  int^ration 

u  =  n  +  Ce". 


therefore  0  =  -\og(m'  +  G)+  C, 

and  now  replacing  0  hy  1(^  x,  and  «  by  - ,  we  haye  ( 


'-•"'"K^+S <')• 

A  and  B  being  ajbitrary  constants.     This  is  the  complete- 
primitive. 

The  remaining  equation  «  =  0,  or  ts  ™  **•  gi'^es  z  =  c,  or 

y  =  cx,  and  this  ie  the  singular  solution. 

The  equation  (a)  might  have  been  directly  deduced  from 
the  given  equation  by  the  general  theorem  (19),  which  indi- 
cates that  for  auch  deduction  it  is  only  necessary  to  change 

dv  -  d*v         du 

a;  to  1,  y  to  «,  ^to«  +  z,  and  ^  *<>  Wt-  +  w. 

Class  II.  Equations  which  on  regarding  a;  as  of  the  first 
degree,  i/  as  of  the  ti"  degree,  -^  of  the  {n—  l)*  degree,  ^^ 
of  the  (n  —  2)"'  degree,  &c.,  are  homogeneous. 

To  effect  the  proposed  reduction  assume  a;  =  e*,  y=  €*•«. 
The  transformed  equation  will  be  free  from  $,  and,  on  a 
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ing  Ta  =  «,  will  degenerate  into  an  equation  of  a  degree 

lower  by  unity  between  «  and  z. 

It  is  easy  to  establiah  that,  if  the  given  differential  eqaa- 
lion  be 

'(-^I'S)"" «• 

the  reduced  equ&tion  for  determimng  u  will  be 
J?(l,  I,  u  +  nz,  u^  +  (2»-l)«  +  n(n-l)s}-0....(24i). 

Suppose  that  by  tbe  solution  of  this  we  find 

«  =  *(«,  c) (26), 

then  since  «  —  t^  ,  we  have 

J) *_ 


(26). 

in  which  it  only  remaioe  te  substitute  log  a;  for  0,  and  ^  for  z. 

Ei    Given  a:'g-(«^  +  2«j,)§-V- 
This  equation  proves  homogeneous  on  assuming  a;  to  be  of 
the  d^ee  1,  y  of  the  d^ree  2,  -#  of  the  degree  1,  and 

-V3  of  the  degree  0. 

Changing  then,  according  to  the  formula  (24),  x  into  1, 
y  into  g,  -^  into  u  +  2z,  and  -^  into  w  t-  +  3m  +  22,  we  have 

„^  +  3»  +  2»=(l.+  2a)Ctt  +  2«)-4a' (a). 


,.G( 
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which  is  reducible  to 

.g  +  2-2.).0. 
This  is  resolvable  into  two  equations,  viz. 

^+2-2«  =  0,    u  =  0. (6). 

The  first  gives  on  integration 

«-(«-l)'±c-. 
Hence,  since  js  =  "i  we  have 

c  c  '       2c    ®  \.«  - 1'+  c/ 

Hence,  replacing  $  by  log  x,  and  z  by  ^ ,  we  have 

loga!  =  -tan^^^3-  +  <^  or  ^  log^ — 7^ r:3+c. 

^        C  ca:*        ^        2c     *y— (1— c)ar 

the  rational  forms  of  the  integral  required. 

The  fector  m  =  0  in  (S)  givii^  Ta=0,  or  «  =  c,  leads  to  the 
singular  solution  y  =  cj?. 

Class  III.  Equations  which  are  homogeneous  with  re* 
.jHsct  to  y.  *,  g,  to 

Properly  speaking,  this  class  constitutes  a  limit  to  the  class 
just  considered.     For  when  v.  becomes  large,  the  quantities 

n,n  —  \,  n  —  %  the  supposed  measures  of  the  degrees  of  y,  -^ , 
j^  approach  a  ratio  of  equality. 
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If  we  assume  y  =  e",  we  have 

1=4 t^')- 

S-^{S-(I)} m- 

All  these  being  of  the  first  degree  with  respect  to  ^,  it  fol- 
lows that  after  substitution  in  the  proposed  equation,  that 
■function  will  disappear  on  division.  Thus,  if  the  given  equsr- 
tion  be 

^(-^.l.g)"" m. 

the  transformed  equation  will  be 

4^-l'£H£)}-» ''»)■ 

dz 
or,  on  assuming  -=-=«, 

f{x,  1,u,  ^  +  «*)  =  0 (31)- 

Int«grating  this  equation  of  the  first  degree,  we  have 

therefore  s  =  j^{x,c)dx  +  c' (32), 

in  which  it  only  remains  to  substitute  for  z  its  value  logy. 

Or  we  may  aaswme  at  once  y  =  e  .  The  transformed 
equation  between  u  and  x  will  be  of  on  order  lower  by  unitjf 
than  the  equation  given. 

ABBuming  y==e^    ,  we  find 

D,r,l^-<l.,GOOglC 
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as  vould  directly  result  from  (29)  and  (30).    Expreesed  in 
the  fonu 

dx     a^{^  +  a^         ['^aj    ' 
this  equation  is  seen  to  belong  to  the   class  discussed  in 
Chap.  u.  Art.  11. 

Oa  comparing  the  ahove  classes  of  homogeneous  equations 
■we  see  that  Claaa  li.  is  the  moat  general  It  includes  Class  I. 
as  a  subordinate  species,  and  Class  III.  aa  a  limit. 

It  is  proper  to  observe  that  Classes  L  and  n.  are  usually 
treated  by  a  different  method  from  that  above  employed. 
Thus,  in  Class  i.,  it  is  customary  to  make  the  assumptions 

^  _  tf     d*^  _ 

dai~™'    d^     «'   ^ 


y"^  S=«.  a-|.  .^-5.  *=• 


On  substitution  x  divides  out,  and  there  remains  an  equa- 
tion involving  v  and  the  new  variables  t,  u,  v,  v>,  &c.,  which 
may  be  reduced  by  successive  eliminations  to  a  differential 
equation  between  two  variables,  and  of  an  order  lower  by 
unity  than  the  equation  given.  But  this  method  is  far  more 
complicated  than  the  one  which  we  have  preferred  to  employ. 

Exact  Differential  Equations. 
4.    A  di£ferential  equation  of  the  form 

*(-.^.  1.3.  ■■•£)=» w 

is  said  to  be  eiact  if,  representing  its  first  member  by  V,  the 
expression  Vdx  is  the  exact  differential  of  a  function  U,  which 

is  therefore  necessarily  of  the  form  i^lx,  j/,  "^  >  •••  ~jZiri]  • 

^"^  i£-^~^^~'^''^  ^  *"  ®***^  diflFerential 
eqiution,  its  first  member  multiplied  by  dx  being  the  difier- 
ential  of  the  function  =  \{-^)  —  ^^\  1  8Jid  the  first  member 
itself  the  differential  coefficient  of  that  function. 
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Hence  then  a  first  integral  of  the  above  equation  will  be 

The  method  of  integrating  an  exact  diETerential  equation 
which  we  shall  illustrate,  and  which  contains  an  implicit 
solution  of  the  question  whether  a  proposed  equation  is  exact 
or  not,  appears  to  be  primarily  due  to  M.  Sarrus  (^IdowviUe, 
Tom.  XIV.  p.  131,  note). 

E..    Give.,+  3.|+2,(|)V(^+2/|)g.O. 

Supposing  the  above  an  exact  diffei-ential,  we  are  by  defi- 
nition permitted  to  write 

Now  a  first  and  obvious  condition  is  that  the  highest  differ- 
ential coefficient  in  an  exact  differential  equation,  being,  the 
one  introduced  by  differentiation,  can  only  present  itself  in 
the  first  degree.     This  condition  is  seen  to  be  satisfied. 

Representing  the  highest  differential  coefficient  but  one  by 
p,  we  can  express  (34)  in  the  form 

Now  let  U^  represent  what  the  integral  of  the  term  con- 
tfuning  dp  would  be  were  p  the  only  variable.    Then 

V,=i^p  +  ^p\ 
Assume,  then,  removing  all  restriction, 

Subtracting  this  from  (34) 

aU-dU,  =  (y  +  x^dic.: (35).^ 
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We  remark  that  the  highest  differential  coefficient  -—  has 

now  disappeared.    We  observe  too  that  the  next,  viz.  -/  is 

involved  only  in  the  first  degree.  This  is  a  consequence  of  the 
fact  that  the  proposed  differential  equation  was  really  exact. 
For  the  first  member  of  (35)  being  the  difference  of  two  exact 
differentials,  and  therefore  itself  exact,  the  second  member  is 
so,  and  its  highest  differential  coefficient  is  therefore  of  the 
first  degree,    ^e  integration  of  an  exact  differential  involving 

~  has,  in  fact,  been  reduced  to  that  of  an  exact  differential 

involving  only  ^  as  its  highest  differential  coefficient.    And 

a  similar  reduction  may  be  effected  whatever  may  be  the 
order  of  the  highest  differential  coefficient. 
The  integration  of  (35)  gives 

whence 
A  first  int^fral  of  the  ^ven  equation  is,  therefore, 

^1+^(1)"+'^- » 

The  general  rule  for  the  integration  of  an  exact  differential 
d  U,  involving  a;,  y,  -^ , . . .  -^ ,  is  then  as  follows,    /nfegrmte 

ti^  term  which  involves  -j^  in  the  first  degree,  as  if-rjM^  ^^^ 

^  only  variable,  and  ^^dx  its  differential  Representing^ 
resvltby  JJ^,  and  removing  the  restriction,  dU^dU^  vnllieaa 
exact  differential  involving  onh/  x,  y,  ~,  ...  t-s^.  Bepeai 
&e  process  as  ojien  as  necessary.  Then  U  vnU  be  eicpresswl 
by  the  svm  of  its  succesaivf^  det&mined  vortvms  IL  ^i> 
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For  the  solution  of  an  exact  differential  equation,  it  is  there- 
fore only  needful  to  equate  to  c  the  int^ral  of  the  correspond- 
ing esact  differential  as  found  by  the  above  process. 

The  failure  of  that  process,  through  the  occurrence  of  a 
form  in  which  the  highest  differential  coefficient  is  not  of 
the  first  degree,  indicates  that  the  proposed  function  or  equa- 
tion is  not '  exact/ 

5.  There  is  another  mode  of  proceeding  of  which  it  is 
proper  that  a  brief  account  should  be  given. 

Representing  j^ ,   -^,  ■■■-tK<  hyy„  y,,,..y„,  it  is  easily 

shewn  by  the  Calculus  of  Variations,  that  if  Vdx  be  an  exact 

clifferential,  Kbeing  a  function  of  x,^,  y^ ,  ...y^,  then  identically 

dV_     /d\dV     fdydV     j./d\'dV_  , 

dy      [dxJdy,  '^[dx)  dy^-*\.dxj  dy,~    ^'^^^■ 

where  (-j-  1  indicates  that  we  differentiate  with  respect  to  x 

regarding  y,  y  ...y^  as  functions  of  x.  This  condition  was 
diacovered  oy  Euler. 

The  researches  of  Sarrus  and  De  Moi'gan,  not  based  upon 
the  employment  of  the  Calculus  of  Variations,  have  shewn, 
Ist,  that  the  above  condition  is  not  only  necessary  but  suffici- 
ent 2ndly,  that  it  constitutes  the  last  of  a  series  of  theorems 
which  enable  us,  when  the  above  condition  is  satisfied,  to 
yeduce  Vdx  to  an  exact  differential  in  forviy  i.&  to  express 
it  in  the  form 

dU,    ,  dU,    ,  dUj        _^dV   ,  ,„„, 

^dx-^-^dy  +  ^dy,...^-^dy^ (38). 

where  x,  y,j/,,  ■-  .V»,i  oxe  regarded  as  independent.  The  inte- 
gration of  Fffic  =  0  in  the  form  17:=  c  is  thus  reduced  to  the 
integration  of  an  exact  differential  of  a  function  of  n  +  1  inde- 
pendent variables, — a  subject  to  be  discussed  in  Chapter  xn. 
{Oambridge  Thtnsaciions,  Vol.  ix.) 

The  condition  (37)  is  singly  equivalent  to  the  system  of 
conditions  implied  in  the  process  of  Sarrus.  The  proof  of  this 
equivalence  a  posteriori  would,  as  Bertrand  has  observed,  be 
complicated.     (Liouville,  Tom.  xiv.) 
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The  Bolution  of  the  differential  eqtiations  of  orders  higher 
than  the  first  is  sometimes  effected  by  means  of  an  integrating 
£Etctor  ft,  to  discover  which  we  m^ht  substitate  ft  V  for  V  in 
(37),  and  endeavour  to  solve  the  resulting  partial  differential 
equation.  Even  here,  however,  the  process  of  Samis  would 
be  preferable. 

Miscellaneous  Methods  and  Examples. 

6.  Many  forms  of  equations,  besides  those  above  noted,  can 
be  integrated  by  special  methods,  e.g.  by  transformations, 
variatioii  of  parameters,  reduction  to  exact  differentials,  &c. 
Equations  of  the  classes  already  considered  can  also  sometimes 
be  int^^ated  by  processes  more  convenient  than  those  above 
explained. 

Ex.  1.    Given  -jK  =  aa;  +  by. 

Let  ax+hy  =  t  We  find  as  the  result,  -r-^  =  it  a  linear 
equation  with  constant  coefficients. 

Ex.  2.     Given  (1  -  i^  ^-x^  +  q*y  =  (i. 

Changing  the  independent  variable  by  assuming  sin~*a;  s  t, 
we  find  -j^  +  2V  ~  ^'  whence  the  final  solution  is 

y  =  c,  cos  (j  Bin"'a:)  +  Cj  ain  {y.8in"'(c) (39). 

So  too  the  equation  (l  +  aa^^  +  aa:^±  jV=**>  is  re- 
ducible to  the  form  j3  ±  2*y  =  0,  by  the  assumption 


f       dx 
iV(l  + 


>/{l  +  aaf) 


Equations  involving  the  arc  t,  whether  explicitly  or  im- 
plicitly, may  be  freed  from  it  by  differentiation  or  by  change 
of  independent  variable. 
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El.  3.     Given  8  =  ax+ht/. 
DiCferentUting,  we  have  ^il  +  (^  f  =  "  +  *  ^  J 

therefore  j*  =  — — ^ — n > 

tw  1  — i' 

y i.y       ■     ^+<'- 

Ex.  4.    Given  -jj  =  <*• 

.Assuming  x  as  independent  variable,  we  have 

d[f*     dadx  da     \dx/  dx  \dx) 
/dsV'd'a 

We  might  here  put  for  T- its  value  "/{l+p'),  and  so  form 

a  differentiaJ  equation  for  determining  p.    Direct  integration, 
however,  gives 

Whence  we  find 


3x     \:i!aa;  +  c       /  ' 


which  indicates  a  cycloid. 

7.  K.  liouville  has  shewn  how  to  integrate  the  general 
equation  ^  +/(«)  £■  +  -P(y)  (^  =0  {Jownud  de  MatJUma- 
tCques,  1st  Series,  Tom.  YU.  p.  134).  ' 

Suppressing  the  last  term,  the  resulting  equation 


■.(i6>«gle 


~Gdx\dy£c      ■"• 
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a  first  integral  of  the  given  equation  regarding  (7  as  an  un- 
known function  of  y,  then 

..........      ^^ 

Thus,  the  given  equation  becomes 

\%^^^y^-^ (*o). 

whence  G^AC^'^\ 

Therefore        f^  =  Je>"*  x  e"-^'""; 
Ox  ' 

therefore  J€^'-'^''d!f  =  AJe'-^^""'dx  +  B (41), 

the  complete  primitive  sought 

8.     Jacobi  has  established  that  when  one  of  the  first  inte- 
grals of  a  differential  equation  of  the  form  -j^  =f{x,  y)  is 

known,  the  complete  primitive  may  be  found.  The  following 
demonstration  of  this  proposition  is  due  to  Liouville  {Jotimcd 
de  Math^matiques,  1st  Series,  Tom.  xiT.  p.  225). 

Let  the  given  first  int^ral  be  -J^  =  ^  (a;,  y,  c).   Differenti- 
ating,  we.  have 

da?     dx     dydx     dz        dy' 
tf>  standing  for  0  (a;,  y,  c).     Hence,  oomptuing  with  the  gireB 
equation, 


g+*|=/(^y), 


ogle 
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and  differentiating  with  respect  to  c, 

dxdc     dc  dy     ^ dydc 
Now  this  is  precisely  the  condition  which  must  be  satisfied 
in  order  that  tlie  expression  -^{dy  —  ^dx)  may  be  an  exact 

differential.    Hence,  the  first  inte^al  expressed  in  the  form 
dy~fdx  =  0,  is  made  an  exact  dinerential  by  means  of  the 

^etor  ^ .     The  complete  primitive  therefore  is 

/f(^,-,f&).C ...(42). 

Some  equations  of  great  difficulty  connected  with  the  theory 
otthe  elliptic  functions  are  reduced  to  the  above  case  in  the 
memoir  referred  to. 


Angular  IntegTula. 

9.  Equations  of  the  higher  orders,  like  those  of  the  first 
order,  sometimes  admit  of  singular  integrals,  i.  a  of  integrals 
not  derivable  from  the  ordinary  ones  without  making  one  or 
more  of  their  constants  variable. 

We  shall  term  such  int^rals  singular  solutions  when  they 
connect  only  the  primitive  variables,  but  singular  integrals 
wten  they  present  themselves  in  the  foim  of  differential 
equations  inferior  in  order  to  the  equation  given. 

And  as  the  entire  theory  is  involved  in  the  theory  of 
singular  first  integrals,  we  shall  speak  chiefly  of  these,  but 
with  less  detail  than  in  the  corresponding  inquiries  of 
Chap,  Till. 

[Additions  to  the  present  Chapter  are  given  in  the  iSwpi- 
"fiemeniai-y  Volvms,  Chapter  xxiii.] 

Pbop.  Given  a  first  integral  "with  arbitrary  constant  of  a 
differential  equation  of  the  n**  order,  required  the  correspond- 
ing singular  integral 

Let  the  given  equation  be 

F{x,y,y„y,...y:)  =  0 (43), 


230  SIKOULAR  INTEORAI^.  [CH.  X. 

where  y^  stands  for  —  ,  y,  for  -7^ ,  &a    Suppose  the  integral 
given  to  be  espreased  in  the  form 

y-i  =/('«- y.^i-y-,.*') (**)» 

c  being  an  arbitcary  coDStant     Differentiating  as  if  c  were 
an  unknown  function  of  ;r, 

df    df        df  df  dfdc 

Now  this  reduces  to  the  aame  form,  i.  e.  gives  the  same 
expression  for  y,  in  terms  of  ic,  y, . , . y^,,  c,  as  it  would  do  if 

c  were  constant,  provided  that  we  have  -4  =  0;  and  therefore, 

this  condition  satislied,  the  elimination  of  c  will  still  lead  to 
the  given  differential  equation  (43). 

An  integral  of  the  given  equation  will  therefore  be  found 
by  attributing  to  c  in  the  complete  first  integral  (44),  such 


^-0 (*5)- 

And  Tmless  the  value  of  c  thus  found  is  constant,  t.he 
integral  will  be  singular.  The  above  process  amounts  to 
elinunatiog  c  between  (44)  and  (45),  so  that  we  have  the 
following  rule. 

Given  a  first  itiiegral  of  a  differenUal  equaUon  of  the  rfi^ 
order,  to  deduce  the  correapondi'ng  singular  integral,  we  mast 
diminate  c  between  the  first  integral  in  question  and  the  equa- 
tion -^^  =  0,  where  y,^  is  the  value  of   i-—-  •> 


=  0,  'mh^re  y.^  is  the  value  of  ^ -^  expressed- i 
y ...  j-^,  &c.  6y  means  of  the  given  first  integra 
If  the  proposed  first  integral  is  rational  and  int^^al  i 
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fonn,  then  Fepresenting  it  by  ^  =  0,  it  euffices  to  eliminate  c 
between  the  equations, 

*-0.  §-0 (M). 

It  is  unnecessary  to  dwell  on  the  particular  cases  of  excep- 
tion after  what  has  been  said  on  this  subject  in  Chap,  viil 

Ex.  1.     The  differential  equation 

y-ayi  +  f  y,-Cy,-a!yJ'-y/=o, 

has  for  s  first  integral 

J-|(6-fy.)-^'-J--0; 

required  the  corresponding  singular  integral 
Differentiating  the  first  integral  with  respect  to  b,  we  find 


whence  b  =  -^t^ n  , 

int^ral,  leada  to 


or,  on  reduction, 

16  (1  +  aO  y  -  Sai'y,  -  16a;y,  +  a:*  - 16^.'  =  0. 

In  connexion  with  this  subject,  Li^raoge  has  established 
the  following  propositions : 

Iflt.  Either  of  the  first  two  integrals  of  a  differential  equa- 
tion of  the  second  order  leads  to  the  same  singidar  integral 
of  that  equation. 

2nd.  The  complete  primitive  of  a  singular  integral  of  a 
differential  equation  of  the  second  order  will  itself  be  a  sin- 
gular solution  of  that  equation,  but  a  singular  solution  of  a 
singular  integral  will  in  general  not  be  a  solution  at  all  of 
that  equation. 
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The  proof  of  these  propositions  will  afford  an  exercise  for 
the  student 

[See  L^range's  Le^ona  sur  le  Cakvl  dm  Fonctiom,  Legon 
14""  of  the  edition  of  1806,  or  Legon  15™  of  the  edition  of 
1808.  A  note  by  Poisson  on  page  239  of  the  edition  of  1808 
should  be  consulted ;  it  relates  to  the  second  of  the  above 
two  propositions.  See  also  Lacroiz,  Traits  du  Calad  Diff^ 
rentieL..,  Tome  ll.  pp.  382  and  390.] 

10.  We  proceed  to  inquire  how  singular  integrals  may  be 
determined  from  the  differentia]  equa,tioa. 

Expressing  as  before  the  first  int^ral  inTolving  an  arbi- 
trary constant  in  the  form 

y--.=/('p-y.y,-.-y.^:c) (47), 

fre  have  as  the  derived  equation 

»'-'f"-"i;-'--1 («•). 

the  brackets  in  the  second  member  indicating  that  in  eflfect- 
ing  the  dififerentiation  y,  y,,...yt-t,  are  to  be  regarded  as 
Unctions  of  x.  The  differential  equation  of  the  n'''  order  is 
found  from  (48)  by  substituting  therein,  after  the  differentia? 
tion,  for  c  its  value  in  terms  of  a;,  y,  y,,  ...y^,,  given  by  (47). 
The  result  assumes  the  form 

y-  =  0(^.y,y,...y^O ■ (49). 

Hence,  we  have 

*-  in  («).*■  in  (18)  x^_  ,.(«). 
or,  representing  /(x,  y,  y, . . .  y,.,)  c),  by  /, 

Hence, 

^-i'»«%" (=»). 

provided  that  the  first  member  be  obtained  firom  the  dif- 
ferential equation,  and  the  second  member  from  one  of  its 
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first  integrals  involving  c  as  arbitrary  constant.  It  is  to  be 
borne  in  mind  that  in  effecting  the  differentiation  with  respect 
to  a:  in  the  second  member,  we  must  regard  y,  y,,."^,^  as 
functions  of  x. 

Now  reasoning  as  in  Chap.  Tin.  since  a  singular  splutioa 
makes  ^^  =  0,  it  makes  it«  logarithm,  and  in  general  the 

differential  of  its  logarithm,  infinite.  Thus  we  arrive  at  the 
following  conclusion. 

A  singular  integral  of  a  differential  equation  of  the  »*"  order 

will  in  general  satisfy  the  condition  -r^  =  co ,  and  a  relation 

which  satisfies  both  this  condition  and  the  differential  equation 
will  be  a  singular  integral. 

Ex.  2.     Applying  this  method  to  the  equation, 

y-  ^^+  2  y*-  (yi-  '^s^'  -y»*  ~*^' 

we  find,  on  differentiating  with  respect  to  y,  and  y,  only, 

whence 

T— =  jl       '*''         '   .  . 

Equating  the  denominator  of  this  expression  to  0,  we  find 

and  substituting  this  value  in  the  given  differential  equation, 
clearing  of  fractions,  and  dividing  by  a;*  + 1,  which  will  present 
itself  as  a  common  factor, 

IGa^y+lGt/  -  8a?jf,  -  IGxtf,  ~  16y,'  +  a!'  =  0, 

a  singular  integral.  The  equation  given  and  the  result  agree 
with  those  of  Ex.  1. 
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■ 

^     iiax-^)* 

a 

d^     VW 

4. 

S  +  'f^-o- 

3. 

oii'     as"' 

The  two  following  are  reducible  to  Clairaut's  fonn. 
dx       d^    ^\dxV- 


\d^)     'f  dJ~dx-']\dx)    (it*!' 


10.     Describe  the  different  kinds  of  liom<^neitj  in  differ- 
ential equationB,  and  explain  their  connexion. 

The  two  following  homogeneous  equations  are  intended  to 
be  solved  by  the  method  developed  in  Ait  3. 

..ft.(,-.|)'. 


"•  ••&•- 
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la  Shew  that  the  linear  eqiiation  jJ(  +  -P^  +  <fe''=0. 
belongs  to  one  of  the  homogeneous  clasBes,  and  is  reducible  to 
an  equation  of  the  first  order  b^  assuming  y  =  e'*^. 

14.  Solve  the  linear  equation  jj  +  -Pj^+-5-y  =  0. 

15.  U^nardi  has  remarked  (Tojtoliai,  Vol.  L  p.  76),  that 
Liouville's  equation  Art.  7,  becomes  integrable  if  multiplied 

by  the  fiactor  1-^1  Applying  this  method,  deduce  the  com- 
plete primitive. 

16.  Liouville's  equation  may  also  be  solved  by  suppressing 
the  second  term  and  regarding  the  arbitrary  constant  in  the 
first  iotegral  of  the  result  as  an  unknown  function  of  x. 

17.  Shew  that  the  equation  ^  +  P^  +  Q  (^  =  0  is 

int^^ble  in  the  following  cases,  viz.  let,  when  P  and  Q  are 
both  functions  of  x,  2ndly,  when  they  are  both  functions  of  y, 
Srdly,  when  P  is  a  function  of  x,  and  Q  a,  function  of  y. 

19.  Given  a  =  s/{x*  +  y).  (Transform  to  polar  co-ordinates.) 

20.  Given  8  =  a-^.  Determine  the  relation  between  y 
and  ar,  so  that  when  a;  =  0,  we  may  have  y  =  0,  and  -^  =  0. 

21.  Equations  homogeneous  with  respect  to  x,  j/,andscan 
bo  iotsgrated  by  the  assumption  x  =  ^,y  =  c*m. 

22.  Given  j"  +  %  jTs  =  <*,  required  the  complete  primitive 
relation  between  x  and  y. 

23.  8  =  V(a^  +  2ca;). 

24.  «  =  VCy-tnw^. 
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2o.    Examine  the  solution  of  Ex.  24,  when  m=l  and 
when  m  =  0. 

27.  Shew  that  x  -^,  is  an  exact  differential  coefficient. 

28.  Shewthaty'+(2ay-l)^  +  aJ^  +  a^§  =  0   is  an 
exact  differential  equation,  and  deduce  a  first  integral. 

29.  The  equation  ^  +  ,  .^^^-.i  =  0  becomes  integrable 

by  means  of  the  factor  Sai*  ^  -  2xy.      (Moigno,    Tom.    IL 
p.  672.)     Deduce  hence  a  first  integral 

SO.     Deduce  also  the  complete  primitive. 

31.    Find  a  singular  integral  of  the  equation 


(sy- 


■=0, 


32.  Hence  deduce  a  singular  solution  of  the  given   diflEer- 
ential  equation. 

33.  The  complete  primitive  of  the  differential  equation  of 
the  second  order  in  Ex.  31  is  required. 

34.  A  first  integral  of  the  differential  equation    of    the 
second  order  y~xff^+  s-yi  — Cyi^^yi)'"?*'™**  ^ 

y+  fx-a'ja!'-(l-2a)3y,-a*— yj"  =  0,  where y,  ataaids  for 

-^ .   Hence  deduce  the  singular  integral.   Shew  that  it  agrees, 
and  ought  to  agree,  with  the  result  obtained  in  Art.  10. 

33.     Shew  that  the  complete  primitive  of  the  above  differ- 
ential equation  ia  if  =*  ^x*  +  bx  +  a*  +  b*. 
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36.  The  singular  integral  of  the  differential  equation  of 
the  second  order,  above  referred  to,  has  been  found  to  be 

16(l+ar')y-83^y,-16xy,  +  a!'-16y,"  =  0.     Ex.  2,  Art.  10. 

Shew  that  this  singular  integral  has  for  its  complete  primitive 

h  being  an  arbitrary  constant — and  that  this  is  a  singular 
solution  of  the  proposed  differential  equation  of  the  second 
order, 

37.  The  same  singular  integral  has  for  its  Ringular  solution 
1 6y  +  4a!*  +  a^*  =  0.  Prove  this.  Have  we  a  right  to  expect 
that  this  will  satisfy  the  differential  equation  of  the  second 
order? 

38.  By  reasoning  similar  to  that  of  Chap.  Vlir,  Art.  14i, 
sheTC  that  a  singular  integral  of  a  differential  equation  of  the 
form  J/, +/{a!,y,  y,  ...jfiu.,)  =0  will  render  the  integrating 
iactor  of  that  equation  infinite. 

39.  Differential  equations  of  the  form  ^^  =/(^)  <=an  be 

integrated  by  obtaining  two  first  integrals  of  the  respective 
forms  x=f{p,  c),y=f^  (p,  c),  and  equating  the  values  of  ^, 

40.  Prove  the  assertion  in  Art.  9,  that  a  singular  solution 
of  a  singular  integral  of  a  differential-equation  of  the  second 
order  is  in  general  no  solutioD  at  all  of  the  equation  given. 
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CHAPTER  XL 

QEOMETRICAL  APPUGA.TI0N3. 

1.  In  what  manner  differential  equations  afford  the  appro- 
priate expressions  of  those  properties  of  curves  which  involve 
the  ideas  of  direction,  tangeacy  or  curvature,  has  heeu  explained 
in  Chap.  L  Art,  11. 

Of  the  suggested  problem  in  which  from  the  expression  of 
a  property  involving  some  one  or  more  of  the  above  ele- 
ments it  is  required  to  determine,  by  the  solution  of  a  dif- 
ferential equation,  the  family  of  curves  to  which  that  property 
belongs,  some  illustrations  nave  also  been  given  in  the  fore- 
going Chapters. 

Here  we  propose  to  consider  that  problem  somewhat  more 
generally. 

The  following  expressions  furnished  by  the  Differential 
Calculus  are  convenient  for  reference. 

For  a  plane  curve  referred  to  rectangular  co-ordinates  a;  and 
y,  r^resentiog  also  ->"  by  p,  -j^  by  q, 

•^^        Subtan.=-^  ^^^ 

P  ' 

Normal  =  y  (1 +p')'.       Subnormal  =  jrp. 

Intercept  on  axis  «  =  «  —  *.  ' 

Intercept  on  axis  g=g  —  xp, 

Diflt  from  origin  to  foot  of  normal  =  x  +  yp. 

Perpendicular  from  (a,  6)  on  tangent— =- ^      .  '^t 

0-+P)' 

Perpendicular  from  (o,  h)  on  normal  ■  — ^^-^ — L_Ziz£, 


GcKHjIe 
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Itadius  of  curvature  =  T  ^    "^P '  . 

s   ■ 

Co-ordinates  (a,  ^)  of  centre  of  curvature 


To  these  may  be  added  the  well-known  formulae  for  the  dif- 
ferentials of  area,  areas,  &c. 

It  is  evident  from  the  above  forms  that  problems  which 
relate  only  to  direction  or  tangency,  give  rise  to  differential 
equations  of  the  first  order — problems  which  involve  the  con- 
ception of  curvature  to  equations  of  the  second  order. 

When  the  conditions  of  a  geometrical  problem  have  been 
expressed  by  a  differential  equation,  and  that  equation  has 
been  solved,  it  will  still  be  necessary  to  determine  the  species 
of  the  solution — general,  particular,  or  singulai,  as  aUo  its 
geometrical  significance. 

2.  The  claas  of  problems  which  first  presents  itself,  is  that 
in  which  it  is  required  to  determine  a  family  of  curves  by 
the  condition  that  some  one  of  the  elements  whose  expressions 
are  given  above  shall  be  constant. 

Ex.  1.  Required  to  determine  the  curves  whose  subnormal 
is  constant. 

Here  ^-p  —a,  and  integrating. 

The  property  is  seen  to  belone  te  the  parabola  whose  para- 
meter is  double  of  the  constant  distance  in  question,  and  whose 
axis  coincides  with  the  axis  of  a,  while  tiie  position  of  the 
vertex  on  that  axis  is  arbitrary. 

Ex.  2.  Required  a  curve  in  which  the  perpendicular  from 
the  origin  upon  the  tangent  is  constant  and  equal  to  a. 

Here  we  have 
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an  equation  of  Clairaut'a  form,  of  which  the  complete  primi- 
tive is 

y-(W!+(l  +  c')*a, 
and  the  singular  eolution 

a'  +  /  =  a'. 

The  former  denotes  a  family  of  straight  lines  whose  distance 
from  the  origin  is  equal  to  a,  the  latter  a  circle  whose  centre  is 
at  the  origin,  and  wnose  radius  is  equal  to  a.  And  here,  as 
was  noted  generally  by  Lagrange,  the  singnlar  solution  seems 
to  be,  in  relation  to  geometry,  the  more  important  of  the  two. 

3.  A  more  general  class  of  problems  is  that  in  which  it  is 
required  to  determine  the' curves  in  which  some  one  of  the 
foregoing  elements.  Art  1,  is  equal  to  a  given  function  of  the 
abscissa  x. 

Ex.  1,  Required  the  class  of  curves  in  which  the  suljlan- 
gent  is  equal  to/(ic). 

Here  we  have 

,  dy      dx 

whence  -^  =  -r-, — . 

y    fip) 

Thus  if  the  proposed  function  were  ic*,  we  should  have 

as  the  equation  required. 

Ex.  2.    Required  the  family  of  curves  in  which  the  radius 
of  curvature  is  equal  to/(a:). 
Here  we  have 

da?  1 


F©}' 


o,.„.„Go 
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Ex.  1.    To  determine  the  curves  in  which  the  radius  of 

carvature  is  equal  to  the  normal. 

If  the  radius  of  curvature  have  the  same  direction  as  the 
normal  v/e  shall  have 


^-yhm. ; «■ 


whence 


yg +(!)'+> -» (^)- 


The  first  side  multiplied  hj  dx  is  &a  exact  differential  and 
gives 

whence  again  integrating 

y*  +  ii?=2ac  +  c' (3), 

the  equation  of  a  circle  whose  centre  is  on  the  axis  of  as. 

If  the  direction  of  the  radius  of  curvature  he  opposite  to  ttat 
of  the  normal,  it  will  be  necessary  to  change  the  sign  of  the 
first  member  of  (1).     Instead  of  (2)  we  sheJl  have 


"daf     \dx] 


l-» (*), 


and  this  equation  not  containing  x,  we  may  depress  it  to  the 
first  order  hy  assuming  -^  =p.    The  transformed  equation  is 

,  pdp      dii 

-whence  — j-  -^  =  -^ 

J)'  +  l      y 
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Substituting  for  p  its  value  -r- ,  we  find  on  algebraic  8olu- 

tiOQ 

whence,    .     a!  =  c'  +  rlog{y  +  (y*-c'}*} (5). 

This  equation,  reduced  to  the  exponential  form 


% 


(6), 

is  seeD  to  represent  a  catenaty. 

The  solution  therefore  indicates  a  circle  when  the  direction 
of  the  radiua  of  curvature  and  of  the  hormal  are  the  same,  but 
a  catenary  when  they  are  opposed.  The  latter  curve  has, 
however,  many  properties  ansuogoua  to  those  of  the  circla 
(Lacroix,  Tom.  u.  p.  4i59.) 

Ex.  2.  To  find  a  curve  in  which  the  area,  as  expressed 
by  the  formula  iydx,  is  in  a  constant  ratio  to  the  correspond- 
ing arc. 

We  have  y=C(l+p*)*, 

which,  agreeing  in  form  with  the  last  differential  equation  of 
the  preceding  problem,  shews  that  (5)  represents  the  curve 
required,  and  connects  together  the  properties  noticed  in  the 
last  two  examples. 

Ex.  3.  Required  the  class  of  curves  in  which  the  length  of 
the  normal  is  a  given  function  of  the  distance  of  its  foot  from 
the  origin. 

The  differential  equation  is 

3,(l+/)4=/{x  +  »,p) (1). 

and  it  belongs  to  the  remarkable  class  discussed  in  Chap,  Til. 
Art.  9,  where  the  complete  primitive  is  given,  viz. 

»'+(«-«)'-i/(«)r (2). 

This  represents  a  circle  whose  centre  is  situated  on  the  axis  of 
X  at  3k  distance  a  from  the  origin,  and  whose  radius  is  equal  to 

16—2 
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f{a).  It  18  evident  that  this  circle  satisfies  the  geometrical 
couditioiis  of  the  problem. 

But  there  is  also  a  singular  solution,  found  by  eliminating 
the  constant  a  between  (2)  and  the  equation  derived  from  (2) 
by  differeniiatioa  with  respect  to  a,  viz, 

.-a+/(a)/(a).0 (3). 

For  instance,  if/(a)  =n'a*  we  have  to  eliminate  a  between 
the  equations 

y"  +  (a;  —  a)'  =  no, 

from  which  we  find 

the  equation  of  a  parabola.  While  in  this  example  the  com- 
plete primitive  represents  circles  only,  the  singular  solution 
represents  an  infinite  variety  of  distinct  curves,  each  origiBat- 
ing  in  a  distinct  form  of  the  function /(a).  Other  illustrations 
of  this  remark  will  be  met  with. 

The  above  problem  was  first  discussed  by  Leibnitz,  who  did 
not,  however,  regard  its  solution  as  dependent  upon  that  of  a 
differential  equation,  but,  establishing  by  independent  con- 
siderations the  equation  (2),  which  constitutes  in  the  above 
mode  of  treatment  the  complete  primitive  of  a  differential 
equation,  arrived  at  a  result  equivalent  to  its  singular  solu- 
tion by  that  kind  of  reasoning  which  is  employed  m  the  geo- 
metrical theory  of  envelopes.  Indeed  it  was  in  the  discussion 
of  this  problem  that  the  foundations  of  that  theory  were  laid 
(Lagrange,  Ccdcul  des  Fonciiane,  p.  268). 

5.  A  certain  historic  interest  belongs  also  to  the  two  fol- 
lowing problems,  famous  in  the  earlier  days  of  the  Calculus,  viz: 
the  problem  of  '  Trajectories'  and  the  problem  of  'Curves  of 
pursuit.'  These  we  shall  consider  next.  They  will  serve  to 
illustrate  in  some  degree  the  modes  of  consideration  by  which 
the  differential  equations  of  a  problem  are  formed  when  a  mere 
.  table  of  analytical  expressions  suf&ces  no  longer. 
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Trajectories. 

Supposing  a  system  of  curves  to  be  described,  the  different 
members  dSering  only  through  the  different  values  given  to 
an  arbitrary  constant  in  tbeir  common  equation — a  curve 
which  interaects  them  all  at  a  constant  angle  is  called  a  tra- 
jectory, and  when  the  angle  is  right,  an  orwiogonal  trajectory. 

To  determine  the  orthogonal  trajectory  of  a  syBteta  of 
curves  represented  by  the  equation 

*(«.»,  8)  =  0 (!)• 

Bepresenting  for  brevity  ^  (x,  y,  c)  by  0,  we  have  on  dif- 
ferentiating 

Hence,  for  the  intersected  curves, 

dx        dx"^  dy' 
Now  representing  this  value  by  m,  and  the  corresponding 
value  of  -^  for  the  tr^ectory  by  m',  we  have,  by  the  condition 

of  perpendicularity,  m'  =  ^— .     Hence  for  the  trajectoiy 

dy  ^d^  ,  ^4' 
dx~ dy  '  dx' 

I*'-!*"" <^'- 

which  must  be  true  for  all  values  of  c.  Hence  the  differential 
equation  of  the  orthogonal  trajectory  wiU  be  found  try  elimi- 
TMtinff  0  between  (1)  and  [2). 

Were  the  equation  of  the  system  of  intersected  carves  pre^ 
sented  in  the  form 

*(*.!/,  o,  J)  =  0, 

a  and  h  being  connected  by  a  condition 
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we  ehould  hare  to  eliminate  a  and  b  between  the  above  two 
equations,  and  the  equation 

d<l>(x.y,a,h)  d<f>(xjf.a,b) 

dy        .  Ox  " 

Vfe  shall  exemplify  both  fotms  of  the  problem. 

Ex.  1.    Required  the  orthogonal  trajectory  of  the  system 
of  curves  represented  by  the  equation  y  =  cj^. 

Here  ^  »  y  —  ca^,  whence  by  (2) 

dx  +  ncaf~\dy  =  0. 
Eliminating  e, 

xdx  +  nydy  =  0 ; 

therefore  a^  +  ny*  =  c', 

the  eqiiation  required.  We  see  that  the  trajectory  will  be  an 
ellipse  for  all  positive  values  of  n  except  n  =  1, — an  ellipse, 
therefore,  when  the  intersected  curves  are  a  system  of  common 
parabolas.  The  trajectory  is  a  circle  if  »  =  1,  the  intersected 
system  then  being  one  of  str^ght  lines  passing  through  the 
origin.     The  trajectory  is  an  hyperbola  iin  is  negative. 

Ex.  2.     Required  the  orthc^onal  trt^eGtory  of  a  system  of . 
confocal  ellipses. 

The  general  equation  of  such  a  system  is 


a  and  h  being  connected -by  the  condition 

where  h  is  the  semi-distance  of  the  foci,  and  does  not  vary 
from  curve  to  curve.  Hence  we  have  to  eliminate  a  and  b 
&om  the  above  equations,  and  the  equation 
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the  i-esult  is  -  .       ■ 

the  solution  of  which  may  be  deduced  from  that  of  Ex.  3, 
Chap,  TIL  Art.  10,  by  aseumiiig  therein  A  =  l,  S  =>h\     We 


and  this  may  be  reduced  to  the  form 

^     .V*  _  1 
V"V"    * 
a,  and  6,  being  connected  by  the  conditiou 

Thus  the  trajectoiy  ia  an  hyperbola  confocal  with  the  given 
system  of  elhpses, 

6.  When  the  trajectory  is  oblique,  then  d  being  the  angle 
which  it  mates  with  each  curve  of  the  system,  and  m  and  m' 
having  the  same  significations  as  before,  ; 

,_  m'  + tan  0 
l—m,  tan  ff' 

or,  substituting  for  m  its  former  value  ~-^  -^^  >  *d<J  for  ni' 
its  value  -y-  as  referred  ia  the  trajectory,  we  have  on  reduc- 
tion 

J  -J-    UlU  U }-  ■' 

diB     dd>  ,  dtb ,      n 

ay     das 
an  equation  from  which  it  only  remains  to  eliminate  c  by 
means  of  the  given  equation  in  order  to  obtain  the  differential 
equation  of  the  trajectory. 


-  tan  ^  -  ^_ 

..(3), 


Ki.     Required  the  general  equation  of  the  trajectories  of 
the  flystem  of  straight  Dnea  y  =  ax. 
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'V- 

■ta, 

whence  by  (3) 
dy      tan^  +  a 

[CH.  XI. 


_a;tan^  +  y 

or  (y  +  « tan  0}dx+(y  tan  fl  —  «)  rfy  =  0, 

a  bomogeneons  equation,  an  integrating  factor  of  wbich  being 
,  we  have 


?+7' 


y^-fy+tang'^+y/y=o. 


Thence  int^rating 

tan"*  -  +  tan  ^  log  (ai*  +  y^*  =  (J., 

If  ve  cliange  the  co-ordinates  b;  aesuming  x^r cos ^, 
y  =  »■  sin  ^,  we  get 

the  equatitm  of  a  logarithmic  spiral. 

The  following  example,  which  is  taken  from  a  Ifemoir  b; 
Munardi  (Tortolini'e  Antutli  di  Scienze  Matemati<Jie  e  Figu^, 
Tom.  I.  251),  is  chiefly  interesting  from  the  mode  in  which 
the  integration  ia  effected. 

Bequired  the  oblique  trajectoiy  of  a  STStem  of  confocal 
ellipBes. 

Representing  the  tangent  of  the  angle  of  intersection  by  n, 
we  have  to  eliminate  a  and  h  between  the  equations 

^  +  1^=1,    .f-V.h', 
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The  result  may  be  expressed  in  the  form 
{tu;  +  y  +  (nif-x)p}  {x~ny+(na!  +  y)p]  =  h* (n-p)  (1  +  np). 
To  integrate  this  equation  let  us  assume 

X  —  ny  +  (iKB  +  y)p=  M{l-i-  np), 
M[nx+y+{ntf-a!)  p}=.A'(n  ~p). 

As  these  on  multipUcation  reproduce  the  given  equation 
the  assumption  is  legitimate. 

Eliminating  p  from  the  last  two  equations,  and  dividing 
by  1  +  n\  Tve  have 

{3^+t/'  +  h*)M=x(iP+h') (a). 

Sifierentiatingthis  equation  and  eliminating  y  and  ^  from  the 
zeeult  by  the  aid  of  any  two  of  the  last  three  equations  (it 
is  evident  that  two  only  are  independent),  we  obtain  a 
differential  equation  between  M  and  x,  which  is  capable  of 
expression  in  the  form 

d- 

^i<sMl ^ £ — j=o (J). 


[h'{xM)-{xMy]' 


0!   \  xj 


I~For  (a)  may  be  written  thus : 

M!i'.{x--3{){W-xM) («); 

differentiating  we  have 

.(i-'^y-xM,-(,x-M){M.x'^y. 

=  (.-.f)(*--«3.,-(«-lf)(if.»f); 

D,r,l^-<l.,GOOglC 


250. 
therefore 


TEAJECrOEIiS. 


[CH.  XL 


-    dif  •,,     x  (A'  — JcJf)  dM 


therefore        ^y  -j 


Tdx  M  dx 


But 
therefore 


■    (in     n{x  —  M)+j/' 
2%(if-a:)+2n%» 


^(j.-j.-,fl. 


therefore 


therefore 
therefore 
therefore 


» (j  -  Jf )  |s"  -  2x2lf  +  3f  •  - -J  (!■  -  J/")  S 1 
•(Jf.-i-),(!,-K^)-»(.-J10(Jlf-J-) 

t.o. 

c 
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Hence  by  the  aid  of  (c)  we  obt^n  (S).] 
Hence,  by  integration 


-2»to-./(^ 


in  which  it  is  only  necessary  to  substitute  for  M  its  value  in 
tenns  of  X  and  y  deduced  from  (a). 


Curves  of  Pursuit, 

7.  The  term  curve  of  pursuit  is  given  to  the  path  which 
a  point  describes  when  moving  with  uniform  velocity  towards 
ajiother  point  ivhich  moves  mth  uniform  velocity  in  a  given 
curve. 

lict  X,  t/he  the  co-ordinates  of  the  pursuing  point,  ai,  y'  the 
simultaneous  co-ordinates  of  the  point  pursued.  Also  let  the : 
equation  of  the  given  path  of  the  latter  be 


■f{x,y')=(i.. 


Now  the  point  pursued  being  always  in  the  tangent  to  the 
path  of  the  point  which  pursues,  its  co-ordinates  must  satisfy 
the  equation  of  that  tangent.     Hence, 

y' -y =-£{<«' -^) • (5)- 

liastly,  the  velocities  _  of  the  two  points  being  uniform,  the 
corresponding  elementjuy  ares  will  be  in  the  constant  ratio  of 
the  velocities  with  which  they  are  described.  Hence,  if  the 
velocity  of  the  pursuing  point  be  to  that  of  the  point  pursued 
as  »  :  1,  we  have 

n  -Jidx"  +  dy")  =  V{'fo*  +  *V). 
or,  taking  x  as  independent  variable,  : 

-  ^{©-(siv^a)'!- '^'' 

D,r,l^-<l.,GOOglC 


252  CUBVES   OF  PURSUIT.  [CH.  XI. 

the  sign  to  be  given  to  each  radical  being  positive  or  negative, 
according  as  the  motion  tends  to  increase  or  to  diminish  the 
corresponding  arc. 

From  (4)  and  (5),  when  the  form  of  the  function  /(a;',  y*)  is 
determined,  a;'  and  y  may  be  found  in  terms  of  x,  y,  and  -r- , 
and  these  values  enable  us  to  reduce  (6)  to  an  equation  be- 
tween a;,  y, -^ ,  -^.  It  only  remains  to  solve  this  differ- 
ential equation  of  the  Becond  order.  If  the  signs  of  the 
radicals  are  both  changed,  the  motion  in  each  curve  is  simply 
reversed,  and  the  curve-  of  pursuit  becomes  a  curve  of  llignt 
But  the  diSerential  equation  remaining  unchanged,  the  fonns 
of  the  curves  are  unchanged,  and  only  their  relation  inverted. 

Ex.  A  pMlicle  whichTsets  off  from  a  point  in  the  axis  of  x, 
situated  at  a  distance  a  trom  the  ori^n,  an36  moves  uniformly 
in  a  vertical  direction  mrallel  to  the  axis  of  v,  is  pursued  bj^ 
a  ^ticle  wbich(sets  off  at  the  same  momentj^om  the  origi^  ( 
andptravels  with  a  velocity  which  is  to  that  or  the  former  tfa 
n  ;  1.     Required  the  path  of  the  latter. 

,  The  equation  of  the  path  of  the  first  particle  being  x' »  a, 
(5)  becomes 


g=o.  |=(.-.)3. 


and  the  differential  equation,  both  radicals  being  positive,  is 

»(«-^)gV{'*®} : W. 

.-.Goti'^le 
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Hence, 

<bf 1^  t 

Multiplying  by  da;  and  integrating  ' 


Hence,  if  n  be  not  equal  to  I, 


But  if  n  be  equal  to  1,  we  have 

dji     I  fj  — a  _     c     1 
rfaj  ^  2  I    c         x  —  a)' 
whence 

8.  The  cla^  of  problems  which  we  shall  Des:t  consider  is 
iatroduced  chiefly  on  account  of  the  instructive  light  which 
it  throws  upon  the  singular  solutions  of  differential  equations 
of  the  second  order. 


Inverse  Problems  in.  Geometry  attd  Optics. 

The  problems  we  are  about  to  discuss  are  the  following: 
1st,  To  determine  the  involute  of  a  plane  curve.  2ndly,"  To 
determine  the  form  of  the  reflecting  curve  which  will  produce 
a  given  caustic,  the  incident  rays  being  supposed  parallel 
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In  both  these  problema  we  shall  have  occasion  in  a  parti- 
cular part  of  the  process  to  solve  a  differential  equation  of  the 
first  order  of  the  form 

.    y-«*W-//'-V(y)-*(y)/'">(y) <Xl. 


in  which  ^  and /"are  functional  eymbols  of  given  interpreta- 
tion, and  /'"'  is  a  functional  symbol  whose  interpretation  is 
inverse  to  that  of  the  symbol/'.    Thus,  if /(a:)  =  sin  x,  then 

f(x)  =  cos  a;,    /"'  (a:)  =  cos"'  x. 

It  will  sotljewhat  less  interrupt  the  theoretical  observa- 
tions for  the  sake  of  which  the  above  problems  are  chiefly 
valuable,  if  we  solve  the  equation  (7)  under  its  general  form 

first. 

Referring  to  Chap.  VII.  Art.  7,  we  see  that  (7)  wiE  become 
linear  if  we  transform  it  so  as  to  make  either  of  the  primitive 
variables  the  dependent  variable,  and  either^  or  any  function 
oip  the  independent  variable. 

Let  us  then  assume 

^  ip)  =  V, 

and  transform  the  differential  equation  so  as  to  make  x  and  v 
the  new  variables. 

Substituting  v  for  ^  {p)  in  (7),  we  have 

y-^=f/-\v)-vf-'(v) (8). 

Differentiating,  and  regarding  v  as  independent  variable, 

dy  dx         d  ,,.,,  .      ,,..  d   .,.,,  , 


But 


dy        dx       ,., ,  sdx 
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Hence, 

or, 


Hence,  if  for  brevity  we  write 

/?3f^=  +  <") ■ (''• 

we  have 

whence 

»-/-(„)_,-««(0-|«««i/-(,)) (10), 

between  which  and  (8),  v  must  be  eliminated. 

If  in  those  equations  we  make /*"'(»)  =  t,  they  assume  the 
somewhat  more  convenient  form, 

y-<(i)-/W-</'«. 
x-t  =  i-*r«ia-jitrii'dt], 
and  these  may  yet  furtiier  be  reduced  to  the  form 
tus     a-li*ritldt 


From  these  equations  it  only  remains  to  eliminate  t,  the 
forms  of  _/  and  0  being  specified,  and  that  of  ^  given  by  (9) ; 
and  this  is  apparently  the  simplest  form  of  the  solution. 
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9.  We  shall  no-vr  proceed  to  the  special  problems  under 
consideratioD. 

To  determine  the  involute  of  a  plane  curve. 

It  is  evident  &om  the  equations  nhich  present  themselves 
in  the  investigation  of  the  radius  of  curvature,  that  if  a;,  v  be 
the  co-ordinates  of  any  point  in  a  plane  curve,  and  a;',  y  those 
of  the  corresponding  point  in  the  evolute,  then 

where  P  =  -^  •  9  =  t^  (Todhunter's  DiffenreniUd  CWcuIiu, 
Art.  320).     Hence,  if  the  equation  of  the  evolute  be 

j'-/M (12). 

we  shall  have  on  substituting  therein  for  ^  and  x  the  values 
above  given, 

y-'-^-A'-"^"^] ''='• 

a  differential  equation  of  the  second  order  connecting  x  and  y, 
and  therefore  true  for  each  point  of  the  curve  whose  evolute 
is  given.  Of  that  evolute  the  curve  in  question  is  an  invoiuie. 
Hence,  if  y  =y{x')  be  the  equation  of  a  given  curve,  the 
equation  of  its  involute  will  satisfy  the  differential  equa- 
tion (13). 

Now  suppose  that  nothing  was  known  of  the  genesis  of  the 
above  equation,  and  that  it  waa  required  to  deduce  its  complete 
primitive,  and  its  singular  solution,  sliould  such  exists 

Upon  examination  the  equation  (13)  will  prove  to  be  of  a 
kind  analc^us  to  that  of  Chap.  Til.  Art.  9.     If  we  assume 

»_£a+i5=„ („,, 

1 

»+^'-i (15), 
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a  aad  b  being  arbitrary  constants,  we  shall  find  that  each  of 
these  leads  by  difTerentiation  to  the  same  differential  equation 
of  the  third  order,  viz. 

Spq*-{l+p')r=0 (16), 

where  r  stands  for  ^ .     It  follows  heace,  that  a  first  integral 

of  (13]  will  be  found  by  eliminating  q  between  (14)  and  (15), 
and  connecting  the  arbitrary  constants  &  and  a  by  the  relation 
6=/(a).     Eliminating  q,  we  find 

x-a  +  (yb)p  =  0 (17), 

wherein  making  b  =/  (a),  we  have 

x~a+{y-f{a)}p  =  0 (18), 

for  the  first  integral  in  question.     Again,  integrating,  we  have 
(»-o7+ly-/(a)l'-^ (19), 

in  which  a  and  r  are  arbitrary  constants.   This  is  the  complete 

primitive  of  (13).  It  is  manifest  from  its  form  that  it  repre- 
sents, not  the  involute  of  the  given  curve,  but  the  circles  of 
curvature  of  that  involute.  Indeed,  that  the  complete  primi- 
tive cannot  represent  the  involute  might  have  been  affirmed 
3  priori.  The  equation  of  the  involute  of  a  given  curve  cannot 
involve  in  its  expression  more  than  one  arbitranr  constant ; 
for  the  only  element  left  arbitrary  in  the  mechanical  genesis 
of  the  involute  is  the  length  of  a  string. 

It  remains  to  examine  the  singular  solution  of  (13).  This 
is  most  easily  deduced  by  eliminating  a  between  the  first 
integral  (18)  and  its  derived  equation  with  respect  to  a,  viz. 
between  the  equations 

x~a  +  {i,-f(a)]p  =  0 (20), 

-l-yWi'-O (21). 

From  the  second  of  these  we  have 
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Hence  elimiualing  a  from  (20) 

.-/-(-^).|,-^'(^)}.=o, 
..+j,p-r'(y)+i'//-(y) (22). 

whicL  is  the  singular  solution  of  (13),  and  the  diSerential 
equation  of  the  first  order  of  the  involute  sought. 

This  equation  is  a  particular  case  of  (7).     If  we  express  it 
in  the  form 

-(~)^=//-(T)-{y)^-(^)' 

we  see  that  it  ia  what  (7)  would  become  on  making 


Hence  comparing  with  the  general  solution  (11)  we  have 
*  (")  =  V '    ^"'  ^"^  "  "w"  ' 

t(«)=/-^  =  log("'  +  l)*. 
ti+  - 

Thus  the  system  (11)  becomes 

_  1."  /  ') 1 , (23). 

The  final  solution  is  therefore  expressed  in  the  following 
theorem. 

Given  the  etpuition  of  a  curve  in  the  form  y'=f{x),  that 
of  its  involute  is  found  by  eliminating  tfrom  the  system  (23), 

10.  Parallel  rays  incident,  in  a  given  direction,  on  a  reflect- 
ing plane  curve  produce  after  reflection  a  caustic  whose  equa- 
tion is  given.   The  etjuation  of  the  reflecting  curve  is  required. 
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Let  7P  be  a  ray  incident  parallel  to  the  axis  of  ic  od  a  point 
P  \a  the  reflecting  curve  SFM,  Fig.  1,  PI'Q  the  reflected  ray- 
cutting  the  axis  of  a;  in  Q  and  touching  the  caustic  S'P'M'  in 
F.  Let  X,  y  be  the  co-ordinates  of  P,  x',y'  those  of  F.  Let 
the  equation  of  the  caustic  be  y'  =f{x'). 

It  is  an  easy  cMuequence  of  the  law  of  reflection  that  the 
angle  PQX  which  the  reflected  ray  makes  with  the  axis  of  x 
is  double  of  the  angle  PTX  made  by  the  tangent  at  P  with 
the  axis  of  x.    This  at  once  gives  us  the  equation 

?^^  =  _^ 

x  —  x'     1  —  p" 


.(24). 


As,  however,  (a;',  y')  is  a  pomt  at  which  consecutive  re- 
fleeted  rays  intersect,  we  are  permitted  to  ditferentiate  the 
above  equation  regarding  x  and  )/'  as  constant  while  X  and  1/ 

vary.     We  thus  obtain,  representing  ~  by  q, 

2p        ,         ,,  2ff  (l-p')+4n'ff     „ 

i-i>  (i-p) 

wlience  x  —  x'  =  -    ^        . 

% 

ml  «'.;!,  +  £ii=i5 f.,). 

Substituting  this  value  in  (24),  we  have 


y- 


2p   ,,   y(i-y')_- 


whence  y'  =  5+^ - C^**)- 
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Were  the  equation  of  the  reflectii^  curve  given  and  that  of 
the  caustic  required,  it  would  only  be  necessary  to  substitute 
in  (25}  and  (26)  the  values  of  p  and  q  in  terms  of  a;  and  y  derived 
from  the  former,  and  then  bj  eliminating  x  and  y  from  the 
three,  to  dedoce  the  relation  between  x'  and  y. 

Conversely,  to  determine  the  reflecting  curve  we  must  elimi- 
nate x'  and  y'  from  (25),  (26)  and  the  equation  of  the  caustic, 
viz.  y  =f{x ).  The  result  which  is  obtained  by  mere  substi- 
tution ie 


y-i-f^'^] w. 


a  differential  equation  of  the  second  order,  the  solution  of 
which  will  determine  in  the  fulltet  manner  the  possible  rela- 
tions between  x  and  y  which  are  consistent  with  the  couditions 
of  the  problem. 

Were  this  equation  given  and  nothing  known  respecting  its 
origin,  we  might  at  once  infer  that  it  is  of  a  class  aimlogous  to 
those-  of  Chap.  vir.  Art.  9,     For  writing 

y^-^'  '+^-T^--'' w. 

we  find  that  each  of  these  leads  by  differentiation  to  the  same 
differential  equation  of  the  third  order.     For  the  first  gives 


while  the  second  gives 

2     2^  Sj'  "' 

and  these  lead  to  the  same  value  of  the  differential  coefficient 
of  the  third  order,  r,  viz. 


this  constitutii^  the  essential  criterion  of  agreement  between 
differential  equations  of  the  third  order. 


.,Google 
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Accordingly,  elimiQating  q  from  (28)  and  afterwards  making 
S  =/(a)  by  virtue  of  (27),  we  find 


/{a)-y     2(a-a:)» 
y-/(a)-Y^.(-^-«) (29). 

which  is  a  complete  first  integral  of  (27).  We  see  that  it  agrees, 
and  necessarily  so,  with  (24),  a  only  taking  the  place  of  x'  and 
/{a)  that  of  y. 

The  complete  integral  of  (29)  will  be  found  to  be 

{y~f(a)Y  =  *ni{x-a)+4,ra' (30), 

m  being  an  arbitrary  constant.  And  this  is  the  complete 
primitive  of  (27).  If  we  substitute  x  for  a,  which  we  may 
without  loss  of  generality  do,  then  /{a)  =/(x')  =  y',  so  that 
the  above  equation  gives 

{?-y)'  =  -*»{^-a''  +  m) (31); 

and  this  is  evidently  the  equation  of  a  parabola  whose  axia  is 
parallel  to  the  axis  of  x,  whose  focus  is  upon  the  caustic  curve, 
but  which  is  in  no  other  way  limited.  The  complete  primitive 
of  (27)  represents  then  a  system  of  such  parabolas. 

It  is  plain  that  any  such  system  does  constitute  a  true  solu- 
tion of  the  problem,  rays  falling  upon  the  interior  arc  of  a 
parabola,  and  parallel  to  its  axis,  being  accurately  reflected  to 
the  focus. 

It  remains  to  deduce  the  singular  solution  of  (27).  Differ- 
eniiating  its  first  integral  (29)  with  respect  to  a,  we  have 

whence  »-/'"' (t:^-)  • 

and  substituting  this  in  (29) 

r  CuKi'^le 
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This  is  the  differential  equation  of  the  involute.     Its  com- 
plete integral  may  be  deduced  from  the  general  solution  in 

Art,  8,  by  making  0  (p)  =  rj — —, ,  whence  we  have 


rw-- 


,  , ,       f       dv  [  vdv 

^-W-Jirrrw-Ji^-n^(i+.-)> 

Hence  the  system  (11)  becomes 

^    ,    y-/M_C-/[l  +  V[l+/Wl]d(     ,„, 
"-'-  f{i)  1  +  VI1+/WI        ■•■'^* 

from  which,  after  the  integration  has  been  effected,  t  must  be 
eliminated. 

If,  as  before,  we  replace  (  by  x',  and  /(()  by  y'  and  there- 
fore /'(()  by  -,%,  then,  since  we  have 

*J{l+fit)'}dt  =  d8', 

where  s'  represents  the  arc  of  the  caustic,  the  above  system 
assumes  the  following  form, 

-■-"^-T^ ''•'^ 

dx  dx 

from  which,  when  s'  is  determined,  x  and  y  must  be  elimi- 
nated by  means  of  the  equation  of  the  given  curve. 

From  the  above  it  appears  that,  the  incident  rays  being 
parallel,  the  reflecting  curve  can  always  be  determined  when 
the  caustic  can  be  rectified. 

We  see  also  from  the  nature  of  the  connexion  between  tbe 
singular  solutions  and  the  ordinary  primitives  of  differential 
equations,  that  the  reflecting  curve  is  in  reality  the  envelope  of 


ART,  II.]  IKTRINSIC   EQUATION  OF   A  CURVS.  263 

a  system  of  parabolas  whose  axes  are  parallel  to  the  direc- 
tion of  incideDt  rays,  whose  foci  are  on  the  caustic,  and 
whose  parameters  are  subject  to  such  a  relation  as  makes  that  ' 
envelope  to  have  contact  of  the  second  order  with  the  curves 
out  of  whose  diflferential  elements  it  is  formed.  It  is  not 
merely  an  enyelope,  but  an  osculating  envelope. 

Analogy  makes  it  evident  that  when  the  rays  instead  of 
being  parallel  issue  from  a  given  point,  the  reflecting  curve  is 
the  osculating  envelope  of  a  system  of  ellipses,  each  of  which 
has  one  focus  at  the  radiant  point,  and  the  other  on  the  arc  of 
the  caustic,  the  elliptic  elements  being  further  so  conditioned 
as  to  render  such  osculations  possible. 

Lastly,  it  is  plain  that  the  problem  of  caustics  in  its  direct 
and  in  its  inverse  form,  as  stated  above,  is  in  strict  analogy 
with  the  direct  and  the  inverse  form  of  the  problem  of  curva- 
ture, osculating  parabolas  and  ellipses  occupymg  the  place  and 
relation  of  osculating  circles. 

The  above  examples  might  also  be  treated  by  a  remarkable 
method,  the  consideration  of  which  will  fitly  close  this  Chapter. 


Intrinsic  Equation  of  a  Owrve. 

11.  There  are  certain  problems,  the  solution  of  which  is 
much  facilitated  by  the  employment  of  what  Dr  Whewell  has 
happily  termed,  the  intrinsic  equation  of  a  curve,  viz.  the 
equation  which  expresses  the  relation  between  the  length  of  an 
arc  and  the  angle  through  which  it  bends,  the  latter  being  in 
more  precise  language  the  angle  of  deviation  of  the  tangent 
from  the  tangent  at  the  origin.  These  elements  are  called 
intrinsic  because  they  are  independent  of  any  external  lines  of 
reference,  and  it  will  be  noted  that  they  form  a  system  dif- 
fering essentially  from  all  systems  of  co-ordinatee  which  begin 
by  the  defining  of  the  position  of  a  point,  and  in  the  applica- 
tion of  which  a  cuiTe  is  contemplated  as  a  collection  of  points. 

The  conceptions  of  length  and  deviation  upon  which  the 
above  system  is  founded,  might  be  replaced  by  the  not  less  fiin- 
damental  conceptions  of  length  and  curvature,  the  equation  of 
the  curve  being  then  expressed  in  terms  of  its  radius  of  curva- 
ture at  the  extremity  of  an  arc  and  the  lengt|;i  of  that  arc.    Or, 
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in  place  of  either  of  these  systems,  we  might  employ  that  which 
detaues  a  curve  by  the  relation  which  connects  the  curvature  at 
any  point  with  the  deviation  of  the  tangent.  Of  the  three 
elements,  length,  curvature,  and  deviation,  any  two  indeed 
will  together  constitnte  aa  equivalent  system.  Euler,  in  a 
particular  clasB  of  problems,  employed  the  combination  la^t 
described.  Here  we  shall  select  the  one  first  mentioned, 
and  shall  borrow  our  chief  illustrations  of  its  use  from  tlie 
memoir  of  Dr  Whewell  {Cambridge  Philosophical  Trans- 
actions, Vol.  vili.  p.  659,  and  Vol.  is.  p.  150). 

Representing  by  e  the  variable  length  of  an  arc  the  begin- 
ning of  which  is  assumed  as  origin,  and  by  ^  the  correspond- 
ing angle  of  deviation,  the  intrinsic  equation  is  of  the  form 
«=/W (35). 

TTiusin  fig.  2,  8p  =  8mA  ATS=^^. 

From  this  equation  the  ordinary  equation  in  rectangular  co- 
ordinates may  be  found  in  the  following  manner.  Still  taking 
the  beginning  of  the  arc  as  origin,  let  the  tangent  at  that  point 
be  taken  as  the  axis  of  x.  then  will  the  element  of  the  curve 
J^  be  inclined  at  an  angle  4>  to  the  axis  x.  Its  projection  on 
the  axis  of  x  will  therefore  be  cos  <^,  and  this  being  the  dif- 
ferential element  of  the  co-ordinate  ar,  we  have 

dx  =  Ga&  <f>da  =  cos  <}>f  (0)  dtf>,  by  (35), 

Hence  x=j  cos  4,/ {<p)d4, (36), 

and  by  symmetry 

y=jsin0/(<f)rf^ (37). 

Between  these  equations  after  integration  tf>  must  be  elimi- 
nated ;  the  result  involving  x,  y  and  two  arbitrary  constants 
will  be  the  equation  required. 

It  is  worth  while  to  notice  that  the  above  result  may  be 
obtained  independently  of  the  consideration  of  a  projection. 

For  since  «=  Ml  -f  {-fj  \  <^>  we  have 
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Whence  |l  +  (J)*}'  3^  =/'(^)  d^ (38). 

But,  since  -,  -  =  tan  ^  the  above  becomes 
sec  ^dx = /'  (0)  d(fi, 

dx  =  cos  'f>f'{4')  '^^ 

X  =  I  C08  4>f' [<f)  d<j>, 

and  in  like  manner  employing  for  s  the  equivalent  formula 

y^j  Bin  <f>/'((f>)d<f>, 
which  agree  with  the  previous  expressioDS, 
Another  consequence  should  also  be  noted.     From  (38)  we 

=  {'     


w.{i.(g)y=/w2. 


But  ^  =  -J-  tan"'  I  j^  I  = TTt ,  whence 

dx     dx  \dx/  /fi^Y 

Therefore   <       ^" /'(f).    ' 

Now  the  6r8t  member  being  the  expression  for  the  radius  of 
curvature  f}  of  the  given  curve,  we  have 

p-/'(« m- 

Thus  the  radius  of  curvature  is  determined. 
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12.  Given  the  ordinary,  to  deduce  the  intrinsic  equatim 
of  a  curve. 

The  values  of  s  and  ^  having  been  6rat  expressed  in  terms 
of  the  co-ordinates,  it  only  remains  to  eliminate  those  co- 
ordinates between  the  two  equations  thus  formed  and  the 
equation  given. 

Ex.  To  determine  the  intrinsic  equation  of  the  equi- 
angular spiral. 

The  polar  equation  of  the  curve  being  r  =  C^,  the  arc  s 
beginning  from  fl  =  0  is,  by  ordinary  integration,  foimd  to  be 

Again,  as  the  curve  cuts  all  its  radii  at  the  same  angles  the 
deflection  of  the  arc  between  two  radii  veotores  is  equal  to  the 
angle  between  the  radii  themselves.  Hence  the  deflection  of 
the  arc  beginning  with  fl  =  0  is  measured  by  6.  Therefore 
^  =  6,  and  the  intrinsic  equation  becomes 


„K±i)', 


From  this  it  appears  that  any  intrinsic  equation  of  the  form 

«  =  a(6»*-l) (40) 

will  represent  an  equiangular  spiral. 

Given  the  intrinsic  equation  of  a  curve,  to  deduce  that  of  its 
evoltite. 

Considering  the  given  curve  as  formed  by  the  unwinding 
of  a  string  from  its  evolute,  any  arc  of  the  former  may  be  Slid 
to  correspond  to  that  arc  of  the  latter  by  the  unwinding  of 
the  string  from  which  it  is  formed.  Thus  if  a,  <}>'  represent 
elements  of  the  evolute  corresponding  to  s,  <j>  in  the  given 
curve,  then  the  origin  of  s'  is  that  point  of  the  evolute  whose 
tangent  forms  the  radius  of  curvature  at  the  origin  of  a. 

This  premised,  it  is  evident  that  we  shall  have 
f  =  f 
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For  the  extreme  differential  elements  of  the  arc  of  the  evolute 
an  respectively  perpendicular  to  the  corresponding  extreme 
differential  elements  of  an  arc  of  the  given  curve.  Hence  the 
inclination  of  the  former  being  equal  to  that  of  the  latter,  the 
Value  of  0  is  the  same  for  both. 

Secondly,  any  arc  of  the  evolute  13  by  a  known  property 
equal  to  the  difference  of  the  radii  of  curvature  of  the  ex- 
tremities of  the  corresponding  arc  of  the  given  curve.  Henca 
if  pg  represent  the  radius  of  curvature  at  the  origin  of  the 
^ven  curve,  we  shall  have 

•'-/■-(>.-/'(*)-/'(«),  1-7(39), 
and,  suhstituting  ip'  for  ij>, 

<'-/(f)-/'(0)- 

Dropping  the  accents,  we  may  therefore  affirm  that  if  the 
intnnsic  equation  of  a  curve  is  s=/{^),  that  of  its  evolute 
wiUhe  «=/■{*) -/'CO). 

1^.     The  intrinsic  equation  of  the  logarithmic  spiral  is 
s  =  a  (f**  —  1).     Hence  that  of  its  evolute  is 
a  =  i?we™*  —  ma 
=  ma  («"*  - 1), 
which  also  denotes  a  logarithmic  spiral 

Given  the  intnnsic  equation  of  a  curve  in  the  form  s=/(^) 
wherein/(<^)  vanishing  with  tf)  is  supposed  capable  of  expan- 
sion in  the  form 

/{^)  =  A,<f>+A^<f,'  +  A^4>'  +  &c. (41), 

required  the  general  intrinsic  equation  of  the  involute. 

As  to  any  curve  there  belong  an  infinite  number  of  invo- 
lutes depending  on  the  different  values  given  to  that  initial 
tangent  to  the  curve  which  forms  the  initial  radius  of  curva- 
ture of  the  involute,  we  shall  represent  the  arbitrary  value  of 
that  initial  tangent  by  C. 

Now  j£  s  =  F(tf>)  he  the  intrinsic  equation  of  the  involute, 
we  have  by  the  last  proposition 
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But  J^'(0},  being  the  iuitial  radius  of  the  curvature  of  the  in- 
volute, ia  equal  to  C,  Hence  the  above  equation  may  be 
ejtpresaed  in  the  form 


F{4>)=^f{<^)d4,  +  C4,  +  G' 


Hence  F{4t)  vanishing  with  0,  we  must  have  G'  =  0.  Thos 
the  intrinsic  equation  of  the  involute,  under  the  condition 
that  its  initial  radius  of  curvature  is  a,  will  be 


s=jf{i)d 


.  +  a0 (42). 


If,  for  distinction's  sake,  we  represent  the  arc  of  the  invo- 
lute by  »',  the  equation  may  be  expressed  in  the  form 


s'=J(a  + 


)# m- 


It  is  to  be  remembered  that  the  lower  limit  of  the  integral 
is  0. 

The  following  proposition  from  the  memoir  of  Dr  Whewell 
referred  to,  will  illustrate  the  application  of  the  above  theo- 
rema. 

Let  any  curve  be  evolved,  and  the  involute  evolved,  and 
the  involute  of  that  evolved,  beginning  each  evolution  from 
the  commencement  of  the  curve  last  formed,  and  with  a  "  rec- 
tilineal tail"  which  is  of  constant  length  for  all.  The  curves 
tend  continually  to  the  form  of  the  equiangular  spiraL 


Let «,  s',  s",  &c.  be  the  successive  curves,  <j)  the  angle  which 
ia  the  same  for  all,  and  let  the  tails  represented  in  fig.  3,  by 
AA',  A'A",  A" A'",  &c.  be  each  equal  to  o. 
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Then  representiDg   the   equation  of  the  given  curve  by 
s=f(^),  we  have  for  the  first  involute  the  equation 

s"'=j{a+s")  #  =  «»^  +  1-^2  +  rft  +///-^^*^  ''*■■ 
and  in  general 

Now  giving  to  /{'f')  the  form  (41),  we  have 


/' 


>(«^*--o^!f^)+o^!^+*- 


We  see  then  that  the  first  n  terms  of  the  expression  for  s*"'  in 
tenns  of  <j)  are  unaffected  by  the  form  of  the  function  f{4>), 
while  those  which  remain  are  affected  with  coefficients  which 
tend  to  0.     Thus  the  limiting  form  of  (44)  becomes 

-«(«*-l) (45)- 

Now  this  is  the  equation  of  an  equiangular  spiral 


1.  Determine  the  curve  whose  aabtangent  varies  as  the 

abscissa. 

2.  Determine  the  curve  whose  normal  varies  as  the  square 

of  the  ordinate, 

3.  Shew  that  the  curve  in  which  the  radius  of  curvature 
Tories  as  the  cube  of  the  normal  is  a  conic  section. 
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4.  Find  a  curve  in  which  the  leDgth  of  the  arc  is  in  a 
constant  ratio  to  the  intercept  cut  off  by  the  tangent  from  the 
axis  of  X. 

5.  Shew  that  the  above  is  a  particular  case  of  curves  of 
pursuit. 

6.  Find  the  orthogonal  trajectory  of  a  system  of  circles 
touching  a  given  straight  line  in  a  given  point. 

7.  Find  the  orthogMial  trajectory  of  the  system  of  ellipses 
defined  by  the  equation  -,  +  C  =  1,  h  being  the  variable 
parameter. 

8.  Find  the  equation  referred  to  polar  co-ordinates  of  the 
curve  io  which  the  radius  vector  is  equal  to  n  times  the 
length  of  the  portion  of  the  tangent  intercepted  between  the 
point  of  contact  and  a  straight  line  drawn  from  the  pole  to 
meet  the  tangent  at  a  given  angle. 

9.  Required  the  form  of  a  pendant  in  Gothic  architecture 
supposed  to  be  a  solid  of  revolution,  such  that  the  weight  to 
be  supported  by  each  horizontal  section  shall  be  proportional 
to  the  area  of  that  section. 

10.  Required  the  curve  in  which  8  =  aa?. 

11.  A  curve  i^  defined  by  this  property;  vie.  that  the 
radius  of  curvature  at  any  point  is  a  given  multiple  (n)  of  the 
portion  of  the  normal  intercepted  between  the  point  and  the 
axis  of  abaciseie  ;  prove  that  the  length  of  any  portion  of  the 
curve  may  be  finitely  expressed  iu  terms  of  the  ordioates  of 
its  extremities.    {Cambridge  Problems,  1849.) 

12.  Find  a  differential  equation  of  the  first  order  of  the 
curve  whose  radius  of  curvature  is  equal  to  n  times  the  nor- 
mal, and  shew  that  this  is  always  integrable  in  finite  terms  if 
n  be  an  integer. 

13.  Shew  that  if  n  =  2  the  curve  is  a  cydoid,  if  n  =  l  a 
circle,  if  n  =  —  1  a  catenary. 

14.  The  curve  whose  polar  equation  is  r"  cos  m0  =  a"  rolls 
on  a  fixed  striught  line.     Assuming  that  straight  line  as  the 
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axis  of  X,  shew  that  the  locus  of  the  curve  described  by  the 
pole  of  the  rolling  curve  will  have  tor  its  equatioa 

(Frenet,  Secueil  d'Exerdces  aur  le  Calcul  InfiniUsimal.) 

NoTB.  To  solve  pcoblenis  like  the  above,  ise  observe  that  if  STS,  Fig.  4, 
represeiit  the  faven  curve  rolling  on  tbe  givec  Une  OX,  uid  AFC  the  oorre 
deaoribed  b;  the  pole  P,  then  taking  OX  for  the  axis  of  x,  and  putting  OM=x, 
MP=y,  the  stt&ight  line  PT  joining  that  pole  vitb  the  point  of  oontaot  will  be 
i  radius  vector  of  the  given  ourye,  but  a  normal  of  the  desoribed  ourve.    Henoe 


"Vh(©l <•>■ 


15.  In  the  particular  caae  of  m  =  J  the  rolling  curve  will 
be  a  parabola,  the  pole  its  focus,  and  the  desciibed  curve  a 
catenary. 

16.  If  m  =  2,  the  rolling  curve  is  an  equilateral  hyperbola, 
the  pole  its  centre,  and  the  described  curve  an  elastica. 
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CHAPTER  XII. 


I.  The  claaa  of  equations  which  we  shall  first  consider  in 
thia  Chapter,  is  represented  by  the  typical  form, 

Pdx+Qdff  +  Sdz  =  0 (1), 

P,  Q  and  R  being  functions  of  the  variables  x,y,  z;  and  it 
is  usually  termed  a  total  differential  equation  of  the  first  order 
with  three  variables. 

Possibly  the  first  observation  suggested  by  the  examination 
of  this  form  will  be,  that  it  does  not  answer  to  the  definition 
of  a  differential  equation,  aa  the  expression  of  a  relation  in- 
volving differential  coefficients,  Chap,  1  And  certainly  it 
does  not  exhibit  their  notation.  If,  however,  we  attempt  to 
attach  a  meaning  to  the  general  form  (1),  we  shall  perceive 
that  the  idea  of  a  limit  is  involved  essentially.  And  if  we 
study  its  origin,  we  shall  see  that  this  idea  may  be  expressed, 
here  as  elsewhere,  in  the  language  of  differentia!  coefficients. 

For  (1)  is  not  understood  as  implying  simply  that  the 
expression, 

F^  +  QAy  +  RAz (2), 

approaches  to  the  value  0  when  the  increments  Ax,  Ay,  As 
approach  that  value,  true  though  it  be  that  the  vanishing 
of  the  increments  causes  that  expression  to  vanish  with  them. 
But  what  (1)  is  always  understood  to  express  is,  that  in  the 
approach  to  the  limiting  state,  (2)  tends  to  vanish  in  conse- 
quence of  the  ratios  which  the  increments  Aa;,  Ay,  Az  tend 
to  assume ;  it  is,  that  if  we  represent  (2)  in  any  of  the 
equivalent  forms 

PAx+QAff  +  EAz  .       PAx+QAy  +  BAx.      . 
Aa;  '  Ay  ^' 

the  limit  of  the  ratio  expressed  by  the  first  factor  of  each  is  0. 
And  theproblem  of  the  integration  of  (1),  is  that  of  the  discovery 
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of  tbe  possible  relation  or  relations  among  the  primitive  vari- 
ables which  will  secure  this  result,  supposing  A:k,  A^,  Az  to 
be  so  restricted  as  to  preserve  such  relations  unviolated. 

Now  whether  the  primitive  variables  are  connected  by  one 
equation  or  by  tm>  simultaneous  equations  (we  cannot  sup- 
pose them  connected  by  three  equations  without  making  them 
cease  to  be  variable),  the  relation  (1)  is  fully  expressible  in  the 
langut^  of  differential  coefficients.  If  there  exist  one  primi- 
tive reJatioo  which,  as  we  shall  hereafter  see,  can  only  happen' 
under  particular  circumstances,  then 

dx  dt/   "' 

while  (1)  is  presentable  in  the  form 

P  Q 

dz=~-^dx-^dy. 

Hence,  since  dx  and  dy  are  independent,  we  have 

dz_     P      dz         Q  ,,. 

1^~~M'    dy"~Ji ^'^'' 

a  system  which  in  the  supposed  case  is  equivalent  to  (1).  On 
the  other  hand  if,  as  will  usually  happen,  two  simultaneous 
equations  connect  the  primitive  variables,  e.g. 

4,{a!,y,z)=%    ^(x,y,z)  =  (i (4), 

then,  since  we  have 

the  elimination  of  dx,  dy,  dz  between  these  and  the  original 
equation  gives 

pid^df_d^  d^\  .  n  ^#  ^  _  #  ^\ 
\dy  dz      dz  dy)         \dz  dx      dx  dz) 

+<St-fS)-» (=)• 
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a  result  which  la  equivalent  to  (1),  but  is  expressed  in  the 
language  of  partial  differential  coefficients.  As  it  constitutes 
but  a  single  relation  between  two  unknown  functions  ip  and  ^, 
one  of  the  two  may  be  considered  arbitrary,  and  a  particular 
form  being  given  to  it,  we  should  have  a  partial  diflerenti^ 
"equation  for  determining  the  other. 

We  propose  indeed  to  discuss  the  equation  (1)  under  its 
actual  form,  but  it  is  not  unimportant  to  shew  that  it  con- 
stitutes no  real  exception  to  the  definition  of  a  differential 
equation.  Treated  by  the  methods  proper  to  partial  differ- 
ential equations,  the  forms  (3)  and  (5)  lead  to  the  same 
solutions  as  those  investigated  in  this  Chapter. 

2.  The  forgoing  remarks  admit  of  geometrical  illustrations. 
If  X,  y,  z  and  x  +  Ax,  y  +  Ay,  z  +  Az  are  the  co-ordinates  of 

two  points,  the  value  of  the  expression  PAa;  +  QAy  +  i£i«, 
where  P,  Q,  It  are  given  functions  of  x,  y,  z,  will  depend 
solely  upon  the  positions  of  the  points. 

If  we  suppose  the  second  point  to  approach  the  first  ofonjr 
any  pa&,  the  value  of  the  above  expression  will  approach  to  0, 
in  consequence  of  the  quantities  Ax,  Ay,  As  approaching  to  0, 
and  independently  of  the  ratios  which  they  assume  in  vanish- 
ing. But  this  is  not  in  accordance  with  the  understood 
meaning  of  the  equation  (1). 

The  increments  therefore  not  being  independent,  either  they 
are  connected  by  one  relation,  in  which  case  one  point  being 
given  the  other  must  lie  on  the  surface  which  that  relation 
determines,  and  its  approach  to  the  first  must  be  made  along 
that  surface,  but  is  in  no  other  way  restricted ;  or  the  incr&- 
ments  are  connected  by  two  relations,  and  then,  the  first  point 
being  given,  the  second  must  be  on  the  line  determined  by 
those  relations,  and  its  approach  to  the  first  must  be  made 
along  that  line,  and  therefore  in  a  definite  path. 

3.  These  considerations  suggest  to  us  the  following  ques- 
tions for  analysis,  viz. : 

1st.  Under  what  circumstances  is  the  solution  of  the  equa- 
tion Pdx  +  Qdy  +  Sdz  =  0  expressed  by  a  single  relation  be- 
tween the   primitive  variables — a,  relation  which  with  tJie 
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arHtraiy  constant  of  integration  will  represent  a  family  of 
surfiices ; — and  how  is  such  a  relation  to  be  determined  ? 

2ndly.  How  ia  the  solution  to  be  obtained  when  the  above 
condition  is  not  satis&ed  ? 

These  questions  we  shall  next  consider. 

The  equation  Fdx  +  Qdy  +  Ede^-O,  derivaUe  from,  a  single 
primitive. 
From  the  given  equation,  we  have 

da  =  _|d^-|rfy (6). 

But  the  existence  of  a  single  primitive  involves,  the  sup- 
position that  2  ia  a  function  of  x  and  y,  and  therefore  that 
we  have 

dji        P      dz         Q 


R'    dy        S" 


..  (7). 


Hence,  if  -s  and  ^  do-  not  contain   z,.  we  have,  by  th^ 
property  of  differential  coefScienta, 

±P^±  Q 
dyR     d^R' 
p         Q 

Should  however  ^  aud  — ,  both  or  either  of  them  contain  z. 

M        a  ' 

then,  because  we  can, still  regard  them  as  u&imatei^y  functions 

of  K  and  y,  for  z  is  such  by  hypothesis,  we  must  change  the 

above  into 

d_P     d^£P^d_Q     dz  d_q 
dy  M     dydzB     dxR     dxdzR' 

Lastly,  substituting  here  for  -r-  and  —  their  values  given 
in  (7),  effecting  the  differentiations,  and  reducing,  we  have 

<S*-f)^<-S)^-(f-g)=o (»). 

an  equatloti  of  condition  which,  wlien  identically  satisfied, 
18-3     ;L- 


276  ORDINARY  DIFPEHENTIAL  EQUATIOSS        [CH.  XII. 

indicates  that  the  proposed  equation  admits  of  a  gingle  pri- 
mitiTe. 

4f.  To  deduce  the  complete  primitive  of  ihe  differential 
equation  Pdx  +  Q%  +  Bdz  =  0  when  the  equation  of  condition 
(8)  is  satisfied. 

The  supposed  primitive  involving  all  the  variables  sc, 
y,  z,  it  is  evident  that  if  vre  differentiate  it  on  the  hypothesis 
that  z  is  constant,  we  shall  arrive  at  a  result  equivalont  to 
Pd^  +  Qdy  =  0.  It  is  also  evident  that  if  the  primitive  con- 
tained a  function  of  «  for  one  of  its  terms,  that  term,  whatever 
the  form  of  the  function  might  be,  would  disappear  in  the  dif- 
ferentiation. 

Conversely  then  if  we  integrate  the  equation 

Pdx-k-qdy  =  ^ (9), 

regarding  z  as  constant,  and  adding  in  the  place  of  an  arbitrary 
constant  an  arbitrary  function  of  e,  we  shall  aiTive  at  a  result 
which  will  necessarily  include  the  complete  primitive,  and  in 
which  it  will  only  remain  necessary  to  determine  what  form 
must  be  given  to  tbe  arbitrary  function  of  z. 

Thus,  if  the  integrating  factor  of  (9)  be  /t,  aad  if,  assuming 
z  constant,  we  write 

^iPdx  +  Qdy)^-^da;+-^dy. 

then  will  the  complete  primitive  be  of  the  form 

I'-fW (10), 

in  which  it  only  remains  to  determine  ^  (e).  And  this  will  be 
done  by  differentiating  with  respect  to  all  the  variables  and 
comparing  with  the  given  equation. 

Differentiating  (10)  then  with  respect  to  z,  y,  s,  and  trans- 
posing, we  have 
dV 
dx 
whence 


*'-f*+{S-^'}*=''.- 


MBfa+Wtff-^U-o. 
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Now  by  the  given  equation,  Pdx  +  Qdv  =  '~Rdz.    Substi- 
tutiDg,  aad  rejecting  the  common  faotor  az,  we  have 


-^.^-^  =  0, 


dz         dz 


d<l>iz)^dV 
dz         dz 


I'S (11). 


the  second  member  of  which  must,  on  the  hypothesis  that  a 
single  primitive  exists,  be  reducible  to  a  function  of  z  by 
means  of  (10).  The  solution  of  the  equation  thus  reduced 
will  determine  ^  (s),  the  value  of  which  substituted  in  (10) 
vfill  give  the  complete  primitive. 

Although  we  are  fully  entitled  to  affirm  that  the  equation 
determining  0(z)  must,  whenever  a  single  primitive  exists, 
be  reducible  to  a  form  not  involving  x  and  y;  it  may  be 
proper  to  verily  this  conclusion  a  posteriori. 

Let  us  then  inquire  under  what  condition  the  function 
dV 
-J-  —  fiR  can  be  freed  from  both  a  and  y  by  means  of  the 

equation  F=  ^  {z).   Evidently  this  can  only  be  the  case  when 

-J — ftR  and  Fare  so  related  that,  consideved  with  respect  to 

X  and  y  alone,  the  one  is  a  function  of  the  other.  Thas  we 
have  by  the  equation  of  condition  (Prop.  I.  Chap.  II.) 

dx  dy\ds  )      dy  dx\dz     f^   J~    ' 


dxdzdy     dy  dzdx        \dx  dy      ^  dx) 
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dVd^V       dVJ}V  pi,    „,  „i,    p, 

-■(-f-«S a')- 

Thus  also 

ladV    dBdV\       ,lr.itl-     ^dR\         „,, 

'^KdSdi-djdij-i'  {^si-^dj} (">• 

"Lastly, 

But  since  ft  is  the  iDtegratiDg  factor  of  Pdx  +  Qdy  we  liave, 
by  Ch^^.  V.  Art.  1, 

ridy._pl,^^     (dP_dq\ 

^       <iy      Xdy     dx}' 
which  reduces  (15)  to  the  form 

^(fl-l^|)---(S-S) c-)- 

Substituting  these  values  in  (12)  and  rejecting  the  comnaon 
factor  fj?,  there  results 

or 

and  this  is  identical  with  the  equation  of  condition  (8).     The 

conclusion  is  therefore  established. 

It  follows  also  that  it  is  not  necessary  in  any  proposed  case 
to  apply  directly  the  above  equation,  of  condition.  It  is  tm- 
pUcitly  involved  in  the  very  process  of  solution. 

5.  The  results  of  the  above  investigation  are  contained  in 
the  following  Rute. 


„G( 
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Rule.     Integrate  the  proposed  eqwitio7\  on  the  hypotkasis 

that  oTie  of  the  variables  is  constant  and  its  differential  there- 
fore equal  to  0,  adding  an  arbitrary  function  of  that  variable 
in  the  place  of  an  arbitrary  constant.  Then  differentiaUng 
with  respect  to  all  the  variables,  determine  the  arbitrary  func- 
tion by  ths  condition  that  the  result  of  such  differentiation  shaU 
he  equivalent  to  the  equation  given.  The  equation  expressing 
such  condition  vnU,  if  a  single  primitive  eaust,  be  reducible  by 
previous  results  to  a  form,  in  which  no  other  variable  than  the 
one  involved  in  the  a/rbitrary  function  will  remain. 

Ei.  1.     Given  {y  +  a)'da;  +  s<iy- (y  +  a)  ^2  =  0. 

Here  P={y  +  af,  Q  =  z,  R  =  —  y—a,  values  which  identi- 
cally'satisfy  the  condition  (8).  The  ec[uation  therefore  admits 
of  a  single  complete  primitive. 

Bearding  e  as  constant  we  have  first  to  int^rate  the 
equation 

(y  +  a)'  Sx  +  zdy  =  0. 

Dividing  by  (y  +  o)',  we  have 

(y+a)' 
the  solution  of  which  is 

y  +  a     ^'■"^ 
<l>  {z)  being  an  arbitrary  function  of  z  introduced  in  the  place 
of  an  arbitrary  constant. 

Now,  differentiating  with  respect  to  all  the  variables,  we 
have 

«r       (^^a)'dx  +  zdy-\y  +  ii  +  lll  +  a)'-^Adi-0,     ■ 
which  agrees  with  the  equation  given,  if  we  have 
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Heie  then  ^(z)=e  and  the  complete  primitive  ia 

X — -  =  c (a). 

y  +  o 
If  we  commence  by  regarding  y  as  constant  we  obtain  by 
a  first  integration 

«-(y  +  a)a!=0O'). 
whence,  differentiating  and  companng  with  the  given  equa- 
tion. 

This  equation  inirolves  both  x  and  y,  but  it  is  reducible  by 
the  previous  one  to  the  form 

rfy       y  +  a' 

nr  '^(y)_  <^y 

*(y)     y+a' 
of  which  the  integr^  may  be  eipi'esaed  in  the  form 

*(y)-i(y  +  «), 

6  being  an  arbitrary  constant.     Hence,  finally, 
«  =  {y  +  o)a!  +  6(y  +  a) 
=  (y  + a)  (»  +  £), 
and  this  is  equivalent  to  the  former  result  (o). 

Ex,  2.     Given  zdz  +  {x  -  a)  dx  =  {h* - ;^ -  {x  -  ay]i dt/. 
Int^rating  as  if  y  were  constant  we  have 

^+(«-«)'-*(j,) (.). 

Differentiating  and  comparing  with  the  given  equation, 


-t*"-*(y)l'.  kyW- 


He-ce  -'*M   .= 

2  (4'-*  Ml' 
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Therefore  integrating 

6  being  an  arbitrary  constant.    Hence  determining  if)  (y),  and 
Gubstituting  in  (a),  ne  have  finally 

^  +  (a  -  o}*  +  (y  -  J)*  =  A*, 

ffhere  b  is  arbitrary, 

Homogeneovs  Equations. 

6.  When  the  equation  Pdx  +  Qdy  +  Rdz  =  0  is  homoge- 
neous vdth  respect  to  x,  y,  z,  its  solution  will  be  facilitated  by 
a  transformation  similar  to  that  employed  for  homogeneous 
equations  with  two  variables. 

Assuming  x  =  v,s,y  =  vz,  we  obtain  by  substitution  a  result 
of  the  form 

J, 

(18). 


If  i/be  equal  to  0  this  simply  gives 
Mdu  +  Ndv  =  0, 
ffhich  can  always  be  made  integrable  by  a  factor.     If  X  be 
Eot  equal  to  0  we  have 

dt     M,      JV", 
—  =  -r^au  +  ^  dv: 
z      L  L 

and  here  the  first  member  being  an  exact  differential  the 
second  will  be  such  also  if  a  complete  primitive  exist.     After 

integration,  u  and  ir  must  be  replaced  by  their  values  -  ,  - . 

Ex.  3.     Given  (ay  —  hz)dx-\-{cs  —  ax)  dy  -^  (fix  —  cy)  dz  =  0. 
This  equation  satisfies  the  equation  of  condition  (8). 
Assuming  ic  =  wy,  y  ==  tiz,  it  becomes  simply 
(atJ  —  h)dtt  —  (ou  —c)dv  =  0, 
da  do 

au  —  c     av  —  b* 


„Go 
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the  solution  of  wMch  ia 

av~D 
whence  the  complete  primitive  sought  Trill  he 
ax  —  cz  _  ^ 
ay  —  hz 

Ex.  4.     Given 

(y' +  ys  +  a*)  db  +  (a:* + a:a  +  «^  (%  +  (se*  +  iry  +  y)  dz  =  0. 
Assuming  x  =  uz,y  =  vz,  we  have  on  reduction 
dz^     (u*  +  i)  +  l)<?M+ (M*  +  u+l)rftf 

z  («  +  w  +  l)(uu  +  u  +  p)        ' 

^^  dz  ^  da  +  dv       («  + 1)  dw  +  (i*  + 1)  dv 

Z         U  +  V  +  \  UB  +  W  +  O  ' 

whence  integrating 

,  ,       w  +  v  +  1  ,    - 

log  z  =  log (-  C. 

Finally  we  have 

xy  +  xz-^-yz     „, 

.ai+yhz    "     ' 
for  the  complete  primitive. 

The  last  two  equations  might  have  heen  integrated  without 
preliminary  transformation.    (I^croix,  Tom.  II.  pp.  507 — 510.) 


Integrating  factors. 

7.     The  equation  Pdx  +  Qdy  +  Rdz  =  0  can   also,  when 
there  exists  a  single  complete  primitive,  be   integrated  by 
means  of  a  factor. 
If  /t  be  that  factor,  then,  since  the  ezpreseioa 
/iPdx  +  f*Qdy  +  ftSda  ' 
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must  be  an  exact  differential,  ve  must  liave 

dx  dt/     '        dx  dz     ' 

difLp)y{^Q) 
dy  dx    * 

equations  to  which  we  may  ^ve  the  forms 

Multipl^ng  these  equations  by  P,   Q,  and  R,  respectively, 
adding,  and  dividing  by  ^  we  have 

-(S-f)-«(f-f)--(f-S)--(«). 

the  same  equation  of  condition  whick  was  before  obtained. 


When  this  equation  ia  satisfied  a  particular  form  of  the 
factor  /*  will  frequently  suggest  itself. 


(ay -fa}"    (cz-oic)"    {bx~cy)* 
are  integrating  factora     In  Ex.  4  the  functions  ~, n 

are  integrating  factors. 


(icy  +  az  +  ys)' 


Sqaationa  not  derivahU  from  a  nn^  primitive. 

8.     To  solve  the  equation  Pdx  +  Qdy  +  Edz  =  0,  when  the 
equation  of  coiiditioh  (8J  is  "not  satisfied. 
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In  this  case  the  solution  consists  <^  two  simultaneous  equa- 
tions between  x,  y,  s,  one  of  which  is  perfectly  arbitrary  in 
form. 

For  representing  an  assumed  arhitrajy  equation  in  the  form 

f^x,y,i)-lt ;.._ (20), 

and  differentiating,  we  have 

Now  these  two  equations  enahling  us,  when  the  form  of 
/  (^>  y>  ^)  is  specified,  to  eliminate  one  of  the  variables  and 
iis  ditferential,  e.g.  z  and  dx,  from  the  equation  given,  permit 
us  to  reduce  it  to  the  form 

Mdx-^Ndy='f), 

M  and  N  being  functions  of  x  and  y.  Solving  this,  we  obtain 
an  equation  involving  an  arbitrary  constant,  and  this  equation 
together  with  (20)  will  constitute  a  solution.  By  giving  dif- 
ferent forms  to  /(k,  y,  z)  every  possible  solution  may  be  ob- 
tained. What  a  solution  thus  found  represents  in  geometiical 
construction  is  the  drawing,  on  a  particular  surface,  of  a 
family  of  lines,  each  of  which  satisfies  at  every  point  the  con- 
dition Pdx-\-  Qdy  -\-Rdz  =  Q.  Now  dx,  dy,  dz  are  propor- 
tional to  the  directing  cosines  of  the  taugent  line.  Hence  the 
geometrical  problem  may  be  represented  as  that  of  drawing  on 
a  given  surface  a  family  of  lines,  in  each  of  which  the  direct- 
ing cosines  coa  ift,  cos  ^,  cos  ;^  at  any  point  shall  satisfy  the 
condition 

Pcos^-f^ooB'^  +  ficoax-O (21). 

Ex.    Required  the  moat  general  solution  of  the  equation 

xdx+ydy  +  oh-'^^-^^dx^O [a), 

which  is  consistent  with  the  assumption  that  it  shall  represent 
a  series  of  lines  traced  upon  the  ellipsoid  whose  equatton  is 

^  iA^'i-^ » 


„Go 


)gle 


AET.  8.]  FBOM  A  SINGLE  PBimTIVE.  285 

It  will  be  found  that  (a)  does  not  satisfy  the  equation  of 
condition  (8). 
Differentiating  (b),  we  have 

a*        b*        d"         ' 

.lenoe  4  =  -5-V^  +  >t) 

z\  a         b  J 


and  thia  reduces  (o)  to 

«,i=+Wy-.^(~+^)  =  o M, 

the  integral  of  whieii  is 

(i_g^+(,_^^.e (,0, 

bdicating  that  the  proJectioDa  of  the  proposed  family  of  linea 
will  be  a  cei:tain  series  of  central  conic  sections. 

If(i  =  J  =  e=l  the  proposed  equation  admits  of  a  dnele 
primitiTe,  viz.  a!*  +  y'  +  z*=l.  And  any  line  traced  on  the 
BUT&ce  of  which  this  is  the  equation  will  satisfy  the  differen- 
tial equation;  for  the  equation  (c)  by  which  the  lines  are 
ordinarily  determined  is  now  reduced  to  an  identity. 

The  above  method  of  solution  is  doe  to  Newton.  Monge 
has  however  remarked  that  the  general  solution  may  be  ex- 
pressed by  the  equations  (10)  and  (11)  of  Art.  4,  viz,  by  the 
ramtdtaneous  system 

T"=*W (22). 

^-/J!-fW (23). 

where  fi  is  the  integrating  factor,  and  V  the  corresponding 
integral  of  the.expression  Pdx-k-Qdy.    It  is  indeed  shewn  in 
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that  Article  that  (22)  does  satisiy  the  differential  equation 
provided  that  the  condition  (23)  is  BatisBed.  But  there  ia  no 
practical  advantage  in  the  employment  of  Monge's  form. 
Applied  to  the  problem  of  drawing  on  a  given  surface  lines 
satisfying  the  condition  expressed  by  the  differential  equation, 
it  makes  the  determination  of  the  arbitrary  function  ij>{z) 
itself  dependent  on  the  solution  of  a  differenual  equation. 

Thus  in  the  example  last  considered  we  have,  on  giving  to 
fi  the  value  2, 

V=a^  +  S\    il  =  c(l-^l-^', 
so  that  the  gemrai  solution  assumes  the  form 

To  apply  this  to  the  problem  of  drawing  lines  satisfying  the 
conditions  of  the  problem  on  the  ellipsoid 


it  ia  necessary  from  the  above  three  equations  to  eliminate 
X  and  y.  From  the  second  and  third  which  here  suffice, 
we  have 

■whence  0  («)  =  —  z*  +  O. 

Therefore  x'  +  y'  +  s*  =  C (/). 

The  particular  solution  sought  is  therefore  expressed  by  the 
equations  [e]  and  {/),  which  are  together  equivalent  to  the 
previous  solution  expressed  by  (6)  and  (d). 

Total   differential   equations   containing  more  than  Arei 
variables, 

9.     It  will  suffice  to  make  a  few  observations  on  the  equa- 
tion with  four  variables  ^ 

Pdaj+  Qdij  +  iitfa  +  ?«(-=  0 (24), 

And  to  direct  attention  to  the  general  analogy. 


ART.  9.]  MOBE  THAN  THREE  VARIABLES. 

Writing  the  above  equation  in  the  form 


--Tpdx- 


..(25), 


it  is  evident  that,  in  order  that  it  should  be  derivable  frota  a 
single  primitive,  we  must  have  , 

\dx)  T    \dy)  T'   \dy)  T    \dz)  T'   \dz)  T"  \dx}  T' 

where  f-r- j  refers  to  x,  not  only  aa  appearing  independently, 
but  also  as  implicitly  involved  in  t ;  and  so  on  for  the  rest. 

Effecting  the  differentiations,  and  substituting  for  -3- ,  ^ , 

-T  their  values  implied  in  (25),  we  have 

which  are  the  equations  of  condition  of  existence  of  a  sinn-le 
complete  primitive. 

It  is  evident  from  the  symmetry  of  the  problem  that  tha 
equation 


-(S-f)-«(S-S--(f-S)=o... 


(27) 


must  also  hold  here.  But  this  is  not  a  new  condition.  It 
may  be  deduced  from  (26),  by  multiplying  the  respective 
equations  of  that  system  by  R,  P,  and  Q,  and  adding  the 
results. 
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It  is  obvious  that  when  there  exist  n  variahles,  the  num- 
ber of  independent  equationa  of  condition  is ^— — ■ — > 

being  the  number  of  ways  of  equating  two  partial  differential 
coefficients  in  a  system  in  which  n  —  1  are  coDtained. 

The  eolution  of  any  such  equation  may  be  effected  by  an 
extension  of  the  method  adopted  for  equationa  with  three 
vaxiables.  We  must  integrate  as  if  all  but  two  of  the  varia- 
bles were  oonstant,  adding,  in  the  place  of  an  arbitrary  con- 
stant, an  arbitrary  function  of  the  variables  which  remain. 
This  fimction  we  must  determine  by  differentiating  with  re- 
spect to  all  the  variables,  and  comparing  with  the  equation 
given.  If  a  single  primitive  exist,  such  determination  will  be 
possible.  If  a  single  primitive  do  not  exist,  we  must,  follow- 
ing the  analogy  of  the  corresponding  case  for  three  variables, 
endeavour  to  express  the  solution  by  a  system  of  simultaneouB 
equations.  And  such  is  indeed  its  general  form.  Ffaff,  in 
a  memoir  published  by  the  Berlin  Academy  1814^ — 15,  has 
shewn  that,  according  as  the  number  of  variables  is  2n  or 
2n  + 1,  the  number  of  integral  equations  is  «  or  n  4- 1  at  most 
His  method,  which  is  remarkable,  consists  of  alternate  inte- 
grations and  transformations.  For  important  commentaries 
and  additions  see  Jacobi  {Werke,  Tom.  I.  p.  140J,  and  Baabe 
{CreUe,  Tom.  xiT.  p.  123). 

Ex,    Given  (2x+r/'+2xif^—y,)dx+ixi/dy--xdi/f+a?cbf^  =  0. 

If  we  suppose  the  variables  y,,  y,  constant,  we  have  to  in- 
tegrate 

{2x+j^+  2xy,  -y,)  dx  +  2xydy  =  0, 

which,  on  substituting  an  arbitrary  function  of  y,,  y,  repre- 
sented by  0,  for  an  arbitrary  constant,  gives 

a;'  -K  ay  -f  a?y,-xt/^  =  ^. 

Differentiating  with  respect  to  all  the  variables,  we  have 

(2a: + y*  -I-  2a:y,  -  y,)  <ic  +  ixr/dff  -  xdy^  +  aj'dy, 

„#_rf„+^dry,. 
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Compaiing  thi3  with  the  given  equation,  ve  have 

whence  ^  =  c  and  the  aoktion  ia 

a^  +  ay  +  a!*y,-a^,  =  c (a). 

Had  we  begun  by  making  x  and  y  constant,  we  Bhould  have 

had  as  the  result  of  the  first  integration, 

^y*-^Si  =  'f> (*)( 

$  denoting  a  function  of  x  and  y.    Differentiating  with  respect 

to  all  the  variablea  and  comparing  with  the  given  equation^ 
we  should  find 

d<j)  =  -i2x  +  y*)dx~2xifdy, 

whence  ^  =  —  a;*  —  ay*  +  c, 

the  substitution  of  which  in  (&)  reproduces  the  fonner  solu- 
tion (a). 


Equations  of  an  order  higher  thtn  thejirst. 

10.    When  an  equation  of  the  form 

Ada^  +  Bdt/^+  Gde*+2I>di/ds  +  2Edxdz-i-  2Fdxdy  =  0...{28) 

ifl  resolvable  into  two  equations  each  of  the  form 

Pdx+Qdy  +  Rdz  =  0, 

the  solution  of  either  of  these  obtained  by  previous  methods, 
will  be  a  particular  solution  of  (28),  and  the  two  solutions 
taken  disjunctivelywill  constitute  the  complete  solution, which 
is  therefore  expressed  by  the  product  of  the  equations  of 
these  solutions,  each  reduced  to  the  form  V^  0, 

The  condition  under  which  (28)  is  resolvable  as  abovei  ia 
erpiessed  by  the  equation 

ABO  +  2DEF-Aiy-SE'~CF'~0 ,-(29)., 
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This  is  shewn  hy  solving  (2S)  with  respect  to  dx,  and 
assumiDg  the  quantity  under  the  radical  to  he  a  complete 
square. 

Thus,  the  equation  s^dj^  +  y'd^— i^d^+ 2xi/dxdy=(i, 
which  will  be  found  to  satisfy  the  above  condition,  is  resolv- 
able mto  the  two  equations 

flfic  +  ydy  +  2*fo  ■"  0,  xdx + ydy  —  zdz  =  0, 

whence   a^+y*  +  «*  =  c...  (a),  a^  +  ^  —  ^  =  c' (6). 

G-eometrically  the  solution  is  expressed  by  lines  drawn  in 
any  manner  on  the  surface,  either  of  the  sphere  {a),  or  of  the 
hyperboloid  (J). 

When  the  condition  (29)  is  not  satisfied,  the  proposed 
equation  does  not  admit  of  a  single  primitive,  or  of  any  dis- 
junctive system  of  primitives.  But  it  does  in  general  admit 
of  a  solution  expressed  by  a  system  of  simultaneous  equations. 
Thus,  if  we  integrate  the  equation  rfz'  =  wt'  {da^  +  dy*),  sup- 
posing X  constant,  we  find  s  =  my  +  C,  or,  replacing  C  hy  i 
function  of  x, 

z  =  'my+il,(x) (c). 

On  substitution  and  int^ation,  we  find  that  this  will 
satisfy  the  proposed  equation  if  we  have 

^^-'»/^-w*("')+« (* 

the  system  (c)  {d^  will  therefore  constitute  a  solution  of  the 
'    equation  given.    We  enter  not  into  the  question  whether  it  is 
the  most  general  solution  or  not,  proposing  merely  to  exem- 
pliiy  the  kind  of  solution  of  which  the  equation  admits. 

To  this  we  may  add  that  all  equations  which  do  not  Batisfy 
the  conditions  of  integrability,  thtfugh  they  may  present 
themselves  in  the  form  of  ordinary,  have  a  far  more  intimate 
connexion  with  partial  differential  equations ;  and  that  this 
connexion  affords  the  best  clue  to  the  solution  of  their  theo- 
retical difficulties. 


T,Goaj^le 
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EXERCISES. 

1.  -t+  *  +JL.O. 

x  —  ay—bz  —  c 

2.  {x-Zy-z)dx-\-  (2y -  Zx)  dy+{B~x)cU  =  (i. 
S.     (y  +  2)(fo:  +  (z  +  a!)rfi/+(a;  +  y)  (&  =  0. 

4.  yzfic  +  z«dy  +  layds  =  0. 

5.  (y  +  3)££i!  +  <i(/  +  £fo  =  0. 

6.  ai/'z'dx  +  hs^a^dy  4-  c3?}/'dz  =  0. 

7.  {x*y-y*-y*z)  (fx  +  (a;/-  a?z-a?)  dy+  {xf+^y)  dz=  0. 

8.  (2*"  +  2a^+23:2'  +  l)  da; +  dy  +  22(&  =  0. 

9.  (2a;+y*+aM!)(ie  +  2jy%-(;(o  +  a!'rf3=0. 

10.  Is  the  equation  (1  +  2m)  xdx  +  y{l—x)dy  +  zdz  =  0 
derivable  from  a  single  primitive  of  the  form  ^  {x,  y,z)  =  c1 

11.  Shew  that  any  system  of  lines  described  on  the  surface 
of  the  sphere  x'  +  i^  +  z*  =  t',  and  satisfying  the  above  equa- 
tion, would  be  projected  on  the  plane  xy  in  parabolas. 

12.  Shew  that  Monge's  method  would,  if  we  integrate 
firat  with  respect  to  x  and  z,  present  the  solution  of  the  equa- 
tion of  Ex,  10,  ia  the  form 

il  +  2m)^  +  !^  =  i>{y).     2y(l-a:)=-f  (y). 

13.  Applying  this  form  to  the  problem  of  Ex.  11,  form 
and  solve  tiie  differential  equation  for  the  determination  of 
fft  (y),  and  shew  that  it  leads  to  the  result  stated  in  that  Ex- 
ample. 

14.  Find  the  equation  of  the  projections  of  the  same 
system  of  curves  on  the  plane  yz. 

19-2  K(|t 
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CHAPTER  5III. 

SIltyLTANEOUS  DIFFERENTIAL  EQUATI0K3. 

1.  We  have  hitherto  considered  only  single  differential 
equations.  We  have  now  to  treat  of  sjmtems  of  differential 
equations. 

Of  such  by  far  the  most  important  class  ia  that  in  which 
one  of  the  variables  is  independent  and  the  others  are  depend- 
ent upon  it,  the  number  of  equations  in  the  system  being 
equal  to  the  number  of  dependent  variables.  Thus  in  the 
chief  problem  of  physical  astronomy — the  problem  of  the 
motion  of  a  syetem  of  material  bodies  abandoned  to  their 
mutual  attractions — there  is  but  one  independent  variable,  the 
time;  the  dependent  variables  are  the  co-ordinates,  which, 
varying  with  the  time,  determine  the  varying  positions  of  the 
several  members  of  the  material  system ;  while,  lastly,  the 
number  of  equations  being  equal  to  the  number  of  co-ordinates 
involved,  the  dependence  of  the  latter  upon  the  time  is  made 
determinate. 

Such  a  system  of  equations  may  properly  be  called  a  deter: 
minate  system. 

We  propose  in  this  Chapter  to  treat  only  of  systems  of 
equations  of  the  above  class.  And  in  the  first  instance  we 
shall  speak  of  simultaneous  differential  equations  of  the  firet 
order  and  degree,  beginning  with  particular  examples,  and 
proceeding  to  the  consideration  of  their  general  theory. 

JParticular  Illustrations. 

2.  The  simplest  class  of  examples  is  that  in  which  the 
equations  of  the  given  system  are  separately  integrable. 

Ex,  1.     Giv&nldx-\-mdy-\-ndz=Q,  xdx+ydy  +  zdx  =  0.  ■ 

Integrating  separately,  we  have 

Iv  +  my  +  na  =  c,     a?+ i/'  +  z*  =  c' ; 
and  those  equations  expressing  the  complete  solution  of  the 
given  system  may  be  s^d  to  constitute  the  primitive  system. 
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Another  class  of  examples  is  that  in  which,  while  the  equa- 
tions  of  the  given  system  are  not  all  separately  iategrable, 
they  admit  of  being  so  combined  aa  to  produce  an  equivalent 
system  of  equations  which  are  separately  integrable. 

.Ei.2.     G,vet>3^  +  y.l,jf-»,  +  y  +  --l. 

Here  the  first  equation  alone  is  separately  integrable,  and 


=^-3  +  ? W- 

Also  by  addition  of  the  given  equations,  we  have 
dx  +  dy  _ 

~di~~'^ 

therefore  ^^±£y  =  dt, 

x  +  !/ 

.   log  {x  +  y)  =t  +  c' (6). 

The  primitive  system  is  therefore  expressed  by  (a)  and  (6). 

In  both  the  above  examples  we  see  that  the  number  of 
equations  of  the  solution  is  equal  to  that  of  the  equations  of 
the  system  given,  and  that  each  equation  of  the  solution  in- 
volves a  distinct  arbitrary  constant.  And  it  is  evident  that 
this  must  be  the  case  whenever  we  can  combine  the  given 
equations  into  an  equivalent  system  of  integrable  equations  of 
the  first  order.  But  as  we  have  not  proved  that  such  combi- 
nation is  possible,  the  following  question  becomes  important. 


=  3:  +  y; 


viz,  what  IS  the  nature  of  the  solution  of  a  system  of  simulta- 
neous equations  of  the  first  order  and  degree  1 

This  question  will  be  considered  in  the  next  section. 

General  theory  of  simultaneous  equations  of  the  first  order 
and  degree. 

3.  We  shall  seek  first  to  establish  the  general  theory  of  a 
system  composed  of  two  equations  between  three  variables, 
and  therefore  of  the  form 


Pdx+Qdy  +  Bdz  =  Q,\ 
Fdx+qfdy  +  Kdz^O,] 


■■(1), 
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the  coefficients  P,  P*,  &c.  being  functions  of  the  variables, 
or  constants. 

We  design  to  consider  tbe  above  system  first,  "and  with  the 
greater  cAre,  because  there  is  scarcely  any  part  of  the  general 
theory  which  it  does  not  serve  to  exemplify. 

Prop.  The  solution  of  the  system  (1)  can  always  be  made  to 
depend  upon  that  of  an  ordinary  differential  equation  of  the 
second  order  between  two  of  the  primitive  variables,  and  it 
ahaaya  consists  of  two  equations  involving  two  arbitrary  constants. 

By  algebraic  solution  of  the  system  (1)  we  have 

'^^  =  gif-W^'.  '^"'QB^B-g^'' (2)- 

As  the  coefficients  of  dx  in  the  second  members  of  these 
equations  are  functions  of  x,  y,  z  we  may  express  the  reduced 
system  in  the  form 

dy  =  ^  [ai,  y,  z)  dx,     dz  =  -<fr  {x,  y,  s)  dx, 
whence,  regarding  x  as  independent  variable, 

2=*(-'3"^) (3). 

^_ 
dx~ 


='f(x,y.z) (4). 


Thus  the  given  system  enables  us  to  express  -^  and  -r  by 

-known  functions  of  x,  y,  z. 

Now  differentiating  (3),  still  on  tbe  assumption  that  a;  is  the 
independent  variable  and  representing  for  brevity  0  {x,  y,  z) 
by  0,  ^  (a;,  y,  z)  by  ■^,  we  have 

tPy  _d<fi      di)>  dy      dtf>  dz 
duf     die     dy  dx     dz  dx' 

or  substituting  for  >-  its  value  given  by  (4), 

d'y  _d<^     d<f,  dy        d.^  .., 

dx-'dx^dydx'^^dz ■ ^•'* 
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This  equation  involves  -y-  and  -rp  together  with  the  quan- 
tities t—,  ~j-y  ^  and '^,  which  ate  known  functions  of  ic,  y, 
and  z.  Hence  eliminating  z  by  means  of  (3)  we  have  a  final 
equation  involving  -,  - ,  Vj ,  x,  and  y.  The  complete  primi- 
tive of  this  differential  equation  of  the  second  order  will  enable 
us  to  express  y  ass.  function  of  x  and  two  arbitrary  constants. 
Suppose  the  value  thus  obtained  for  y  to  be 

y  =  3C  (■^.  c.,  O (6). 

Then  we  have  by  virtue  of  (3) 

*  (a,  y,  z)  — ^^^■'  '' ;.  (7). 

These  two  equations  involving  two  arbitrary  constants  con- 
tain the  complete  solution  of  the  system  given. 

4.  It  is  important  to  observe  that  the  system  (2)  may  be 
expressed  in  the  symmetrical  foiTQ 

dx        _         dy        _        dz 
QS  - MQ'  ~  RF- PR'  ~ Pg-  QF ' 
IS  we  represent  the  denonijnators  of  the  above  reduced 
system  by  X,  Y,  Z,  it  becomes 

dx  _di/  _dz 
'X'T'Z 


..(8). 


This,  then,  may  be  regarded  as  the  symmetrical  form  of  a 
system  composed  of  two  differential  equations  of  the  first 
order. 

Again,  the  complete  solution  of  such  a  system,  as  is  expressed 
by  (6)  and  (7),  consists  of  two  equations  connecting  the  varia- 
bles X,  y,  z  with  two  arbitrary  constants.  If  we  solve  these 
equations  with  respect  to  the  constants,  the  solution  assumes 
the  form 

^,(a:,  y,  z)  =  c„     <f>,{x,  y,  z)  =  c, (9). 

Thus  a  system  of  two  differential  equations  of  the  first 
order  may,  without  loss  of  generality,  be  presented  in  the 
symmetrical  form  (8),  and  its  complete  solution  in  the  sym- 
metrical form  (9), 

D,g,i,7?<iT,Google 
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Ex.  1.      GivCD 

{Sy  +  93)  (2a;  +  (?y  +  (fe  =  0,     (4y  +  3z)  da:+  2%  -  (^^  =  0. 
Here  we  find  by  algebraic  solution 

t'-'y-^' w, 

J, 

5s  (5),   , 


Tx — '"    "' 

tiiC'  dx     ,   dx 


--3g  +  8y  +  20»,  by  (i). 
■SHnunating  e  by  (a),  we  have  on  reduction 

A  linear  equation  ivith  constant  coefSclents  whose  complete 
primitive  is 

!/.0,,-+0/^- (c). 

Equating  the  value  of  -^  hence  determined  with  that  given 

in  (a)  we  have 

5y  +  iz  =  C,€-  +  70/^' (d). 

The  complete  solution  is  therefore  expressed  by  (c)  and  (d). 

Theoretically  it  is  of  no  consequence  which  of  the  primitive 
variables  we  assume  as  independent  But  practically  tbe 
question  is  of  some  importance  as  afTectiug  the  character  of 
the  final  difieieDtial  equation. 

Ex.2.     Given -^-33r  +  3f  =  0,   -J-x-y^Q. 

Diflerentiating  the  first  equation  we  have 
^x        djc     dy 
dt      '*dt'^di~' 

from  which  eliminating  -^  ty  the  second  equation  we  have 
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Hence  eliminatiog  y  by  the  first  equation 

Integratii^ 

a:  =  iO+G't)-^, 
and  this  value  of  «  substituted  in  the  first  equation  givea 

The  last  two  equations  constitute  the  primitive  system. 
We  choose  next  an  example  in  which  the  given  system  in- 
volves functions  of  the  independent  variable  in  the  second 


Ex.3.     Given  ^  + 5a! -2y  =  e',    ^-x  +  6y  =  ^. 
Here,  differentiating  the  first  equation,  we  have 
^      .dx     „iy_. 

de^    di        dt 

Eliminating  -r-  by  the  second  equation  of  the  given  system, 

we  have 

^x  ,  .  dx 


dt 


-2a!+12y  =  e<+2«*'. 


And,  eliminating  y  by  means  of  the  first  equation  of  the 

system, 

a  linear  differential  equation  of  the  second  order  whose  solu- 
tion is 

Hence,  by  the  first  of  the  given  equations, 

The  last  two  equations  are  the  complete  primitives  of  the 
system  given.  ,  '  . 

D,g,i,7?<iT,Google 
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5.  The  above  theory  may  be  extended  to  all  systems  wliioh 
are  composed  of  n  differential  equations  of  the  fii'st  order  and 
degree  connecting  n  +  1  variables. 

Assume  x  (independent)  and  x^,  a;,,  ...a;,  (dependent)  astbe 
variables  of  the  systeoL  Then  there  exist  n  differential 
equations  of  the  form 

Pdx  +  P^dx,  +  P^dx,...  +  P^dx.  =  0 (10), 

P,  Pj,  &c.  being  functions  of  the  variables.  These  equations 
exactly  sufSce  to  determine  the  ratios  of  the  differentials  dx, 
dx^,...dx,,  and  thus  assume  the  symmetrical  form 

dx  _dx^  _dx^      _dr,  ,    , 

'x~X'X '" ~X ■ ^  '' 

X,  X^,  &c.  being  determinate  functions  of  the  variables. 

This  premised,  the  solution  of  the  system  (11)  depends  upon 
the  solution  of  a  single  differential  equation  of  the  n""  omer 
connecting  two  of  the  variables. 
Let  us  select  for  the  two  x  and  a;,. 
Now  (11)  gives 

(ir,     X^     dx,     Jfj          dx^     Xi  /^|Q^ 

'dx~X'   di~T'   "■~d£~  X ^^''^■ 

Differentiate  the  first  of  these  n  —  1  times  in  succession,  re- 
garding X  as  independent  variable  and  continually  substitut- 
ing for -t-*,   -■• -j-^  their  values  as  given  by  the  »v  — I  last 

equations  of  the  above  system.  We  thus  obtain,  including 
the  equation  operated  upon,  n  equations  connecting 

da;,       d*a;,     d^x^ 

3»  '     dd  ' ' '  etc" 

■with  the  primitive  variables  and  therefore  enabling  us,  1st,  to 
express  the  above  n  differential  coefficients  in  terms  of  those 
variables,  2ndly,  by  elimination  of  the  n  —  1  variables,  a;,,  a!„ 
,..!F,,  to  deduce  a  single  equation  of  the  form 

„  /  dx,      <Px,       d'x,\      _  ri  o\ 
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Now  thiB  being  a  differential  eqaation  of  the  n*  order,  there 
exist.  Chap.  ix.  Art.  1,  n  first  integrals  involving  n  distinct 
arbitrary  constants  and  capable  of  expression  in  the  form 

'\  '    "  (ic  '    da?  '"  t^js"'/         * 


..(U). 


B  substitute  for 


dx,      d\ 


If  in  thia  system  we  substitute  for  -3-' ,   -r-jf . ..    ,  „-,'  their 

values  in  terms  of  the  primitive  variables  above  referred  to, 
we  shall  obtain  a  system  of  n  equations  of  the  form 
^j  (3;,  a;,,  a;, ...  arj  =  <7,  - 


(15). 


^»  (37,  a:,,  a;, ...  a;„)  =  (7,  . 

Thia  is  the  primitive  system  sought. 

And  thus  the  following  Propositions  are  established,  vtz. 
1st,  that  a  system  of  differential  equations  of  the  first  order 
connecting  71  + 1  variables  is  expressible  in  the  symmetrical 
form  (11).  2ndlY,  that  its  complete  solution  depends  on  that 
of  an  ordinary  differentia]  equation  of  the  ti""  order  (13). 
3rdly,  that  that  solution  consists  of  n  equations  connecting  the 
primitive  variables  with  n  arbitrary  constants  and  theoreti- 
cally expressible  in  the  form  (15). 

These  very  important  propositions  were  first  established  by 
Lagrange,  hut  the  above  demonstration  of  them  is  taken  from 
a  memoir  by  Jacobi*. 

It  is  not  necessary,  as  is  evident  from  the  examples  already 
given,  actually  to  determine  the  n  first  integrals  of  the  differen- 
tial equation  (l!t).  The  complete  primitive  and  the  successive 
equations  obtained  from  it  by  differentiation  enable  us  to  ac- 
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complish  the  same  object.  Neither  is  it  always  necessary  to 
proceed  to  differential  equations  of  an  order  higher  than  the 
first.    This  point  will  be  illustrated  in  the  following  Bections. 

Linear  equations  of  the  first  order  with  constant  coe^icients. 

6.  The  characters  here  mentioned  have  reference  only  to 
the  dependent  variables  which  are  the  true  unknown  quanti- 
ties of  the  system.     Thus  the  equation 

Would  be  described  as  linear  and  with  constant  coefficients. 

.  The  solution  of  any  system  of  n  such  equations  is  by  tbe 
foregoing  general  method  reducible  to  that  of  an  ordinary 
linear  differential  equation  of  the  n"'  order  with  constant  co- 
efficients. And  this  method  is  in  the  two  following  respects 
the  best  .of  all,  viz..  1st,  because  of  its  fundamental  character, 
2ndly,  because  it  leads  directly  to  the  expression  of  the  values 
of  the  dependent  variables. 

The  solution  of  such  .a  system  may  however  aUo  be  effected 
by  the  method  of  indeterminate  multipliers,  and  this  we 
propose  here  to  exemplify.  Its  advantage  is  that  it  generally 
presents  the  equations  of  the  solution  under  a  common  type, 
so  that  their  discovery  is  made  to  depend  upon  the  discovery 
of  a  single  general  form. 

dy 


a'x  +  b'i/  +  c'. 


Multiplying  the  second  equation  by  an  indeterminate  quan- 
tity m,  and  adding  to  the  first,  we  have 


dx  +  mdtf 


{a  +  mcC)  x+  {b  +  mb')  y  +  c  +  mc 

{a  +  ».')(.  +  ™j,  +  l±^:)... W, 
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provided  that  we  determine  nt  so  as  to  satisfy  the  condition 


or  am'  +  [a-h')m-h  =  0 (J), 

Now  (a)  gives 

...-il.  —T  =  (a  +  ma)  dt 

,  c  +  mc       ^  ' 

x  +  my+  — ; i 

whence  on  integration 

\og(x  +  mg  +  ^^~^  =  {a  +  7tta')t+C. (c). 

Id  this  equation  it  only  remains  to  substitute  in  succession 
the  two  values  of  m  furnished  by  (J),  The  two  resulting 
equations,  in  which  the  arbitrary  constants  must  of  course  be 
supposed  different,  will  express  the  complete  solution  of  the 
problem. 

When  the  values  of  m  are  equal,  the  form  (c)  furnishes 
directly  only  a  single  equation  of  the  complete  solution.  We 
may  deduce  the  other  equation,  either  by  the  method  of  limits 
(assuming  the  law  of  continuity),  or  by  eliminating  x  from 
the  given  system  by  means  of  (c),  and  then  forming  a  new 
differential  equation  between  y  and  t.  It  seems  preferable 
however  to  employ  the  genera"!  method  of  Art.  5,  by  which 
all  difficulties  connected  with  the  presence  of  equal  or  imagi- 
nary roots  are  referred  to  the  corresponding  ca^s  of  ordinary 
differential  equations. 

7.  Simultaneous  equations  are  so  often  presented  under  the 
symmetrical  form  (11)  that  the  appropriate  mode  of  treatment 
deserves  to  be  carefully  studied,  especially  as  it  possesses  the 
superiority,  always  in  point  of  elegance,  and  frequently  in 
pomt  of  convenience,  over  other  processes. 

It  is  known  that  each  member  of  a  system  of  equal  frac- 
tions is  equal  to  the  fraction  which  would  be  formed  by 
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dividing  any  linear  homogeneous  fnncfion  of  tlieir  lume- 
rators  by  the  same  function  of  their  denominators.  Hence  if 
^e  have  a  system  of  equations  of  tbe  form 

dx,     dx,  tlx,     dt   '  ,    .   ■ 

X'X 'x.'t '""' 

in  which  we  suppose  t  the  independent  variable,  and  fa 
function  of  (  only,  then  we  shall  have 

dt  _  (for,  +  mdr^ ,..+  rdx,  _. 

'T~~X^  +  mX^...  +  rX,   f^'^' 

Hence,  should  the  first  member  be  an  exact  differential,  the 
inquiry  is  suggested  whether  the  multipliers  m, ,,. r  cannot 
be  so  determined,  whether  as  functions  of  the  variables  or  as 
constants,  aa  to  render  the  second  member  such  also.  Now 
when  the  system  of  equations  is  linear  and  with  constant  co- 
efficients this  can  always  be  effected.  It  may  be  observed 
that  the  character  of  the  system  is  as  manifest  from  inspec- 
tion of  the  symmetrical  form  (16)  as  of  the  ordinary  form. 
If  the  system  be  linear  and  with  constant  coefficients  the  de- 
nominators X ,  X,, ...  X,  will,  when  considered  with  resped 
to  the  dependent  variables  x^,  x^,...x^,  be  linear  and  with 
constant  coefficients. 

In  the  employment  of  this  method  it  is  often  of  great  ad- 
vantage to  introduce  a  new  independent  variable,  and  to 
consider  all  the  variables  of  the  given  system  as  dependent 
upon  it.  We  are  thus  enabled  to  secure  the  condition  above 
adverted  to,  of  having  one  member  of  the  symmetrical  system 
an  exact  differential. 

Exl.    Given ^  =  ^? ,. 

ojo  +  by  +  c     ax  +  oy  +  c 

Let  us  introduce  a  new  variable  /  so  as  to  give  to  the  system 
the  form 

dx  da  dt  ,  , 


ax  +  bif  +  c     a'x+i'y+c'      (.* 


.Gotit^le 
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Here  the  tliird  member  being  an  exact  difTereutial,  we  shEilI 
write 

dt_ dx-\-mdy 

t      ax-t'{>if  +  c  +  m{ax  +  b'^  +  c') 

dx  +  mdy 

(a  +  ma)  x+{b  +  mb'j  ^  +  c  +  mc' 
_       1  (a+ma)dx  +  {a  +  ma')mdy 

~a  +  ma'  {a  +  ma')x+(b  +  mh')jf  +  c  +  ma" 

The  second  member  of  this  equation  will  be  an  exact  differ- 
ential  if  we  have 

{a  +  ma)  m  =  b  +  mh' (b), 

the  integral  corresponding  to  each  value  of  m  thus  deter- 
miaed  being  of  the  form 

%(+  C  =  -— — ,log{{a  +  ma')x-\-(h  +  mh')y  +  c  +  mc'], 

or        C't={ax  +  h/+o+m  {a'x  +  h'y  +  c')]"*"**'. 

If  the  roots  of  the  quadratic  {b)  are  m,  and  m,,  we  thus  -find 

.C,i  =  {aa:  +  Jy  +  c  +  m.(a'a!  +  iV +  001^1 j^j^ 

for  the  primitive  equations  of  the  system  (a).  Those  of  the 
^ven  system  will  be  obtained  by  eliminating  t.  The  result 
assumes  the  remartable  form 


[ax  +  iy  +  c  +  m,  (a'x  +  h'y  +  c')]"*"^"'  _ 
[ax-^hy  +  c-hm,  (o'a:  +  b'y  +  c')l"+"*.«' 
Ex.2.     Giyen5  =  f  =  f,^here 


G (d). 


X=ax  +  by  -\-  cz  +  d'l 

T=a'x-\-h'y  +  c's-^d'\., ..,.:... .....{a).   '. 

.Z=>a"x+i>"y+c"si-d"\  ■ 
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Introducing  a  new  variable  i,  so  as  to  give  to  the  system  the 
more  complete  form 


we  have 


dt     dx     dy     dz 
l^X^Y^Z  ...... 

dt  _  Idx  +  mdy  +  ndz 
1~  IX  +  mY+nZ 


■Cf). 


("). 


.(d). 


Idx  +  mdy  +  ndz 

'^Xilx  +  my  +  nz  +  r) 
Provided  that  we  assume 

ai  +  am  ■+  a"n  =  Xi 

hi  +  b'm  4  h"n  =  'Km 
cl  +  c'm  +  c"n  =  \v, 
dl-Ydm-^d:'n  =  \r  . 
The  first  three  of  these  may  be  written  in  the  fonu 

(a  —  X)l  +  a'm+a"'n  =  (i  1 

U  +  {b--\)m  +  b"n  =  0  I (e), 

cl+  c'm  +  {c" -\)  n  =  0  J 

whence  eliminatiug  I,  m,  n  we  have  the  well-known  cubic 

{a  -  X)  (J'  -  X)  (c"  -  X)  -  b"o'  (a  -  \) 

-  ca"  (fi'  -  X)  -  Jo'  (c"-  X)  +  a'b"c  +  a"bc'  =  0 ...  (/). 

Now  let  the  values  of  \  hence  found  be  \,  \,  \,  and  the 
corresponding  values  of  I,  m,  n,  r  be  l^,  m^,  n,,  r,,  l^,  m^,  &c,, 
then  integrating  (c)  we  shaJl  have  the  system 


c^t  =  {t^x  +  m^  +  «,e  +  r,)*i, 

C^  =  (l^x  +  m^  +  V  +  O*'- 

Hence  eliminating  (  by  equating  its  values,  we  find  aa  tte 
general  solation  of  the  origual  system  of  equations 


AHT.  8.]  WITH  OOHSTAHT  COEITIClEHTB.  305 

I  I 

(/,a;  +  m,  y  +  V +  **:)*'"  ^  Cr*  +  *"iy  +  *V +  *•!)  *■ 
1 

In  the  same  way  we  may  integrate  the  general  Bjatem 

where  X,,  X^,...X,  ara  any  linear  functions  of  the  variables. 

S.  From  the  above  reealts  the  solutions  of  vaiioua  eym- 
metrical  systems  in  which  the  denominators  are  not  linear 
may  be  deduced.  The  moat  remarkable  of  such  deductions  is 
the  following. 

Suppose  that  in  the  system 

dx  dy' dt  .  . 

<wf'+  by'-v  cz'  * a'a'  +  Ay  +  c'«'  ~  oV  +  J'V  +  o'V  "'  ^^" 
the  solution  of  which  is  known  from  what  precedes,  we  aub- 
Btitute 

id^tcz,     ^  '^yil, 
X  and  V  being  new  variables  introduced  in  the  place  of  x'  and 
y'.    The  result  is 

y+.v<fe' 


ax-vhy  +  c     a'x  +  h'y  +  c'     a  x-i-.- 
to  which  we  may  obviously  ^ve  the  form 


ax  +  by  +  c  —  x{a"x+b"y+i^')     a'x+b'y+e'  -y{a"x+b"y+c") 
dz' 
a"x  +  b"y+e"' 
Dividing  the  firHt  equation  of  this  system  by  z',  we  have 

•  ^ ^y ^    m 

oaH-ty+c-Jc(o"a!+6"y-H!")     a'x+b'y+c'-y{a"x+b"y+c")      ^  ' 

Now  this  on  clearing  of  fractions  will  be  found  to  be  of  the  same 
form  as  Jacobi's  equation  {OreUe,  Tom.  X3iv.  p.  1),  whose 
solution  on  other  grounds  has  been  explained,  Chap.  V.  Art.  8. 
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We  see  that  the  eolution  of  (b)  is  deducible  trom  that  of 
the  eystem  (o)  by  chaugiag  x'  into  wz',  y'  into  ys,  and  elimi- 
nating /. 

And  just  in  this  way  the  solution  of  any  ^^metrical 
non-linear  system  of  the  form 

X^-x^X     X^-x^  ■•'     X,-x.X ^^'*^' 

in  which  X,  X^,  X,, ...  X,  are  linear  fanctions  of  the  variabies 
Xf,x^,...x,  may  be  made  to  flow  from  that  of  a  symmetrical 
eystem  of  the  foim 

$=t-=fe---- "»'• 

in  which  Xj,  X^,...X^i  are  linear  komogeiteovx  functions  of 
the  variaibles  a:,,  ar,,...x„,.  The  general  solution  of  the  sys- 
tem (18)  seems  to  have  been  first  obtained  by  Hesse  [Crme, 
Tom.  xsv.  p.  171). 

9.    Lastly,  certain  systems  of  linear  equations  which  have 
not  constant  coefficients  may  be  solved  by  the  above  method. 
Thus  the  solution  of  the  equations 

,  t. («)■ 

where  T,  T,,  J",  are  functions  of  the  independent  variable, 
may  he  reduced  to  that  of  an  ordinary  linear  differential  equa- 
tion of  the  first  order. 

For  proceeding  as  before,  we  find 

VS^!ll^XT(,;c*m,).T,*mT, (i). 

provided  that  X  and  m  ba  determined  by  the  conditions 

■     X  =  o+ina',    Xm  =  6  +  m6' (c). 
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SencQ  eliminating  \  we  have 

m  {a  +  ma)  =:  i  +  mh' (d), 

which  gives  two  values  for  m.  Integrating  (6)  regarded  as 
a  linear  equation  of  the  iirst  order  between  x  +  my  and  (,  and 
substituting  for  \  its  value  in  terms  of  m  given  by  the  first 
equation  of  die  system  (c),  we  have 

in  which  it  remains  to  substitute  for  m  its  values  given  by  (d). 
m.     Givei,,§+|(«-y).I.     J  +  l(;.+  53,).(. 
The  solution  is 

If  in  the  system  (a)  we  make  T=  1,  it  becomes  a  system  of 
equations  with  constant  coeSicients  but  possessed  of  second 
members. 

The  general  system  Mialogous  to  (a)  when  the  number  of 
variables  is  increased,  may  be  solved  by  the  same  method. 
It  may  be  well  to  notice  that  the  equivalent  symmetrical 
form  is 

dxi     _     dx^          _     dx,     _  dt 
Z,  +  '1\  ~X^VT^"'  ~  X,  +  r,  ~  T ^^^^' 

where  X,,  X^, ...  X,  are  linear  homogeneous  functions  of  the 
dependent  variables,  and  T,  T., ...  T,  are  functions  of  t. 
Treated  under  this  form,  it  is  obvious  that  its  solution  will 
be  made  to  depend  upon  that  of  a  linear  differential  equation 
of  the  first  order,  and  au  auxiliary  algebr^c  equation  of  the 


Sguations  of  an  order  higher  thtm  the  first 

10.    Any  system  of  simultaneous  equations  of  an  order 
higher  than  the  £rst  is  reducible  to  a  cn^etem  of  the  first 
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order.  And  this  reductioB  thoagh  not  always  neeeesazy  for 
the  purpose  of  solution  is  theoretically  important,  because  it 
enables  us  to  predicate  what  hind  of  eolation  ia  possible. 

To  effect  this  reduction  it  is  only  necessary  to  regard  as  a 
new  variable  and  to  express  as  such  by  a  new  symbol,  eacb 
differential  coefficient,  except  the  highest,  of  each  dependent 
variable  in  the  given  equations.  The  transformed  eqaations 
will  thus  be  of  the  first  order,  and  the  connecting  relations  of 
the  first  order  also ;  and  the  two  tc^ther  will  constitute  a 
system  of  simultaneous  equations  of  the  first  order. 

E^    Given  the  dynamicid  system 

df~^'        df      ^'        dC     ^• 
where  Z,  Yt  Zaxe  functions  of  the  variables. 
Here  if  we  assume 

dx       ,       dg       ,       ds       , 

S"''    tt-^'     di-'- 

the  ^ven  system  assumes  the  form 

dx      „      dy'      „      dd  _„ 

dt~-^'     dt~^'      dt"'^- 

Thus  we  have  in  the  whole  six  equations  of  the  first  order 

between  the  dx  dependent  variables  x,  y,  z,  x,  y',  e',  and  the 

independent  variable  t. 

The  complete  solution  of  the  latter  system  will  therefore 
consist  of  six  equations  connecting  the  above  system,  of  vuis- 
bles  with  six  arbitrary  constants. 

If  from  these  six  equations  we  eliminate  the  three  new 
variables  a;',  y",  /,  "we  obtain  three  equations  connecting  the 
original  variables  x,  y,  z,  t  with  the  above-mentioned  six 
arbitrary  constants. 

And  thus  it  might  be  shewn  that  the  complete  solution  of 
any  system  of  three  dlfierential  equations  of  the  second  order 
between  four  variables  will  be  expressed  by  three  primitive 
equations  connecting  these  variables  with  six  arbitraiy  con- 
stants. 


T,Google 
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'  Avd  stiU  more  generally,  the  complete  solution  0/  a  syetem  of 
n  differential  equations  owUaining  a  +  1  variables  o/which  one 
is  independent  will  consist  of  n  equations  connecting  those 
variablea  with  a  number  of  constants  equal  to  the  sum  of  the 
iTtdices  of  order  of  the  several  highest  differential  coefficients. 

For  let  ( be  the  independent  and  x  one  of  the  dependent 
variaUea,  and  let.  the  highest  differential  coefficient  of  a 

which  preaenta  itself  be  -^.     Then  in  the  reduction  of  the 

system  of  given  equations  to  a  system  of  equations  of  the  fii^ 
order  it  is  necessary  to  introduce  n  —  \  new  variables  con- 
nected with  X  by  the  relations 

dx  ^_  <fe,^ 

5^'^"    dt~"*'- ~dr'^^- 

Thus  the  number  of  variables  in  the  transformed  system  cor- 
responding to  X  and  its  differential  coefficientu  will  be  n,  and 
as  a  similar  remark  applies  to  all  the  other  variables,  it  ap> 
pears  that  the  total  number  of  variables  of  the  transformed 
system  will  be  equal  to  the  sum  of  the  indices  of  the  orders 
of  the  highest  dltferential  coefficients  of  the  several  dependent 
variables  in  the  systeni  given. .  Such  then  will  be  the  number 
of  equations  of  the  transformed  system,  and  such  the  number 
of  constants  introduced  by  their  complete  integration.  Art.  5. 

It  is  also  evident  that  if  from  the  equations  by  which 
the  complete  solution  is  expressed  we  eliminate  all  the  sev 
Variables  there  will  remain  a  number  of  equations  equal  in 
number  to  the  original  equations,  and  connecting  the  primi- 
tive variables  with  the  constants  above  mention^.  Thus  the 
proposition  is  established. 

The  transformation  above  employed  is  further  important, 
because  in  the  highest  class  of  researches  on  theoretical  dy- 
namics it  is  alwayft  supposed  that  the  differential  equations 
of  motion  are  reduced  to  a  system  of  simultaneous  equations 
of  the  first  order. 

At  the  same  time  it  ia  not  necessary  for  ordinary  purposes 
to  effect  this  reduction.  Differentiation  and  elimination  al- 
ways enable  us  to  arrive  at  a  differential  equation,  higher  in 
onjer,  between  two  uf  the  variables.    The  method  of  indeter- 
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minate  mnltipliera  may  also  be  sometimes  ased  witli  adTiiii< 
tage.     No  general  rule  can  however  be  given. 

[The  statement  respecting  the  nnmber  of  arbitrary  constants 
is  not  universally  true.  Suppose,  for  example,  that  there  are 
two  simnltaneous  differential  equations  which  connect  x  and  jf 
with  the  independent  variable  /.     Let  one  equation  contain 

difTerential  coefficients  up  to  -^  and  -~  inclusive ;  and  let 

d'x 
the  other  equation  contain  diSerential  coefficients  up  to  -rp 


arbitrary  constants  involved  in  the  solution  is  the  greater  of 
the  two  numbers  m  +  s  and  n  +  r.  See  Coamot,  TrailS  EI4- 
meataire  de  la  Throne  des  Fonctiora...  1841.  VoL  u.  p.  318.] 

Ei.l.     Given -^  =  oa:  +  iy,    ^  =  a'x-i-h'i/. 

1st  method.    Differentiating  the  first  equation  twice  with 
respect  to  t,  we  have 

d*x       d^x     ,  (?*« 


Eliminating  y  and  -rj  from  the  above  three  equations,  we 
have 

The  complete  integral  of  this  linear  equation  with  constant 

coefficients  will  determine  x,  whence  y  b  given  by  the  formula 

1  fd'x         \ 


2nd  method.    From  the  given  equations  we  find 
=  (a  +  ma')  ic  +  (J  +  mfc*)  p 


^  +  m  J  =  («  +  ».«')  3!+ (J  +  mfc-)? 


h  +  «i' 


iBT.  10.]  HIGHER  THAN  THE  PIEOT.  311 

Let  x  +  my  =  u,  then  provided  that  we  determine  m  by  the 
condition 

h  +  mh'  ., , 

m  =  -    — i (0), 

a  +  rm 

we  shall  have 

whence  u  =  O/'*"^^*'  +  C,e-'»*"«*'. 

Let  m,,  m,  be  the  values  of  m  given  by  (6),  then  the  complete 
primitive  system  is 


a;  +  m,y  =  (?,«<'+"•»'*''+ Cje-I»+''^*', 

and  this  is  really  equivalent  to  the  previous  solution,  though 
more  symmetricaL 

Ex.  SL  The  approximate  equations  for  the  horizontal  mo- 
tion of  a  pendulum  when  the  influence  of  the  earth's  rotation 
la  taken  into  account*  are 

-5+^4-f -»J °' 

I  representing  the  length  of  the  pendulum,  g  the  force  of 
gravity,  and  —  r  being  equal  to  the  product  of  the  earth's 
an^lar  .velogity  iittp  the  sine  of  the  latitude  Of  the  place. 

As  the  equations  have  constant  coefficients  tbey  admit  of 
complete  iotegration.     If  we  differentiate  bo  as  to  enahle  us 

to  eliminate  y,  -^  and  -^ ,  we  find  as  the  result 


d*x 


*- Jnllien,  FtdbVbmet  it  Mieaniqti*  KatlmjuUe,  Tom.  U.  p.  283. 
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the  complete  8(^ution  (^  which  ie  of  the  form 

SB  •=  A  COB  {m^t  +  a)  +  B  COB  (m^t  +  0) (c), 

wBere  A,((,B,ff8ie  arbitrary  constants,  and  m',  m*  are  the 
two  roots,  with  signs  changed,  of  the  equation 


/-!(2r'+f);.+'^.0 


From  the  above  value  <d  w  that  of  y  may  be  obtained  by 
means  of  the  fonnula 


.(d). 


_       t    d*x     I  (         g\dx 

which  is  readily  deduced  from  the  given  equations. 

The  above  ttystem  may  also  be  solved  by  assuming 

a;  =  a;' cos  rf  +  y' sin  rf     1  ,  , 

ya  — ai'ainrt  +  y'coerjj 

The  traosfonned  ^nations  are 

5'  +  xV-0,     §'+Vy'.0, 

where  V  =  »^+2; 

whence  we  find 

ic'-ji  cosXi  +  SsinMl  ,« 

y'  =  A'  cm'U-\-B'saa'ht) ^^' 

11.  In  problems  connected  with  central  forced  particulw 
forms  of  the  following  system  of  equations  present  them- 
selves viz. 

cPx_dR      ^     dR      ^1     iS  ,y 

"5?""^'     d*»"'°%'     de'de ^**^' 

where  iJ  is  a  ^ven  fiinctioa  of  the  quantity  VCa^  +  y*+'*^ 
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or  r.    Multiplying  the  above  equations  by  dx,  dp,  dx  reepec- 

tivelj,  and  iotegrsting,  We  have 

i{(S)>(S)'-(f)]=^-^ (»). 

B  being  an  arbitrajy  constant. 

.     .       .        dR     dR  dr     xdB     „      ,, 
Again,  since  7i~=j-j~  =  ~;E^>   «c-  tne   given   system 

of  equations  may  be  expressed  in  the  form 

^_xdR         d^^_ydR         ^^zdM 
df^rdr'       iLf      r  dr'        d^     r  dr  ' 

Now  if  from  each  pair  of  equations  we  elinunate  --t-,  we 
obtain 

(fy        d^x      .        d^z        d^y     ^         cPx       ^z     . 

of  which  it  is  evident  that  two  only  are  independent.    Inte- 
gratii^  these,  we  have 

dy       dx      „         dz       dy     „         dx       dz      ^^ 

'i-^Ti-°"  >di-'-s'"-  'n-'d,-''" 

^it  f-n  C^i  being  constants. 

Squaring  the  last  three  equations  and  adding,  we  obtain 
a  result  which  may  be  expressed  in  the  form 

or,  by  virtue  of  (6)  and  of  the  known  value  of  r, 

2r-(fi  +  B)-(rJ)'-4' (.), 


f  rdr 
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Again,  it  i^  evideot  that  "b;  means  of  (c)  we  can  eliminate  R 
from  each  etiuation  of  the  eyatem  (o).     For  (c)  gives 

Substituting  which  in  the  first  of  the  given  equations,  ve 
have 

xf      A*     cPr\ 


d^x        tPr      A'je 


=  0, 


-therefore  j^^y  ^f-l +^'-=  0. 

at     dt\rj         r 

K  we  now  absume  —^  =  d^,  the  above  becomes 

dijr       r       ' 

whence  -  =»  o,  cos  ^  +  J,  sin  ^ ,(/). 

In  like  manner,  we  find 

~=fli,coa  ^  +  \ain<l>  (j). 

-  =  <i,eo8^  +  i,8iii  <j>  (A). 

in  which  we  must  substitute  for  ^  ita  value,  viz, 

.      fAdt      [              Adr  ,^ 

'^"jr'^jTl^^i^BTW^ 
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To  this  espresaion  it  Tvould  be  saperfluous  to  annex  an  arbi- 
trary constant  before  that  Bubstitution.  For  each  of  the 
second  members  of  (/),  (g),  (A)  is  expressible  in  the  form 
(/COS  (^  +  G"),  in  which  ^  ia  wready  provided  with  an  arbi- 
traiy  constant. 

The  solution  is  therefore  espressed  by  means  of  (e)  and  (i), 
which  determine  r  and  the  auxiliary  tf>  as  functions  of  t,  and 
^y  if)i  iff)'  (^)'  which  then  enable  us  to  express  x,  y,  z  aa 
functions  of  t.  As  we  have  however  made  no  attempt  to 
preserve  independence  in  the  series  of  results,  the  constants 
will  not  be  independent.  If  we  add  the  squares  of  (/),  (g), 
[k),  we  shall  have 

1  s  (a^  +  a*  +  a,*)  cos'  ^  +  2  (o^ft,  +  aj)^  +  o,J,)  ain  ^  cos  <^ 

+  (V  +  K  +  O  sin'  4>, 

which  involves  the  relations  among  the  constants 

a*  +  a^  +  a*=l,   S,'+&,'  +  V=l.   aA  +  «A  +  «A='0...(Ji;). 

The  six  constants  in  {/)■  iff),  (A),  thus  limited,  supply  "the 
place  of  only  three  arbitrary  constants,  and  there  being  three 
also  involved  in  (e),  the  total  number  is  six,  as  it  ought  to  be. 

In  the  same  way  we  may  integrate  the  more  general  system 
ti*x^     dR     d'x^  _  dR  d'x^  _  dR 

dt*'^dx,'    df  ~dxl'"'        ~d^       dx^' 

where  .B  is  a  function  of  \/{x* +  x*...  +  Xt').  The  results, 
which  have  no  application  in  our  astronomy,  are  of  the  form 
which  the  above  analysis  would  suggest.  Binet,  to  whom 
the  method  is  due,  has  applied  it  to  the  problem  of  elliptic 
motion.  (Liouville,  Tom.  u.  p.  457.)  For  all  practical  ends 
the  employment  of  polar  co-ordinates,  as  explained  in  treatises 
on  dynamics,  ia  to  be  preferred. 

12.  The  following  example  presents  itself  in  a  discussion 
by  M.  Liouville*,  ofa  very  mteresting  caae  of  the  problem  of 
three  bodies, 

it  corpi,    Joaraal  de  Mathl- 

D,o,i,7.<iT,Google 
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Ex.    Qiveii 

^  +  n*  {u  -  3a;'  (ux'  +  bj'))  »  0, 

where,  for  brevity,  x'  ia  put  for  cob  {at  +  b),  y"  for  aia  {at  +  J). 
If  ve  transfomi  the  above  equation  by  asBuming 
ux'  +  vt/' "  F,     «y  —  vx  m  V, 
we  find,  after  all  reductions  are  effected, 

g-^f. (»■-»■)  r=o. 

And  these  equations  being  linear  and  with  constant  eo- 
efficiente,  may  bo  int^rated  by  the  process  of  the  previ- 
ous  section. 


EXERCISES. 
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8.    -^-3«-lj(+3  =  0,    J+«+y  +  5-0. 

,ft     „.  dx  dy  ds         dt       , 

10.  Given  yj-j,.  y^^  =  ^^_^.^,  wh,re 

X=aa!  +  6y+c«, 
F=s  a'x  +  b'y  +  c'«, 
Z  =  a"x  +  V'y  +  c"*, 
and  r,  r,,  r,,  T;  are  functions  of  (. 

11.  Wbat  is  the  general  form  of  t&e  solution  of  a  system 
of  n  simultaneous  equations  of  the  first  order  between  n  + 1 
variables  "K 

12.  What  number  of  constants  ■will  be  involved  in  the 
flolation  of  a  system  of  three  simultaneous  equations  of  the 
first,  second  and  fourth  order  respectively  between  four 
variables? 

13.  Of  the  system  of  dynamical  equations, 

where  r  =  (a^+y*+«^,  seven  first  integrals  are  obtained  <^ 
which  it  is  subeequently  found  that  five  only  are  independent. 
How  many  final  integnilB  can  hence  be  deduced  without  pro- 
ceeding to  another  integration } 

D,o,i,7.<iT,Google 


[cH,  sia. 

m. 


di' 
}|-(c-<.)» (2),     «|.(a-J);,3r (3). 

Fatting  ; —  =  1,  =ni,  — -=n  wa  fiitd,  on  aHminrttiTig  ^ 

lrdx=raydy  =  nzdt, 
from  irhioh  y  and  t  will  be  found  in  terms  ol  x,  and  their  values  «iU  rednN 
(1)  to  a  differential  equation  of  the  first  order  betwmn  x  and  t. 

Or  moltiply  tb«  pven  equations,  fint  b;  z,  y,  %,  retpeetivel;,  add  the 
Temlts  and  integrate ;  Sndly  by  ax,  by,  ei,  respeotiTely,  add  the  reEnlts.uid 
lategnite.  Then  by  means  of  the  integrals  obtained  eliminate  two  ol  the 
Tariables  from  an;  of  the  given  eqoatione. 

15.  Shew  that  in  the  example  of  Art.  12,  the  transform- 
ation 

18  =  a;' COS  (r(  +  e),+y  sin(rt  +  e), 
y  =  -  a-'  sin  (rt  +  €)  +  /  cos  {rt  4-  e), 

e  being  an    arbitrary  constant,  would  not  lead  to  a  more 
general  solution  than  the  one  actually  arrived  -ai. 
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CHAPTER  XrV. 

OF  PABTIAL  DIFFERENTIAL  EQUATIONS. 

t.  Partial  differential  equations  are  distinguished  bj  the 
fact  that  they  involve  partial  differential  coefficients  in  their 
expression,  and  therefore  indicate  the  existence  of  more  than 
one  independent  variable.    Chap.  I.  Art,  2. 

The  nature  of  these  equations  will  be  best  explained  by 
one  or  two  esamples  of  the  mode  of  their  formation. 

Ex:  1.    The  general  equation  of  cylindrical  surfaces  is 

x—lz=if>(j/  —  rm) (1), 

^  being  a  functional  symbol,  and  I  and  m  constants  deter- 
mining the  direction  of  the  generating  line.  As  this  is  a 
relation  connecting  three  variables  we  are  permitted  to  regard 
two  of  them  as  independent.  Choosing  x  and  y  as  the  inde- 
pendent variables,  and  differentiating  with  respect  to  them  in 
succession,  x  being  regarded  as  dependent  on  them  both, 
we  have 

'-'I— "•*■&-")£ t^)' 

-4;.f(j,-»)(i-»|) (3). 

Miminating  the  function  tj>'(y~mz\  there  results 

,dz  ,      (£z     ,  -., 

'3i+'"5  =  ' <*'■ 

the  partial  differential  equation  of  cylindrical  suifaces.  Of 
this  equation  (1)  is  termed  the  general  primitive. 

In  the  above  example  a  linear  partial  differential  equation 
of  the  first  order  has  been  formed  by  the'  elimination  of  a 
single  arbitrary  function. 

D,g,i,7?<iT,Google 
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Ex.  2.     If  we  assume  as  a  primitive  equation 

z  =  ax-\-hy  —  {A (5), 

and,  regarding  x  and  y  as  independent,  differentiate  with  le- 
spect  to  these  variables  in  succession,  we  have 

dx  dy 

Eliminating  a  and  i  by  substitution  in  the  |aimitive,  there 
Teaults 

dz        dz     dz  dx 

•-''is+s'a^-a^ <»)■ 

a  partial  differential  equation  of  the  first  order,  hat  not  linear. 

Now  this  equation  has  been  formed  by  the  elimination  not 
of  an  arbitrary  function  but  of  two  arbitrary  constants.  The 
equation  (3)  is  here,  by  way  of  distinction,  called  the  com- 
plete  primitive.  The  epithet  general  and  complete  have  been 
,  employed  by  Lagrange  to  denote  the  two  kinds  of  generality 
which  arise  irom  arbitmty  functions,  wad  from  lu'bitrary  con- 
atante,  respectively. 

Er.  S.  Given  e -> ^ (y  +  ax)  +'^{y  —  ax),  where  ^  and'i^ 
are  arbitrary  symbols  of  functionality. 

Proceeding  to  differential  coefBcieuts  of  the  second  order 
we  find 

d'z 


dx' 


whence 


."  (y  +  a*)  +  ^"  {y  -  ax)]. 


^-      *"(y  +  ««)+t"{y-oar), 


..(7). 


d'z       ^d'z 

(fa^""  d^ 

a  partial  differential  equation  of  the  second  ord«  and  of  tie 
first  degree, 

'  And  this  equation  has  been  formed  by  the  eliminatim  of 
two  arbitrary  functions  from  t)ie  general  primi^ve^ 
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These  examples  illustrate  the  tiaual,  and  what  may  per- 
haps with  propriety  be  termed  the  primary,  modes  of  genesis 
of  partial  differential  equations,  viz.  the  elimination  of  arbi- 
traiy  functionB,  and  the  elimination  of  arbitrary  constants. 
It  is  to  be  noted  that  these  modes  are  perfectly  distinct. 
Thus  we  might  in  Ex.  1,  by  specifying  the  form  of  the 
function  ^,  eliminate  the  constants  I  and  m  from  the  primi- 
tive (1),  and  the  derived  equations  (2)  and  (3),  instead  of 
eliminating  the  functional  forma  from  the  two  latter ;  but 
the  result  would  differ  in  character,  as  well  as  in  the  mode  of 
its  origin,  from  that  which  has  been  actually  obtained.  We 
must  bear  in  mind  that  when  from  a  primitive  equation  of 
^ven  form  different  partial  differential  equations  are  derived, 
it  is  owing  to  a  difference  of  assumption  as  to  what  is  to  be 
regarded  as  arbitrary;  so  that  we  are  not  permitted  to  say 
that  to  the  same  primitive,  considered  in  the  same  sense  of 
geaerality,  different  partial  differential  equations  belong. 

In  Ex.  1,  a  partial  differential  equation  of  the  first  order 
has  been  formed  from  a  general  primitive  containing  one  arbi- 
trary function,  and  in  Ex.  3  a  partial  differential  equation  of 
the  second  order  has  been  formed  from  a  general  primitive 
containing  two  arbitrary  functions.  These  examples  exhibit 
a  certain  analogy  with  the  genesis  of  ordinary  differential 
equations,  the  order  of  the  equation  beii^  equal  to  the  num- 
ber of  constants  in  its  primitive.  But  this  analogy  is  not 
general.     For  let 

F[^.y..,i,(u),  tWl-O, 
be  an  assumed  primitive  containing  two  arbitrary  functions 
A  (m),  i^  (w),  where  w  and  v  are  given  functions  of  x,  y,  z. 
Then  representing  the  first  member  by  F,  regarding  x  and  y 
aa  independent  variables,  and  forming  all  possible  derived 
equations  up  to  the  second  order,  we  have 

f  =».   f-o. 

dm  dij 

dj^       '    dxdy  dy* 

which  with  the  given  equation  make  six  equations.  But  these 
containing  the  six  functions 

B.  D.E.  21   %\<^ 
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do  not,  in  general,  suffice  to  enable  as  by  the  elimination  of 
the  latter,  to  form  a  partial  diDerential  equation  of  the  second 
order  free  from  arbitrary  functions. 

We  see  then,  1st,  that  partial  differential  equations  do  not 
arise  from  the  elimination  of  arbitrary  functions  only ;  2ndly, 
that  even  as  respects  this  mode  of  genesis,  no  general  canons 
exist  similar  to  those  which  govern  the  connexion  of  ordinaiy 
differential  equations  with  their  primitives.  On  both  these 
grounds  it  will  be  proper,  in  considering  special  classes  of 
equations,  to  examine  their  special  origin  and  to  seek  therein 
the  clue  to  their  solution. 

Sohiion  of  partial  differential  equations. 

2,  Before  proceeding  to  general  theories  of  the  solution  of 
partial  differential  equations,  it  may  be  noticed  that  there  are 
some  equations  of  which  the  solution  may  be  directly  reduced 
to  that  of  ordinary  differential  equations. 

This  is  the  case  when  the  partial  differential  coefficients 
have  all  been  formed  with  respect  to  one  only  of  the  variables. 
We  can  then  integrate  as  if  this  were  in  fact  the  only  inde- 
pendent variable,  provided  that  we  finally  introduce  arbitrary 
functions  of  the  other  independent  variables  in  the  place  of 
arbitrary  constants; 

Ex.  1.     Given  x+y-t-  =  0. 

Multiplying  by  dx,  integrating  with  respect  to  x,  and 
adding  an  arbitrary  function  of  y,  we  have 

the  solution  required. 

It  is  permitted  in  the  above,  and  in  all  similar  cases,  to 
complete  the  solution  by  adding  an  arbitraiy  function  of  y, 
because,  with  reference  to  the  integration  effected,  y'is  con- 
stant ;  and  it  is  necessary  to  add  such  a  complementary  func- 
tion in  order  to  obtain  the  most  general  solution,  because  an 
arbitrary  function  of  one  of  the  variables  is  more  general  than 
an  arbitrary  constant  not  involving  that  variab^ 

■t,oo;ilc 
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This  equation  may  be  expressed  in  the  form 

3  — iH . 

dy    y  y 

InvolviDg  no  differential  coefficient  with  respect  to  x,  it  may 
be  treated  afi  a  linear  differential  equation  of  the  first  order 
in  which  y  is  the  independent,  and  e  the  dependent  variable ; 
only  instead  of  an  arbitrary  constant  we  must  add '  an  arbi- 
trary function  of  x.     The  final  solution  is 

It  Bometimes  happens  that  equations  not  belongii^  to  the 
above  dass  are  rwmcible  to  it  by  a  transformation, 

Ex.  3.     Given  ^-4-  =  a^  +  v". 
dxdy  " 

Let  T-  =  w,  then  we  have  -5-  =s?  +  t^,  whence  integrating 
with  respect  toy,  aad  adding  an  arbitrary  function  of  a;, 

Restoring  to  w  its  value  -5- ,  integrating  with  respect  to  x, 
and  adding  an  arbitrary  function  of  y,  we  have 

Now  ift  (x)  being  arbitrary,  ltf){x)dx  Is  also  arbitrary,  and 
may  be  represented  by  ^^(3;),  whence 

.-^^+;«(«)  +  +  (y). 

^See  the  Bti^plemehtary  Ydume,  Chapter  xirv.  Art.  1.1 
21— S  >^t: 
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Linear  partial  differential  equations  of  ihe  first  order. 

3.'  When  there  are  but  three  Tariahles,  z  dependent,  x  and 
y  independent,  the  equations  to  be  considered  assume  the 
form 

P,  Q,  and  U  being  given  functions  of  x,  y,  3,  or  constant, 
This  fonn  we  shall  first  consider. 

tlsually  the  differential  coefficients  -7-  and  3-  are  repre- 
sented by  p  and  q  respectively.     The  equation  thus  becomes 
Pp+(32  =  ii (1). 

The  mode  of  solution  is  due  to  Lagrange,  and  was  first 
established  by  the  following  considerations. 

Since  a'  is  a  function  of  x  and  y,  we  have 

dz  =  pdx  +  qdy. 

Hence  eliminating  p  between  the  above  and  the  given  equa- 
tion, we  have 

Pdz  -  Mdx  =  J  {Pdy  -  Qdx). 

Suppose  in  the  first  place  that  Pde  —  JRdx  is  the  exact  differ- 
ential of  a  function  u,  and  Fdy—Qdx  the  exact  differential 
of  a  function  v,  then  we  have 

du  =  qdv. 

Now  the  first  member  being  an  exa«t  differential,  the  second 
must  also  be  such.  This  requires  that  q  should  be  a  function 
of  o,  but  does  not  limit  the  form  of  the  function.  Represent 
it  by  ^  {v),  then  we  have  du  =  <fi'  {v)  dv,  whence 

»-*W (2)- 

The  functions  u  and  v  are  determined  by  integrating  the 
equations 

Pdz-Sdas-'O,    Pdu-Qdse.-'.O, 
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symmetrically  expressible  in  the  form 

■?"q^:e w. 

and  of  which  the  aolutioD,  Chap,  siil  Art  5,  asaumes  the 
form 

«  =  «,    t,  =  t .,..(i), 

a  and  h  being  arbitrary  constanta 

Dismissing  the  particular  hypothesis  above  employed,  La- 
^nge  then  proves  that  if  in  any  case  we  can  obtain  two 
integrals  of  the  system  (3}  in  the  forms  (4),  then  m  =  A  (u)  will 
satiny  the  partial  differential  equation,  in  perfect  indepen- 
dence of  the  form  of  the  function  ^, 

We  shall  adopt  a  somewhat  different  course.  We  shall 
first  establish  a  general  Rule  for  the  formation  of  a  partial 
differential  equation  whose  primitive  is  of  the  form  m  =  ^  (v), 
«  and  V  being  given  functions  of  a;,  y,  and  s.  Upon  the  solu- 
tion of  this  direct  problem  we  shall  ground  the  solution  of 
the  inverse  problem  of  ascending  from  the  partial  difierential 
equation  to  its  primitivft 

Proposition.  A  primitive  equation  of  the  form  u  =  ifi  '(v), 
where  u  and  v  are  given  functions  of  w,  y,  z,  gives  rise  to  a 
partial  differential  equation  of  the  form 

Pp+Qi^B (5), 

where  P,  Q,  S  are  functions  of  x,  y,  s. 

Before  demonstrating  this  proposition  we  stop  to  observe 
that  the  form  m  =  ^  {«)  is  equivalent  to  the  form 

/{«,») -0, 

f{u,  v)  denoting  an  arbitrary  function  of  u  and  v.    For  solving 
the  latter  equation  we  have  u  =  0  («). 

It  is  also  equivalent  to 
^  being  an  arbitrary,  but  F  a  definite  functional  symboL 
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For  solving  the  latter  equation  with  respect  to  ^  («)  we 
have  a  result  of  the  form 

4>  (v)  =  F^  {x,  y,  z),  or  ^  («)  =  « 
on   representing   JP  [x,  y,  z)  by  u.    Thus  the  proposition  . 
affirmed  amounts  to  this,  viz.  that  any  equation  between  x,y, 
and  z  which  iarolves  au  arhitrary  function  will  give  rise  to  a 
liiiear  partial  differential  equation  of  the  first  order. 

Differentiating  the  primitive  u  =  ^  (v),  first  with  respect  to 
X,  eecondly  with  respect  to  y,  we  have 

du     dtt        ,, ,  ,  fdv  ,  dv   \ 

du  ,  du         ., ,  ,  /dv  .  dv   \ 

Elioiinating  »f/  (v)  by  dividing  the  second  equation  by  the 
first,  we  have 

du     dw-        dv     dv 

dy     dz^      dj, 

du     du        dv     w„ 

or,  on  clearing  of  fractions, 

(du  dv     du  dv\        /du  dv     du  dv\ 


(du  dv     du  dv\        /du  dv     du  dv\ 
dy  dz     ds  d^J  "     \fLz  dx     dee  dz) 


..(6). 


_  du  dv     du  dv 
dx  dy     dy  dx' ' 

Now  this  is  a  partial  differential  equation  of  the  form  (5). 
For  u  and  v  being  given  functions  of  jc,  y  and  z,  the  coefficients 
of  p  and  q,  as  well  as  the  second  member,  are  known.  The 
proposition  is  therefore  proved. 

As  an  illustration,  we  have  in  Ex.  1,  Art  1,  u=x-^i 
v^y  —  me,  whence 

"     -; 

-m. 


A. 

d« 

*. 

S  = 

dy- 

<& 

* 

ibi 

A. 

di" 

dy- 

d. 
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Substituting  these  values  iu  (6)  there  results, 

which  agrees  with  the  result  before  obtained. 

i.  The  general  equation  (6),  of  which  the  above  theorem 
is  a.  direct  consequence,  has  been  established  by  the  direct 
elimination  of  the  arbitrary  function.  But  the  same  result 
may  also  be  established  in  the  following  manner,  which  has 
the  advantage  of  shewing  the  real  nature  of  the  dependence  of 
the  coefficients  F,  Q,  B  upon  the  given  functions  u  and  v. 

[See  a  Note  at  the  end  of  the  volume.] 

Differentiating  the  equation  u  =  ^  (v)  with  respect  to  all  the 
variables,  we  have 

du  *    .■  du  ,       du  .       ,, ,  .  (dv  ,       dv  ,    ,  dv  ,\     ,„ 

and  as  this  equation  is  to  hold  true  independently  of  the  form 
of  the  function  ^  (f),  and  therefore  of  the  form  of  the  derived 
function  0'  (u),  we  must  have 


&v  . 


whence  we  find 


dx  dy ds 

du  dv     du  dv     du  dv      du  dv     du  dv      du  dv" 
dy  dz      dz  dy     dz  dx     dxdz     dxdy     dy  dx 


(9). 


Introducing  now  the  condition  that  z  is  the  dependent, 
X  and  y  the  independent  variables,  we  have 
pdx  +  qdy  =  dz. 

To  eliminate  the  differentials,  let  the  terms  of  this  equation 
be  divided  by  the  respectively  equal  members  of  (9),  and  we 
have 
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d^Tz~did^)'^'^\^dx     ^~dz}^ 

_  du  dv      du  dv  .    . 

dxd^     dydx ^    '' 

which  agrees  with  (€). 

Now  if  in  the  above  general  fonn  we  represent  as  before  the 
coefficient  of  p  by  P,  that  of  q  by  Q,  and  the  second  member 
by  B,  we  see  from  (9)  that  F,  Q,  S  are  proportional  to  dx, 
dv  and  dz,  in  the  nystem  (8).  But  that  system  is  precisely 
the  same  as  we  should  obtain  by  differentiating  the  equations 

«  =  a,     v  =  h, 

a  and  b  being  arbitrary  constants.  Hence,  the  partial  differ- 
ential equation  whose  complete  primitive  is  u=  ^  {«),  may  be 
formed  by  the  following  simple  rule. 

Rule.  Forming  the  eqmtums  u=a,  v  =  b,  where  a  and  b 
are  arbitrary  constants,  differentiate  them,  and  determine  tlia 
ratioa  o/dx,  dy,  dz  in  ike  form 

dx_dy_dz 

~P~  Q  '  U ^'■^'^ 

Then  tettl  I^+Qq  =  Sbethe  differential  elation  required. 

Or,  the  Rule  may  more  briefly  be  stated  thus.  UUminate 
dx,  dy,  dz  between  the  three  equations, 

du  =  <i,    dv  =  <i,    dz-pdx-sdy  =  0 (12). 

It  is  worth  while  to  notice  that  the  partial  differential  equa- 
tion here  presents  itself,  like  many  other  results  -of  analysis, 
in  the  form  of  a  determinartt. 

Ex.  The  functional  equation  of  surfaces  of  revolution,  the 
axis  passing  through  the  origin,  is 

their  partial  differential  equation  is  required. 
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Here,  proceeding  according  to  the  Rule,  we  have 
ld.t  +  mdy  +  ndz  =  0, 
xdx  +  ydy  +  zde  =  0, 

dx  dii  dz 

whence  => '■^=^ ■ 

mz  —  ny      nx  —  lz      ly  —  mx 

The  partial  differential  equation  therefore  ia 

{mz  ~ny)p+(nx-l2)q  =  ly-mx. 

[See  the  Supplementary  Volume,  Chapter  xxrv.  Art.  2.] 

5.  We  proceed  in  the  second  place  to  apply  the  ahove 
results  to  the  inverse  problem  of  solution. 

From  what  has  been  said  of  the  origin  of  partial  differential 
equations  of  the  form  j^  +  Qq  =  R  it  is  evident  that  their 
solution  will  be  effected  by  the  following  rule. 

RtHLE.     Form  the  system  of  ordinary  differential  equations 
dx  _dy  _dz  .     . 

y—Q-u ^^^'' 

arid  express  ikeiriTttegrals  in  the  forms  u^' a,  v  =  h;  thenvriU 
the  equation  u=f  (v),  where  fisa  symbol  of  arbitrary  function- 
ality, express  the  solution  required. 

For,  setting  out  from  the  assumed  primitive,  u=f[v),  we 
Bhonld,  by  the  application  of  the  previous  and  direct  Rule,  be 
led  to  the  partial  differential  equation  in  question. 

The  difficulty  of  the  process  consisting  therefore  solely  in 
the  integration  of  the  system  of  ordinary  differential  equations 
(13),  is  referred  to  the  methods  of  the  la^  Chapter. 

Ex.  1.     Given  xp  +  yq  =  nz. 

Here,  the  system  of  ordinary  differential  equations  is 
dx  ^dy  _dz 
X      y     nz' 
and  the  variables  therein  are  separated.     The  integrals  may 
obviously  be  expressed  in  the  forms 


ogle 
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Hence,  the  required  soltiUon  is 

indicating  that  z  ia  a.  homogeneous  function  of  x  and  y  of 
the  »'"  degree. 

Ex.  2.     Given  (mz  —  ni/)p+  (nx  —  lz)q^  =  ly~  mx. 
Here  the  system  of  ordinary  differential  equations  is 

dx dt/  dz 

ms  —  ny~nx—  Iz      It/  —  mx ' 
From  these  we  readily  deduce 

Mx  +  mdy  +  ndz  =  0,    xdx  +  ydy  +  zdz  =  0, 
the  integrals  of  which  are 

lx  +  my  +  nz  =  a,    a^  +  j*  +  a*  =  6, 
the  final  solution  is  therefore 

£c  +  my  +  TLS  =  ^  (a?  +  y  +  «*). 

Ek.  3.    Given  (/a: -^')%+  (%' " "'y) ^ - 9 («" - j")*^ 

This  is  the  partial  differential  equation  on  the  solution  of 
which  would  depend  the  determination  of  the  general  inte- 
grating factor  of  the  equation  (a?y  —  2y*)  dx + {y'x — ^*)  dy=0. 
Chap.  IV.  Alt.  3. 

The  system  of  ordinary  differential  equations  is 

dx  dif       _         dn  .  , 

yV-2a.'"2y'-a^y~9(a:'-y'j^ ^°'^' 

The  first  equation  of  the  system  is 

io^y  -  2y*}  dx  +  (/«  -  2j;')  dy  =  0, 
and  of  this  the  complete  solution  is 


D,g,i,7?<iT,Google 


iST.  a.]  OF  THE  FIEST  ORDEE.  331 

We  may  also  deduce  from  (a) 

of  which  the  complete  primitive  is 
Hence  the  solution  of  the  partial  differential  equation  is 

and  this  agrees  with  tHe  result  obtained  by  other  considera- 
tions in  the  Chapter  referred  to. 

We  may  note  that  in  this,  as  in  all  similar  cases,  the  diffei^ 
ential  equation  whose  integrating  &ctor  is  sought,  presents 
itself  as  one  of  the  equations  of  the  system  on  wbose  solution 
the  complete  determination  of  the  factor  rests. 

To  complete  the  theory  of  the  linear  partial  differential 
equation  fy+Qq  =  B  it  ought  to  be  shewn  that  the  solu- 
tion u=y(w),  or  as  it  may  be  expressed, 

^(",»)-0 (14), 

includes  every  possible  solution. 

Let  y  (x,  y,  z)  =  0,  or  for  simplicity  v  =  0,  represent  any 
particular  solution.    Differentiating,  we  nave 

ax     dz'^  ay      dz^ 

and  substituting  the  values  of  p  and  ;  hence  derived  in  the 
given  equation 

■Fii  +  Q^J+E^.o. 
dx     *  dy         dz 

Similar  equations  being  obtained  from  the  particulai-  in- 
tegrals u  =  a,  r  =  J,  we  have,  on  eliminating  P,  Q,  R, 
dj^  /du  dv     du  dv\     d^  /du  dv     du  dv\ 
dxKdy  dz     dz  dy)     dy  \dz  dx     dx  dz) 

,  dv  (du  dv      du  dv\      .  ,,  _. 
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How  suppose  the  forms  of  u  and  v  to  be 

u  =  <f>{x,  y,  z),      v  =  -\^{x,y,z) (16), 

^  (a;,  y,  z)  and  -^  (x,  y,  e)  being  given  functions.  From  these 
two  equations  some  two  of  the  quantities  ai,  y,  z  may  be  de- 
termined aa  functions  of  the  other  and  of  u  and  v.  Suppose 
(E  and  y  thus  determined  as  functions  of  e,  u,  and  v ;  then  h; 
substitution  ^  {x,  y,  z)  becomes  a  function  of  z,  u,  and  v,  ami 
we  may  write 

Hence  we  find 

dx     du  dx      dv  dx' 

d^  _  dv,  du     dj(,  do 
dy      du  dy     ^  dy' 

dz      du  ds      dv  dz      dz' 

Substituting  these  in  (15)  and  reducing,  we  have 

c?y,  idu  dv      du  dv\  __  .  ,-  _, 

dz  \dxdy     dydx)~     ^ 

But,  were  the  second  factor  of  the  first  member  equal  to  0, 
■a  would  be  a  definite  function  of  v  and  z  (Chap.  Ii.  Art  1)  and 
the  equations  (16)  could  not  determine  x  and  yas  by  hypothesis 

they  do.    We  have  then  ^^  =  0,  whence  ;^,  does  not  involve 

z.  Thus,  X  being  expressible  as  a  function  of  m  and  v,  the 
equation  ;^  =  0  is  included  in  the  general  form  (14). 

[See  the  Swpplemeniary  Volmne,  Chapter  XIIV.  Art.  3.] 

6.  The  above  theory  may  be  obviously  extended  to  partial 
differential  equations  of  the  first  order  and  degree  involving 
any  number  of  variables. 
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Let  x^,  iRj ...  a;,  represent  the  independent  variaHea  and  z 
the  dependent  variable.  Let  moreover  the  primitive  func- 
tional equation  be  expi-essed  in  the  form 

«  =  0(f,,u,...O (18), 

where  u,  «,,  b,  ...  v,^  are  known  functions  of  the  variables. 

Differentiating  TTith  respect  to  all  the  variables,  and  for 
hrevity  representing  ^  (w,,  v, ...  u^  by  ^,  we  have 


du  = 


^J,.  j.^ 


dv. 


dv 


dv,. 


dv,^ 


dv.- 


But  ^  being  an  arbitrary  function  of  the  quantities  v^, 
"t"-",,,,  it  is  evident  that  the  supposition  that  the  above 
equation  ia  generally  true  involves  the  supposition  that  the 
system  of  equations 

du  =  0,   dv^  =  0,   dv,=  0,...dv,_i  =  0, 

iS  true,  a  system  of  which  the_  developed  form  is 


dx. 


dx^...+ 


^dx^...+ 


<^n  +  -J-  dz  =  (i 
dz 


dx. 


dx^...-\-- 


"       as 


..(19). 


Now  this  system  may  be  converted  into  an  equivalent  sys- 
tem determining  the  ratios  of  the  differentials  da;,,  dx^...dx^, 
dz,  in  the  form 

(ic,     dx  dx^     dz  ,„-,, 

:^"  =  7;-=j^=je ^^^>' 

where  P^,  P,...P«  and  R  are  functions  of  the  variables  o: 
constants. 

Introducing  the  condition  that  «  is  to  be  regarded 
function  of  «„  a^,...a:„  we  have 


Pidx^  +pj^t .  ■  •+  Pt,dx^  = 


....(2: 
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■where  p^,  p,...p^  are  the  several  first  differential  coefficients 
of  z.  And  now  eliminatiDg  the  differentials  dxi,dx„.,.dx^,  dz 
from  (20)  and  (21)  by  division,  we  have 

■PiPi  +  ^.P.-+-P-P»  =  -B (22), 

for  the  partial  differential  equation  sought. 

Conversely,  to  integrate  the  above  equation  it  is  onlyneces- 
eary  to  form  and  to  integrate  the  system  (20).  Bepresenting 
the  integrals  of  that  system  in  the  forma 

u  =  a,  fi  =  Ji,  Wi=fti>-"«»_i  =  &»-i. 
the  final  solution  will  be 

■«  =  ^(!'„»„...0 (23). 

This  solution  may  also  be  put  in  the  form 

<P(u,v„v„...v^)  =  0 (24). 

Ex.    (y+z+t)~  +  (z  +  x  +  t)'^  +  (x+y+t)^  =  x  +  i,  +  z. 

Lagrange,  M^nunrea  de  I'Acad^rme  RoyaU  de  Berlin,  1779, 
p.  152. 

Here  the  auxiliary  system  of  equations  is 

dx      _      dy  dz       ^       dl 

y  +  s  +  (~«  +  a:  +  t"a!  +  y  +  i~a:  +  y  +  «' 
■which  is  reducible  to  the  form 

^  —  dx  _dt  —  dy  _dt  —  dz     dx  +  dy-^de  +  dt 
x-t  y-t         z-t   ""  3(a;  +  y  +  «  +  *)  * 

each  term  being  now  an  exact  differential  The  Bystem  of 
intends  will  evidently  be 

Or,  reprefientiDg  the  function  x  +  y  +  z  +  ih^  S, 
.      S*(a:-t)=.c„     /S'Cy-()-c„     Sl(.-<)=c,. 
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Wheuce  the  complete  integral  symmetrically  exhibited 
will  be 

4»|si(a!-0,  S^{y-t),  8^{z-t)\=<i. 

The  solution  of  all  partial  differential  equations  of  the  form 

x*+x,^...  +  x.^^=z, 

where  X,,  Xj,...  Jf^  and  Z  are  any  linear  functions  of  the 
variables  x^,  ar,, ...  a-,,  z,  may  be  completely  eflfected. 

For  it  depends  on  the  solution  of  the  system  of  ordinary 
differential  equations 

dxi  _  dXf      _  da;,  _  dz 
T,~  X  —  ^~~^' 
which  has  been  fully  discussed  in  Chap.  Xlll. 

Hesse  has  integrated  the  still  more  general  equation  which, 
according  to  the  above  notation,  would  present  itself  in  the 
form 

X  — +X—      +X  — 
'tte,        'dx^'"        'dx^ 

—     f    dz  dz  dz        \      v 

where  X,,  X^,...X^,  are  any  linear  functions  of  the  variables. 
(CreUe,  Tom.  xxT.  p.  171.) 
[Seethe  Supplementary  Fo^mejChapterxxiv.  Arts. 4...7.] 


Non-linear  equations  of  the  first  order  vfith  three  variables. 

7.  Partial  difFerential  equations  of  the  first  order  with 
two  independent  variables  x,  y,  and  one  dependent  variable  z, 
have  for  their  typical  form 

Fix,  y,  z,  p,  q)=Q (1). 

Those  which  are  linear  with  respect  to  p  and  q,  wo  have 
considered  apart,    Those-which  are  non-linear  we  procesd  to 
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consider.  The  genesis  of  an  equation  of  this  class  from  a  com- 
plete primitiTe  involving  two  arbitrary  constants  has  been 
illustrated  in  Ex.  2,  Art  1 ;  and  the  mode  is  general.  From 
a  given  primitive,  involving  x,  y,  z  with  two  arbitrary  con- 
stants, and  from  its  two  derived  equations  of  the  first  order 
formed  by  differentiating  with  respect  to  x  and  y  respectively, 
it  is  possible  to  eliminate  both  the  constants.  The  result  is  a 
partial  differential  equatioa  of  the  first  order.  Conversely  the 
iotegration  of  such  an  equation  consists  mainly  in  the  discovery 
of  its  complete  primitive — not  that  this  is  its  only  form  of 
solution,  but  because  out  of  it  all  other  forma  may  be  de- 
veloped. From  the  complete  primitive  involving  arbitrary 
constants  arise,  1st,  the  general  primitive  involving  arbitrary 
functions ;  2ndly,  the  singular  solution.  The  terminology  of 
Lagrange  is  here  adopted.    {Cofoi*/  dxs  Foncttons,  Le^on  xx.) 

To  deduce  the  complete  primitive  of  a  partial  differential 
eqwation  of  the  form  F  {x,  y,  e,  p,  q)  =  0. 

The  existence  of  a  primitive  relation  between  x,  y,  b  in- 
volves the  supposition  that  the  equatioa 

dz=pdx  +  qdy (2), 

should  satisfy  the  condition  of  integrability, 

(3), 


[dyj      \di)  • 


where  i  ->- 1  represents  the  differential  coefficient  of  p  with 
respect  to  y  on  the  assumption  that  p  is  expressed  as  a  func- 
tion of  X  and  y,  and  I  ~  j  the  differential  coefficient  of  q  with 

respect  to  x,  on  a  similar  assumption  as  to  the  expression  of  j. 
Now  regarding  p  for  the  sake  of  greater  generality  as  a 
function  of  x,  y,  z,  z  being  at  the  same  time  an  unknown 
function  of  x  and  y,  we  have 


(I) 


'^P\  _dp     dpdz 
jiyj     ~dy     dz  dy 


.Gotit^le 
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Again,  suppose  that  by  means  of  the  given  differential 
equation,  q  may  be  expressed  as  a  fuDction  of  x,  y,  z,  p.  E:&- 
garding  in  such  ezpressioti  e  as  a  function  of  x,  y,  and  p  as  a 
iiiaction  of  x,  y,  and  x,  we  have  * 

fdq\     ^,^^,'^9 (^P  I  ^P  ^'\ 
\dx/     dx     dzdx    dp  \d3!     dz  dxj ' 

dx     dz^     djfdx     ^  d*-^ 
Subfltituting  these  values  in  (3),  we  have  on  transposition 

djadx     dy     \"     " dp) dz      dx    ^ dz '  '' 

Now  the  coefficients  —  t^  .  J  ~p  ^ ,  and  the  second  member 

^  +P^  being  known  functions  of  x,  y,  z,  p,  since  j  as 

determined  by  the  given  equation  is  such,  the  above  pres^its 
itself  as  a  linear  partial  differential  equation  of  the  first  order 
in  which  p  is  the  dependent  and  x,  y,  z  the  iadependent 
Tariables. 

Applying  therefore  I^grange's  process,  Art.  6,  we  have> 
the  au^iary  system 

dx        ,  dz  dp  ,,, 

-x-* 3;-^7^ W' 

aad  this,  it  is  to  be  observed,  is  a  system  of  ordinary  differen- 
tial equations  between  x,  y,  z,  and  p.  It  may  further  be 
noted  that  while  it  has  be«i  formed  in  order  to  secure  the 
integrability  of  the  equation  dz=pdx  +  qdy,  it  also  includes 
that  squatiotL     For  it  gives 

dt'(^-p-^dy^pdx  +  ([dy, 

since  by  the  equation  <^  the  first  and  second  members 

»•»■«.  D,..,,-.a*)i;i|e 
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Accordingly  if  from  the  system  (5)  we  can  deduce  a  valne 
-of  p  involving  an  arbitrary  constant,  that  v^ue  together  wilt 
the  oorreeponding  value  of  q  drawn  &om  the  given  equation 
will  render  the  equation  dz  =pdx  +  qdy  int^rable.  Effectiig 
the  integration  we  shall  obtain  an  equation  between  x,y,s 
and  two  arbitrary  constants  which  will  constitute  p.  complete 
primitive. 

We  say  a  and  not  the  complete  |Himitive,  because  the  sys- 
tem (5}  may  furnish  more  tlian  one  value  of  p  involviDg  ao 
arbitrary  constant,  and  so  ^ve  occasion  to  deduce  more  than 
one  complete  primitive.  Lagrange  had  indeed  proposed  to 
employ  the  general  value  of  p  involving  arbitrary  functiooa, 
furnished  by  the  solution  of  the  partial  differential  equation 
(4).  The  sufficieutT  of  a  value  involving  only  an  arbitrary 
constant  was  remarked  by  Charpit  and  subsequently  recog- 
nised by  Lagrange. 

The  practical  rule  for  the  diacoveiy  of  a  complete  primitive 
of  the  equation  F  {x,  y,  z,  p,  q)  =  0  is  therefore  the  following. 
Express  q  in  terms  of  x,  y,  z,  p.  Substitute  this  value  in  (Ae 
auxiliary  system  (5),  and  deduce  by  integration  a  valtie  ofp 
^involving  an  arbitrary  constant.  Substitute  that  value  of  p 
with  the  corresponding  value  ofq  in  the  equation  dz=pdx-\-qdy, 
also  included  in  the  auxiliary  system  (5),  and  again  integrals. 

Ex.  1.  Required  a  complete  primitive  of  the  equation 
z=j>q. 

Substituting  -  for  q,  the  system  (5)  becomes 

oVa:       ,       pdz       , 

The   equation  dp  =  dy  gives  p  =  y-^a,  whence   y  =--—-. 

Therefore  dz={y^a)dx+ — —dy, 

'         y  +  a  •"       > 
of  which  the  integral  is 

z^{y  +  a){x  +  h) (6), 

a  and  b  being  arbitrary  constants.     This  then  is  a  complete 
primitive.    ' 
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Another  will  be  found  by  employing  the  equation 


mtegntting  which,  we  have 

ihence                      ds-ez^dx  +  ^dy. 

Integrating,  we  find 

2»i-«+ly+f, 

(«  +  f  +  e)- 

■{7)> 

"'                                   '              4           

e  being  a  new  aj-hitrary  constant.    It  will  be  found  i 

on  trial 

that  both  (6)  and  (7)  aatisfy  the  equation  ^—pj. 

8.  Prop.  Qtven  a  complete  primitive  of  a  partial  differ- 
eruifd  equation  of  the  first  order,  to  deduce  the  general  primi- 
tive and  the  singular  gotiUiont 

Expressing  the  complete  primitive  in  the  form 

z=f{x,y,a,h) :...(8), 

a  and  h  being  its  arbitrary  constants,  the  partial  di£Ferential 
equation  is  itself  obtained  \>j  eliminating  a  and  6  between  the 
above  equation  and  the  denved  equations 

df{x,y,a,h)  df{x,y,a,h) 

P  dx         '    ^  dy  ' 

pr,  as  we  may  for  brevity  write, 


-■V 

'dn' 


..(9). 


Now  reasoning  as  in  Chap,  vin,,  the  effect  of  the  elimination 
will  be  the  same  if  a  and  h,  instead  of  being  constants,  are 


^T*;,le 
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made  faactaons  of  x  and  tf,  so  detennined  aa  to  preserve  to  the 
eqiiatioQS  (9)  their  actual  form.  But  a  uid  b  being  made 
variable,  we  have 

'^'ic     dadx^dbdx' 

"     dtf     dady     db  dy ' 
Hence  the  equations  for  determining  a  Mid  6  are 


^+l^-« ("). 


df  da,     df  d 
dady     dhdy 

Now  this  system  may  be  satisfied  in  two  distinct  way^ 

1st  by  asBumi^ 

S-».f-« w 

The  values  of  a  and  b  hence  found  lead,  on  snbstitution  in 
the  complete  jximitive^  to  that  solution  which  Lagrange  tarns 
singular, 

2ndly,  Siif^>osing  -4-  and  Ht  not  to  Taxusli,  we  have,  on 

elimination  of  them  &om  (10),  (11), 

dadb     dadh     -  ... »« 

dx^     dydx        ■■•■"' V    )■ 

Now  this  supposes  either,  Ist,  that  a  and  b  are  constant,  whicli 
leads  ns  back  to  the  complete  primitive ;  or,  Sndly,  that  b  is 
an  arbitraiy  function  of  a.  Chap.  IL  Art  1.  A^un,  multi- 
plying (10)  by  dx  and  (11)  by  dy,  and  adding,  we  have 


D,g,l,7?dhvGOOQle 
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Thus  the  syatem  (10),  (11)  is  now  replaced  by  the  system 
(13),  (U), 

Mitking  then,  in  accordance  with  (18),  5  =  ^  (o),  the  expr«i- 
alon  fop  z  in  (8)  becomea 

frhile  (14)  becomes 

^/kj,<.,*(a)l-0. 

And  these  together  constitute  what  Lagrange  terms  the  amt- 
roi  pnWh'ufl.  To  apply  them  it  is  only  necessary  to  give  a 
paiticular  form  to  0  (a),  and  then  eliminate  a.  Hence  the  fol- 
lowing theorem. 

Theorem.  A  complete  primitive  of  a  partial  differential 
eolation  of  the  first  order  beittg  expressed  m  the  farm 

»=/(»,  3(,»,i) (IB). 

ilie  genertd  prinuHve  vnU  ft*  obtained  hy  eHminatinff  a  bettoeen 
theejuationa 

g^J/Hs, <•.*('•)}    (16). 

da  J 

the  singular  eohiium,  6y  diminaHn^  a  and.  h  'between,  (16)  and 
thetquatiom 

d/(x,  y,  g,  ft)  ^  Q       d/(!g,  y.  g,8)_Q  „_ 

da,  '  db  ^    ■'' 

It  will  be  observed  that  the  process  for  obtaining  the  general 
primitive  is  virtually  equivalent  to  that  by  which  we  shoiild 
seek  the  envelope  of  the  surfaces  defined  by  the  coiresponding 
complete  primitive,  the  constants  a  and  b  being  treated  as 
variable  parameters  connected  by  an  arbitrary  relation,  while 
the  process  for  obtaining  the  singular  solution  is  that  by 
which  we  should  seek  the  envelope  <rf  (15),  supposing  a  and 
i&  to  be  independent  parameters.  ("~         I  . 
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Thus,  of  the  Bystem  of  solutions  ^hich  consists  6f  a  complete 
primitive,  a  general  primitive,  and  a  singular  solution,  the 
complete  primitive  must  be  r^arded  as  forming  the  baas, 
and  the  system  itself  geometrically  interpreted  includes  the 
surfaces  represented  by  the  complete  primitive  together  with 
the  whole  of  their  possible  envelopes.  ,    - 

Ex,  To  deduce  the  general  primitive  and  singular  solution 
of  the  equation  z  =pq. 

A  complete  primitive  being 

z  =  (if+a)(x  +  b) (4    ■ 

the  corresponding  general  primitive  will  be  expressed  by  the 
system 

z={y  +  a){x  +  <f,{a)]  \  ■       ,. 

0  =  x  +  '<f,{a)'-{-{if  +  a)<f>'{a)) ^^''' 

from  which  a  must  be  eliminated  when  the  form  of  6  (a)  is 
assigned.'  ■  Another  form  of  the  complete  primitive  being 

(<»  +  f  +  e)'      ■ 
« 1 .■•: (4 

the'  corr^oddiDg  form  of  the  general  primitive  will  be 


,.M,' 
-J+fW 

&om  which  c  must  be  eliminated  when  the  form  of  ^  (c)  is 


To  deduce  the  singular  solution,  we  have  &om  (a), 
|..  +  i.O, 

<^ 

•^*  .Google 
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Hence,  h  =—x,  a^—y  which,  substituted  in  (a),  gives- 
z  =  Q,  &  singular  solution.  The  eame  result  is  deducible 
from  (c). 

S.  In  the  last  example,  two  complete  wimitivea,  two  cor- 
responding forms  of  general  primitive,  and  one  common  form,  ■ 
of  singular  solution  are  presented.  Two  systems  of  solution 
Appear,  and  the  question  arises :  Does  either  system  suffice 
Mone  ?     The  answer  is  given  in  the  following  theorem. 

Theorem.  AU  possible  solutions  of  a  partial  differential 
equation  of  the  jirat  order,  are  mrtually  contained  in  the  system 
consisting  of  a  single  complete  primitive,  with  the  derived  gene- 
ral primitive  and  singular  solution. 

.  Aa  before,  we  shall  represent  the  proposed  differential 
equation  and  its  given  complete  primitive  in  the  forms, 

f(«,y,2,y,  j)-0 (18), 

.■-f{,,y,a,h) (19). 

We  shall  also  represent  in  the  form, 

^-xCa'.S') (20), 

Bome  solution  of  (18),  of  which  nothing  more  is  known  than 
that  it  is  a  solution.  We  are  to  shew  that  such  solution  is 
included  in  the  system  of  solutions  of  which  the  common 
primitive  (19)  constitutes  the  basis. 

If  we  represent  for  brevity  the  values  of  2  in  (19)  and  (20) 
by/and  x  respectively,  we  shall  have,  since  both  are  solu- 
tions of  (18), 

'  ^.^-/'l-D-" (^^). 

^(^■'-^■S' |)-» (^')- 

From  the  form  of  the  above  equations  it  appears  that  if 
a  and  h  are  so  determined  aa  to  satisfy  two  of  the  conditions, 


'     *  da;     dx'    dy     dy 
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they  will  satisfy  the  third.  For  suppose  they  satisfy  the  first 
two,  then  the  system  (21),  (22)  may  be  expressed  in  the  form 

in  which  the  truth  of  the  third  equation  of  (23)  is  involTed. 

Now,  as  (19)  satisfies  (IS)  whatever  constant  values  we 
assign  to  a  and  b,  it  still  will  do  so  if,  after  the  differentiations 

hy  which  -4-  and  -f-  are  found,   we   substitate  for  a  and  h 

•'  dx  ay 

any  functions  of  x  and  y. 

But  a  and  h  can  he  determined  so  as  to  satisfy  two  con- 
ditions. Hence  they  can  be  determined  so  as  to  satisfy  the 
system  (23).  Differentiating  the  equation/'=  y  on  the  hypo- 
thesis that  a  and  h  are  functions  so  determined,  we  have 

dx     dadx     dbda     dx* 

dy     da  dy     db  dy     dy ' 

Here,  -j- ,  -v-  have  the  same  values  as  in  (23),  being  ob- 

tuned  by  differentiating  as  if  a  and  b  were  conatimt.  Hence, 
reducing  by  (23),  we  have 

dfda     ildb_^^ 

da^     db^         I  „-. 

4fda     dfdb^         

da  dy     db  dy 

But  these  are  the  equatitms  (10)  (II),  Art.  8,  by  which  the 
system  of  solutions  founded  upon  the  complete  primitive  b 
constructed. 

The  argument  then  is  briefly  this.  If  ^  =  Y(a!,y)  is  » 
solution  of  the  given  partial  differential  equation,  it  is  possible 
to  determine  a  and  o  in  the  given  complete  primitive  so  aa 
to  Batisiy  the  equations  (23) ;  therefore  so  as  to  satisfy  the 
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equations  (25) ;  therefore  so  as  to  indicate  a  necessary  in- 
clusion of  z  =  Y  {x,  y)  in  the  system  which  is  founded  upon 
the  given  compete  primitive. 

CoE.  1,  Hence  the  connexion  of  a  given  solution  with  a 
given  complete  primitive  may  be  determined  in  the  following 
manner.  Adopting  the  foregoing  notation,  determine  the 
values  of  a  and  b  which  satisfy  the  system  (23).  If  those 
values  are  constant,  the  solution  is  a  particular  case  of  the 
comjdete  primitive ;  if  they  are  variable,  but  so  that  the  one 
is  a  function  of  the  other,  the  solution  is  a  particular  case  of 
the  general  primitive ;  if  they  are  variable  and  unconnected 
it  is  a  singular  solution. 

Cob.  2.  Hence  also  any  two  systems  of  solutions  founded 
upon  distinct  complete  primitives  are  equivalent.  For  each 
is  virtually  composed  of  all  possible  particular  solutions. 

Ex.     The  equation  z  =J>q>  ^^  ^^'^  i*^  complete  primitive 

z  =  {x-\-d)  (y  +  h),  and  for  a  particular  solution  z  =  ^  , 

What  is  the  connexion  of  this  solution  with  the  complete 
primitive  ? 

We  have  by  (23), 


(,x+a)(i/  +  l}-- 


(y  +  ^)' 


These  equations  are  not  independent,  the  first  being  the 
product  of  the  last  twa     Any  two  of  them  give 


whence  6  =  — a.  Thus,  the  values  of  a  and  b  being  variable, 
but  such  that  i  is  a  function  of  a,  the  proposed  solution  is 
a  particular  case  of  the  general  primitive. 

Some  general  questions,  but  of  minor  importance,  relating 
to  the  functional  connexion  of  different  forms  of  solution,  will 
be  noticed  in  the  Exercises  at  the  end  of  this  Chapter.  , 
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■  In  quitting  this  part  of  the  subject,  we  may  observe  that 
tiiere  are  two  modes  in.  which  the  questions  it  involves  may 
be  considered.  The  first  consists  in  shewing  that  the  gaiai 
of  generality,  which  in  Charpit's  process  accrues  in  the  trans- 
ition from  the  complete  to  the  general  primitive,  is  equal  Ifl 
that  which  Lagrange's  original  but  far  more  difficult  process 
secures  by  the  employment  of  the  general  value  of  p  drawn 
from  (4),  instead  of  a  particular  value  drawn  from  its  auxiliaiy 
system.  The  proof  of  this  equivalence,  as  developed  with 
more  or  less  of  completeness,  by  Lagrange  and  Poissoo 
{Lacrow;,  Tom.  ii.  p.  564,  iil.  p.  705),  and  recently  by  Prof. 
I>e  Morgan  {Cambridge  Journal,  Vol.  vn.  p.  28),  ia,  from  its 
complexity,  unsuitable  to  an  elementary  work.  The  other 
mode  is  that  developed  in  the  foregoing  sections. 


Derivation  of  the  singular  solution  from  t 
epilation. 

10.  The  complete  primitive  expresses  a  in  terms  of  x,  y, 
d,  b.  -  The  differential  equation  expresses  z  in  terms  of  a;,  y, 
p,  q.  Either  is  convertible  into  the  other  by  means  of  the 
two  equations  derived  from  the  complete  primitive  by  differ- 
entiating with  respect  to  x  and  y  respectively.  Hence  it  is 
not  difficult  to  establish  the  two  iollowing  Equations, . 


ds 

■     de    d's       ds    dh 
da  dSdy  ~  db  dady 

it 

dl 

A      J's         d-z       j'2 
dadx  dbd>/     dady  dbdx 
dz    rf'z,      ds    d'z 
dudbdi^dbUE 

di 

d-z      A        J-s      i-2. 
dadx  dhdy     dady  dbdx 

..(26). 


in  the  first  members  of  which  z  is  supposed  to  be  expressed 
in  terms  of  x,  y,  p,  q  by  means  of  the  differential  equation, 
in  the  second  members,  in  terms  of  x,  y,  a,  h  by  means  of  the 
complete  primitive. 
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Now  the  Bingular  solution  ia  deduced  from  the  complete 
primitive  by  means  of  the  equations 

%="■  £-»■■•■■• (^^^ 

and  it  is  evident  from  the  form  of  (26),  that  this  will  gene- 
rally involve  the  conditions 


=  0, 


Such  then  will  generally  he  the  conditions  for  determining  . 
the  singular  solution  from  the  differential  equation. 

The  condition^  (28)  wiU  not  present  themselves,  should  the 
denominator  of  the  right-hand  members  of  (26)  vanish  identi- 
cally. But  it  may  be  shewn  ihat  in  this  case  the  conditions  ■ 
(27)  do  not  lead  to  a  singular  solution.  And  analogy  renders 
it  probable  that  Hihenever  the  conditions  (28)  are  satisfied  the 
result,  if  it  be  a  solution  at  all,  will  be  a  singular  solution. 
The  complete  investigation  of  this  point,  however,  would  in- 
volve inquiries  similar  to  those  of  Chapter  vrii. 

The  Rule  indicated  is  then  to  eliminate  p  and  q  from  the 
differential  equation  by  means  ofUie  equatims  (28)  thence  de- 
rived. 

[See  the  Supplementary  Volume,  Chapter  xxrv.  Art.  8.] 

11.  The  following  geometrical  applications  are  intended 
to  illustrate  the  preceding  sections. 

£z.  1,  Kequired  to  determine  the  general  equation  of  the 
iamily  of  surfaces  in  which  the  length  of  that  portion  of  the 
normal  which  is  intercepted  between  the  sumce  and  the 
plane  x,  y,  is  constant  and  equal  to  unity. 

As  the  length  of  the  intercept  above  described  in  any  sur- 
fiwe  ia  3  (1  +J)'+  2*}''  ^®  ^^^  to  solve  the  equation 

T-d  +  y'  +  rt-l (<.). 

Hence2  =  («"'— 1— ^')*,  andthe  auxiliary  system  (o),Art,7,, 
hccomes,  on  substitution  and  division  by  (3"*  —  1  —p'), 

dx  _  dy  _     dz     _     e'dp  .,. 
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From  tlie  last  two  members  ve  liave  on  int^ratioD 
„     o(l-«')i 


Subatituting  this,  with  the  corresponding  value  of  q  derived 
firom  (a),  in  the  equation  dz^pdx  +  qdy  we  have 

integrating  wiiicb  in  the  usual  way,  we  find 

(l-«^'..-ca!-Cl-c')ty-e', 

or,  chaogiug  the  Bigns  of  e  and  c', 

(l-^^l-ra-a-t-jly  +  o' C* 

which  is  a  complete  primitive.     The  corresponding  form  of 
the  general  primitive  will  be 


0-«  +  c(l-o")-ij  +  ^'(o); 


■■(* 


from  which  c  must  be  eliminated. 

But  another  system  of  Holutions  exists ;  for  from  the  first, 
third,  and  fourth  members  of  (S)  we  may  deduce 

pdf  +  sdp  +  dx  =  0, 

whence  pz  +  a  =  a,  from  which,  and  from  the  given  equation 
determining^  and  q,  we  have  to  integrate 

« .  s  ^ 

The  result  is 

(x-ay+Q,~by-\-i^=l (e). 

a  complete  primitive.  The  corresponding  general  primitive  is 
(.-»)-+(y-  +  (a)l'+^_l) 

«'-■»  + [y-f  Ml  fW-oJ-; "'• 
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To  deduce  the  smgular  solution  from  the  difTerential  equa- 
tion (a)  we  have 

|.-y(l+/+3T«-0,    |__j(l  +  y-  +  5-)H.O, 

whence  ^  -  0,  y  =-  0 ;  wabstituting  which  in  (a)  we  find 

r  =  ±l. 

The  above  erample  iltustrates  the  importance  of  obtaining', 
if  possible,  a  choice  of  forma  of  the  complete  primitives.  The 
second,  of  those  above  obtained,  leads  to  the  more  interpret- 
able  results.  It  represents  a  sphere  whose  radias  is  unity  and 
whose  centre  is  in  the  plane  x,  y,  while  the  derived  general 
primitive  represente  the  tubuW  surface  generated  by  that 
^here  moving  but  not  ceasing  to  obey  the  same  conditions. 
The  singular  solution  represents  the  two  planes  between  which 
the  motion  wouJd  be  confined.  All  these  surfaces  evidently 
satisfy  the  conditions  of  the  problem. 

Ex.  2.  Required  to  determine  a  system  of  surfaces  such 
that  the  area  of  any  portion  shall  be  in  a  constant  ratio 
{m  :  1)  to  the  area  of  its  projection  on  the  plane  xy. 

The  differential  equation  is  evidently 

l  +  p'  +  S'-m", 

uid  it  will  readily  be  found  that  it  has  only  one  complete 
primitive,  -v^x. 

t:=  ax+  i/(m*  ~a*  ~1)  y  +  b. 

Thus  the  general  primitive  is 

*  =  aa;+  V(»«*  *•  o'  - 1)  y  +  ^  (a). 


-V(m--»*-l)y  +  »'''''' 


and  this  represents  varioiiB  systems  of  cones  and  other  develop- 
.able  Surface*. . 
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Similar  but  more  interestiDg  applications  may  be  drawn 
from  tlie  problem  of  the  determination  of  equally  attracting 
surfaces. 

12.  Attention  has  already  been  directed  to  the  different 
forms  in  which  the  solution  of  a  non-linear  equation  may 

sometimes  be  presented.  It  may  be  added  that  linear  equa- 
tions admit  generally  of  a  duplex  form  of  solution.  The  ordi- 
naiT  method  gives  directly  the  equation  of  the  system  of 
surfeces  which  they  represent ;  Charpit's  method  leads  to  a 
form  of  solution  which  exhibits  rather  the  mode  of  their 
genesis. 

Ex.  Lagrange's  method  presents  the  solution  of  the  eqaa- 
tion 

(m!:  —  ny)p  +  (nx  —  l2)q  =  ltf  —  mx (a), 

in  the  form 

lw  +  my  +  m=-4>{a?  +  i^  +  ^ (h), 

the  known  equation  of  surfa^ies  of  revolution  whose  axes  pass 
through  the  origin  of  co-ordinates. 

•     Charpit's  method  presents  as  the  complete  primitive  of  (a) 

{a!-cO'+(2/-CTn)*+(z-cn)'  =  r* ...(c), 

c  and  r  beii^  arbitrary  constants.  This  is  the  equation  of 
the  generating  mhere.  The  general  primitive  represents  its 
system  of  possi'"  "      -   ■--- 


These  solutions  are  manifestly  equivalent. 

SyniTnetrical  and  more  general  aohUvm  of  partial  differeniid 
equations  of  ike  first  order. 

13.  The  method  of  Charpit  labours  under  two  defects, 
1st,  It  supposes  that  from  the  given  equation  q  can  be  ex- 
pressed as  a  function  of  ar,  y,  e,p\  2ndly,  It  throws  little  light 
of  analogy  on  the  solution  of  equations  involving  mare  than 
two  independent  variables — a  subject  of  fundamental  import- 
ainCe  in  connexioji  with  the  highest  class  of  researches  on 
Theoretical  Dynamics.     We  propose  to  supply, these  defects. 
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It  will  have  been  noted  that  Charpit's  method  consists  in 
determining  p  and  j  as  f anctions  of  x,  y,  z,  which  render  the 
equation  dz  =  pdx  -f  qdtf  integrable.  This  determination  pre- 
Eupposes  the  existence  of  two  algebraic  equations  between 
x,y,  z,p,  q;  viz.  1st,  the  equation  given,  2ndly,  an  equation 
obtained  by  integration  and  involving  an  arbitrary  constant. 
Let  u3  represent  these  equations  by 

F{x,  y,  z,  p,  y)  =  0,    4»  {x,  y.  z,p,  q)  =  a  ...  (29). 

respectively.    And  let  us  now  endeavour  to  obtain  in  a  general 
manner  the  relation  hetween  the  functions  F  and  O. 

Simply  differentiating  with  respect  to  x,y,  e,p,  q,  and  re- 

presenting  —  by  X,   ^  by  X,   ^  by  i>,    ^^-  by  P",  &c. 

we  have  Xdx  +  Ydy  ■i-Zdz  +  Pdp  +  Qdq  =  0, 

X'dx  +  Tdy  +  Zdz  +  Pdp  +  Qdq  =  0 ; 

or,  substituting  j)dx  +  qdy  for  rfz, 

(X+^Z)  dx  +  (y+gZ)  dy-k-Fdp  +  Qdq  =  0  ....  (30), 

(X'  +pZ')  dx+  ( r+  qZ')  dy  +  Fdp  +  Q-dq  =  0 ....  (31). 

But,  representing  for  brevity  -r— , ,  -y~-r  and  t-j  ,  by  r,  s,  t, 
respectively,  we  have 


p  =  rdx  +  ady  \ 


..(32). 


dq  —  adx-Ytdy) 

Substituting  these  values  in  (31)  we  have 

{X'  +pZ  -^rP  +  8q)dx-¥{T  ■\-qZ'  -^sP  +  tq)dy  =  0, 

which,  since  dx  and  dy  are  independent,  can  only  be  satisfied 
by  separately  equating  to  0  their  coefficients.  These  furnish 
then  the  two  equations 

,    -ir+j2').»i>'+(«'| : ™-. 
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Now  theee  equatioDs  are  of  the  same  form  as  (32).  They 
establish  the  same  relations  between  the  fuactione 

-(X+j-n  -(T  +  qZ),  P,  q (34), 

as  (32)  does  between  the  differentials  dp,  dq,  dx,  dy. 

It  follows  that  if  we  give  to  da  and  dy,  which  are  arbitrary, 
the  ratio  of  the  la£t  two  of  the  functions  (34)  then  will  dp  and 
dq  have  the  ratio  of  the  first  two,  so  that  the  following  will  be 
a  consistent  scheme  of  relations,  viz. 

j_     J.,  J«.  J™ 

..(35). 


p-    g-     x-vpz-      r+qz'- 

Now  dividing  the  successive  terms  of  (30)  by  the  successive 
members  of  (35)  we  have 

{X+pZ)P'  +  {r+qZ)<jf-P{X'+pZ-) 

-Q{T+s^')~0 (36). 

This  is  the  relation  sought.  It  might  be  obtained  by  direct 
elimination  by  multiplying  the  equations  of  (33)  by  F  aud  Q 
respectively,  and  the  corresponding  equations  derived  from 
(30)  by  I^  and  0*  respectively,  and  subtracting  the  sum  of 
the  former  from  the  sum  of  the  latter. 

It  is  obvious  too,  and  the  remark  is  important,  that  we 
might  pass  directly  &om  (30)  to  (36)  by  substituting  for  dx, 
^yt  dp>  <^>  ^^^  functions  of  (34),  and  that  this  sut^titution 
is  justified  by  the  identity  of  relations  established  in  (32) 
and  (33). 

If  in  (36)  we  substitute  for  X,  Y,  &c.  their  values,  and 
transpose  the  second  and  third  terms,  we  have 

\dx'^^  dzJdp      [dx"^^  dzjdp  ^\dy'^^  dt)  dq 

-(^+'f)f-» i^- 

Such  is  the  relation  which  connects  the  functions  F  and  *. 
When  F  is  given  it  assumes  the  form  of  a  linear  partial  differ* 

nr„i^=<i-,GoOglc 
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ential  equation  of  the  first  order  for  determining  *,  If  from 
its  auxiliary  system  we  can  deduce  any  integral  inrolving  an 
arbitrary  constant,  and  such  that  in  conjunction  with  the 
given  equation  it  enables  us  to  determine  p  and  q  as  functions 
f>ix,y,z,  (he  subsequent  integration  of  dz  =  pdx  +  qdy  wHA. 
lead  to  a  form  of  the  complete  primitive. 

14.  Analogy  now  points  out  the  method  to  be  pursued 
for  the  solution  of  equations  inrolring  more  than  two  inde- 
pendent  variables. - 

Pbop.  To  deduce  the  complete  primitive  of  the  parti^ 
differential  equation 

F{:?^,,a;,...!r,,2,p„^,...p,)  =  0 (38), 

,  dz  dz 

where  P,  =  t— .  ■•■  P.  =  -j-- 

■^'     dxi       ^"    dx^ 

In  the  first  place  we  must  seek  to  determine  values  of 
Pi'  VvP"  ^  terms  of  the  primitive  variables  a;,,  x^,...x,,  z, 
such  as  will  render  integrable  the  equation 

dz=p^dx,+p,dx,..,+p,dx, (39). 

Suppose  one  of  the  equations  requisite  in  conjunction  with 
(38)  for  this  determination  to  be 

4?{a^,x^,...x,,z,p„p^,.,.p,)  =  a^ (40). 

Then  representing  the  first  members  of  (38)  and  (40)  by  their 
characteristics  F  and  O,  differentiating,  and  substituting  for 
ds  its  value  given  in  (39),  we  have  results  which  may  he  thus 
1, 

^.{(f^^-S)'^'^f*}-° '"'• 

H^^^'^h^-9M-o- <*^)- 

where  2,  represents  summation  from  i  =  1  to  i  =  «.     . 
But  ufice  »j «  -5— ,  we  bava 
B.D.a  D,o,i^=<i-,GaSi'^le 
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Substituting  this  value  in  (42),  we  shall  be  permitted,  in  cod- 
Bequence  of  the  independence  of  the  differentials  (£r,,(£r,,...[llx„ 
to  equate  their  respective  coefficients  to  0. 

It  is  easy  to  see  that  the  coefBcient  of  dx^  will  be 
d^         d^         d^    ^z 
dx^    ^'  dz        *dpi  dx^,' 

Equating  this  to  0,  we  have,  on  transposition, 

{d<^,      d^\     _     d?z    d<b 
~\dxjP'dzr^*'S^d^,' 

'Hence,  changing  %  into  r  and  r  into  i, 

d^z    J4» 


\dtCi     "'  dzj        '  dx^i  dp,  ' 


.(«). 


Now  comparing  this  with  (43),  aad  observing  that 

d^z    _    <fg 
dx^,     dicjdxi ' 

we  see  that  the  systems  of  differentials  represented  by  dpi 
and  dx,  respectively  are  connected  by  the  same  relations  as 
the  systems  of  functions  represented  by 

-  te  -^P'  dJ  j  ^""^  ^  respectively. 

Hence,  by  the  reasoning  of  the  previous  example,  it  is  per- 
mitted to  substitute  in  (41),for  the  differentials,  the  correspond- 
.      r      ,.  .         /d*         dO\  ,       ,  ,  d<I>  _     J 

mg  functions,  viz.  —It — '"Pi  j"  1  """  "Pii  ^^^  "Tf  *°'  ****■ 
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the  BummatioD  extending  from  i  =  l  to  i=n.  This  is  the 
relation  sought,  and  it  is  seen  to  be  symmetrical  with  respect 
to  F  and  4>.  When  F  is  given,  it  becomes  a  linear  partial 
differential  equation  for  determining  O.  From  its  auxiliary 
system  of  ordinary  differential  equations  it  suffices  to  obtain 
M  —  1  integrals, 

^j^o,,    *,  =  o,,  ...  ^n.i=^a^., (46), 

BQch  as,  in  conjunction  with  the  given  equation,  will  enable 
us  to  determine^,,  p,,  ...p^in  termsof  the  original  variables; 
then  integi'ating  (39),  we  shall  obtain  the  complete  primitive 
in  the  form 

/(a;,,  a!„...a^,  ^,a^,a^,  ...a^)=0 (47). 

All  other  forms  of  solution  are  hence  deducihle  by  regarding 
a„  a,, ...  Sa  as  jiarameters  varying,  independently  or  in  sub- 
jection to  connecting  relations,  but  so  as  to  leave  unaffected 
tiiefrrms  of  j>,,^,,  ...p,. 

It  is  proper  to  observe  that  the  given  equation  F=  0  is 
itself  included  among  the  particular  integrals  of  (45).  In  fact 
F  b  one  of  the  forms  of  O  which  make  0  =  o  a  solution,  as 
will  be  found  on  trial.  The  given  equation  is  therefore  a 
particular  integral  And  therefore  the  n—1  integrals  of  the 
system  {4i6)  must  be  independent  of  it  in  order  to  render  the 
determination  of  p,,  p,, ...  p„  possible. 

The  equation  (45)  may  be  expressed  as  follows : 

^  /dFd<P    dFd<P\,dF^     d^     d<P„     dF    ^ 

And  under  this  elegant  form,  obtained  however  by  a  more 
complex  analysis,  the  solution  is  presented  by  Brioschi  {Tor- 
tolini,  Tom.  vi.  p.  426,  Intomo  ad  vna  proprietd,  delle  equa- 
zioni  alle  derivate  parziali  del  prima  ordine). 

The  problem  of  the  int^ration  of  partial  diflferential  equar 

tioos  of  the  first  order,  irrespectively  of  the  number  of  the 

variables,  appears  to  have  been  first  solved  by  Pfaff,  but  the 

■  ■  23-a    ,Je 
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moat  complete  discusaion  of  it  will  be  found  in  a  memoir  by 
Cauchy  {Exercicea  ^Analyse,  Tom.  ii.  p.  238.  8ur  tint^ra- 
Hon  dea  Equations  aux  d^-iv&es  partielles  du  premier  ordre),  in 
which  the  determination  of  the  arbitrary  functions  of  the 
general  primitive  so  as  to  satisfy  given  initial  conditions  is 
fully  considered.  The  connexion  of  the  subject  with  Theo- 
retical Dynamics  was  first  established  by  the  researches  of 
Sir  W.  Hamilton  and  Jacobi.  The  tnith,  illustrated  above, 
that  the  solution  of  a  partial  differential  equation  of  the  first 
order  is  reducible  to  that  of  a  system  of  ordinary  differential 
equations,  and  the  truth  that  the  solutions  of  certain  systems 
of  differential  equations  {including  that  of  dynamics)  may  be 
reduced  to  the  discovery  of  a  single  function  defined  by  a 
partial  differentia!  equation,  are  correlative.  The  researches 
above  referred  to,  together  with  those  of  Liouvilte,  Bertrand, 
and  Bour,  founded  partly  upon  their  results  aod  partly  npoii 
the  allied  discoveries  of  Lagrange  and  Poisson  concerning  the 
variation  of  the  arbitrary  constants  in  djTiamical  problems, 
contain  the  most  important  of  recent  additions  to  our  specu- 
lative knowledge  of  piffereiitial  Equations,  For  this  reason 
we  have  dwelt  upon  their  history.  Fuller  information  will  be 
found  in  Mr  Cayley's  excellent  Report  on  the  recent  Pro- 
gress of  Theoretical  Dynamics.  {Report  of  British  Associa- 
tion, 1857.) 

[In  an  Appendix  to  the  first  edition  Professor  Boole  pre- 
sented Art.  14  in  the  following  form.] 

Art.  14.  The  most  important  form  of  the  problem  of  this 
Article  is  the  following,  and  the  reader  is  requested  to  substi- 
tute it  for  the  one  in  the  test,  sufficient  account  not  beingthere 
taken  of  the  conditions  among  the  constants. 

Required  a  value  of  a  as  a  function  of  x^,  a;,, ...  a:,  which 
shall  satisfy  the  partial  differential  equation 

F{x^,  a;,, ...  X.,  z,  p,,^^,  ...p^  =  0 (1}> 

and  shall,  when  ic„  =  0,  assume  a  gimn  form. 
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ICepresenting  the  second  member  of  (2)  by  ^,  and  ->— 
by  ^j,  &C.,  we  shaU  have,  when  ar,  =  0, 

Pi  =  'f>,'  P,=  *..-P..j  =  *^i. (3); 

for,  in  seekina:  the  forms  which  -j— ,  -r-..---r —  assume 

°  (fee,     ax^       dx^, 

when  ir,  =  0,  we  are  permitted  to  make  a;,  =  0  in  the  general 
value  of  a  before  differentiating. 

Now  the  auxiliary  system  of  the  linear -equation,  (iS')  in 
tbe  text,  yields  2«  integrals  connecting  x„  ...x,,  z,  p,,  ,..p^ 
with  2n  arbitrary  constanta.  But  since  one  of  the  integrals 
is  F=:c  and  since  to  make  this  agree  with  (1)  we  must 
have  c  =  0,  the  2n  integrals  will  effectively  contain  2m  —  1 
arbitrary  constants.  This  however  being  the  number  of 
the  variables  contained  in  (2),  (3),  namely  of  the  variables 
^,....3^n_i,  ^,Pi'---pn-T  *6  ™^y  express,  and  so  replace, 
these  arbitrary  constants  by  initial  values  of  the  above  vari- 
ables corresponding  to  a;„  =  0. 

Let  f,,...f».i,  ?,  Tr„...'n-,_,  be  the  new  constants  in  question; 
then,  substituting  these  for  the  variables  whose  initial  values 
they  represent  in  the  «  equations  (2),  (3),  we  obtain  n  con- 
ditions connecting  the  above  constants. 

Thus  we  have  finally  3»  equations,  consisting  of  2n  inte- 
grals with  n  equations  of  condition  connecting  the  2«.—  1 
constants  which  those  integrals  contain.  From  these  3« 
equations  we  can  eliminate  the  above  2n  —  1  constants  toge- 
ther with  the  n  quantities  p,,  p,,---p,-  The  result  will  be  a 
final  relation  between  z,  a;,,  ar,,  ..,a;„,  which  will  be  the  solu- 
tion BOUgbt 

If  we  regard  the  function  (f>{x^,  a;^,...x,_,)  as  arbitrary,  the 
above  solution  will  constitute  a  general  primitive;  but  if  we 
give  to  it  a  particular  form  involving  n  arbitrary  constants, 
we  shall  obtain  a  complete  primitive.  (Cauchy,  Exercicest 
Vol.  11.  p.  238.) 

[Important  additions  on  partial  differential  equations  of 
the  first  order  are  given  in  the  Supplffmentary  Volume,  Chap- 
ters XXV.,  XXVI.,  and  xxyii.] 

D,o,i,7.<iT,Google 
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EXERCISES. 


1.     How  are  equations,  in  which  all  the  differential  coeffi- 
cients have  reference  to  only  one  of  the  variables,  solved  I 


dx    x-\-z' 

i.  The  partial  differential  equation  of  the  first  order  which 
results  from  a  primitive  of  the  form  u  =f(v),  where  w  and  e 
are  determinate  functions  of  x,  y,  z,  is  necessarily  linear. 
Prove  this. 


6.  p  +  y  =  ^. 

7.  y/»  +  ajy  =  «. 

8.  g^p  —  wtfq  +  y  =  0. 

9.  Integrate  the  equation  of  conical  sur&ces 

{a-x)p-\-{^-y)q  =  c-z, 

10.  azp+yzq  =  xy. 

.    11.     (y* +  «'-»*)  i'-2xyy-H2a;z  =  0. 

12.  Required  the  equation  of  the  surface  which  cuts  at 
right  angles  all  the  spheres  which  pass  through  the  origin  ol' 
coordinates  and  have  their  centres  in  the  axis  of  x. 


13.    z~xp-yq  =  a{jf  +  y*  +  z')K 
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l*.  Find  the  eqaation  of"  the  surface  whicli  cuts  at  right 
angles  the  system  of  ellipsoids  represented  by  the  equation 

where  D  is  the  variable  parameter.    Lacrotx,  Tom.  u.  p.  678, 

15.  Find  the  equation  of  a  surface  which  belongs  at  once 
to  surfaces  of  revolution  defined  by  the  equation  py  —  g^x  =  0, 
and  to  conical  surla^es  defined  by  the  equation  px  +  qy  =  B. 

In  problems  like  the  abavewe  moBt  regud  the  eqoations.as  aimnltaneonB, 

determine  p  and  g  aa  Iimotions  of  x,  y,,  2,  and  anbiititiite  tbeii  ralnea  in  the 
equation  dj=p(lc-l-jily,  whioh  will  become  integrable  by  a  aingle  equation  it 
the  problem  ia  a  possible  one,  bnt  not  otheiwiae. 

.^dzdzdz  sai 

17.  Explain  the  distinction  betweem  a  comfdete  primitive' 
and  a  general  primitive  of  a  partial  differential  equation  of 
the  first  order. 

18.  Find  the  complete  and  the  general  primitive  of 

«  =px  +  qy  +pq. 

19.  Deduce  a  singular  solution  of  the  abovei. 

20.  pq  =  l. 

2i.    q  =  xp  +  p'. 

22,  Shew.  from,  the  form  of  its  integral  that  q=f{p) 
belongs  only  to  developable  surfaces. 

23.  Deduce  two  complete  primitives  of 

pq  =  px  +  qy. 
2i.    Deduce  two  complete  primitives  of 

.  D,o,i,7.<iT,Google 
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>  25.  Given  two  general  primitives  of  a  partial  differential 
equation  of  the  firBt  order,  in  the  foTme, 

iBt.     ^  =  F[x,  y.  ..  *  (a)),     0  - '""'"' Y'^ '"'''  • 

.     a,d.  ..*(;>.3,,«,tWi..  o.^*fe-^^A^tWi, 

bIiqv  that  the  dependence  of  the  functions  '^  (c)  and  ^  (a), 
■when  the  two  primitives  lead  to  the  same  particular  integral, 
may  be  determined  by  the  following  rule.  Eliminate  x  and  y 
from  any  four  independent  equations  of  the  system 

„     .      dF    da>.     dF    d<^      dF     ^     d^     ^ 
(fa;      ax       ay      at/    _  da  dc 

The  two  resulting  equations  will  involve  the  relation  required, 
and  when  the  form  of  <f)  (a)  is  given,  the  elimination  of  a  from 
both  will  give  a  differential  equation  for  deteiinining  the  form 
of^(c). 

26.     The  equation  z=:pq  has  two  general  primitives, 

Ist.     z  =  {y  +  a){x  +  i,{a)],     0  =  ^[{y  +  a]lx  +  i>{a)\]. 

2nd.    4,z-='{cx+^  +  -^(c)]\     0=-,[cx  +  ^  +  ip-{c)]'; 

Bhew  hence  that  the  relation  between  ^  {a)  and  ■^  fc)  is  ex- 
pressed by  the  equations 

;    ,  f{o)  +  ^,  =  0,     cf(c)-cV'(c)  =  2«. 

[An  interesting  problem  involving  partial  differential  equa- 
tions of  the  first  ordtir  is  discussed  in  the  Supplementary 
Volume,  Chapter  xxxiii.] 


ogle 
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.    •  CHAPTER  XV. 

PARTIAL  DIFFERENTIAL  EQUATIONS   OF  THE   SECOND  ORDER. 


1.     The  general  form  of  a  partial  diSerential  equation  of 
the'second  order  is 

F{x.y,z.p,q.r.,,t).tl (1), 

where 


P  = 


dx'    "     dtf'  dx* '  dxdy '  dy" ' 


It  is  only  in  particular  casea  that  the  equation  admits,  of 
integratiim,  and  the  most  important  is  that  in  which  the  dif- 
ferential coefficients  of  the  second  order  present  themselves 
only  in  the  fii"st  degree;  the  equation  thus  assuming  the  form 

Sr  +  8s+Tt=r. (2), 

in  vhich  R,  S,  T  and  V  are  functions  of  x,  y,  z,  p  and  y. 
This  equation  we  propose  to  consider.  The  most  usual  method 
of  solution,  due  to  Monge,  consists  in  a  certain  procedure  for 
discovering  either  one  or  two  first  integrals  of  the  form 

«-/W (3), 

u  and  V  being  determinate  functions  of  x,  y,  z,  p,  q,  and  /  an 
arbitrary  functional  symbol.  From  these  first  integrals,  singly 
or  ill  combination,  the  second  integral  involving  two  arbitrary 
functions  is  obtained  by  a  subsequent  integration. 

An  important  remark  must  here  be  made.  Monge's  method 
involves  the  assumption  that  the  equation  (2)  admits  of  a  first 
integral  of  the  form  (3).  Now  this  is,  not  always  the  case. 
There  exist  primitive  equatious,  involving  two  arbitrary  func- 
tions, from  which  hy  proceeding  to  a  second  difiFerentiation 
both  iiinctions  may  be  eliminated  and  an  equation  of  the  fomi 
(3)  obtained,  but  &om  «bich  it  is  impossible  to  eliminate 


362  PARTIAL  DIFPEHENTIAL  EQDATIONS        [CH.  IV. 

one  function  only  so  as  to  lead  to  an  intonnediate  equation 
of  tlie  form  (3).  Especially  this  happens  if  the  primitive  in- 
volve an  arbitrary  function  and  its  derived  function  together. 
Thus  the  primitive 

a=^{y  +  a;)+'f(y-a) -a:  [^'(y  +  «)-V''(y-a!)}. ■■{*). 

leads  to  the  partial  differential  equation  of  the  second  order 


but  not  through  an  intermediate  equation  of  the  form  (3). 

It  is  necessary  therefore  not  only  to  explain  Monge's 
method,  but  also  to  give  some  account  of  methods  to  be 
adopted  wheu  it  fails, 

[Part  of  the  present  Chapter  is  treated  on  a  larger  scale  in 
the  Supplementary  Volume,  Chapters  xxvill.  and  xxix] 

2.  It  is  not  only  not  true  that  the  equation  (2)  has  neceB- 
sarily  a  first  integral  of  the  form  (3),  but  neither  is  the  con- 
verse proposition  true.  We  propose  therefore,  1st,  to  inquire 
under  what  conditions  an  equation  of  the  first  order  of  tbe 
form  (3)  does  lead  to  an  equation  of  the  second  order  of  the 
form  (2) ;  2ndly,  to  estabhsh  upon  the  retiults  of  this  direct 
inquiry  the  inverse  method  of  solution.  And  this  procedure, 
though  somewhat  longer  than  that  usaally  followed,  is  more 
simple,  because  esact  and  thorough. 

Prop.  1.  A  partial  differential-  tffia^on  of  the  first  order 
of  the  form  v  =f{v)  can  only  lead  to-  a  partMi  differenUai 
equaiion  of  tke  second  order  of  tkeform 

Jir  +  S8+  Tt=^  V, (6), 

when  u  and  v  are  so  reliited  as  to  satisfy  idmtica^  tke  con- 
dition 

du  dv     du  dv  _ 

dp  dq     dq  dp        "••-"■—-•— I 

For,  diSerentiating  the  equation  u=f{v)  with r«epect  to :<¥ 

and  observinir  that  -r~P,    -^  =  r,     ^  =  «,  we  hftse 
"         dx    ^'    dx      '    ax    ^     , 

.-.Goti'^le 
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In  like  manner  differentiating  u=/(»)  with  respect  toy, 
we  have 

d-a       du  ,     du  ,   ,du      ,,,  .  /dv       do       dr>   ,  ,dv\ 

Eliminating  ^'(p)  there  results 

(du       du       du       du\  (dv        dv       dv        dv\ 
S+^S+'^  +  '^JU+^S  +  '^  +  'i^) 

(do  ,     dv  ,     do  ,     dv\  fdu  .     du  ,    du  ,  .diA  ,  , 

On  reduction  it  will  be  found  that  the  only  terms  involving 
r,  s,  and  f  in  a  degree  higher  than  the  iirst  will  be  those  which 
contain  rt  and  s*.    The  equation  will  in  fact  assume  the  form 

Rr  +  Ss  +  n+U(rt-s^  =  r (9), 

in  which  U=  T — ; r-  T-  •     The  forma  of  the  other  co- 

dp  dq     aq  dp 

efficients  it  is  imnecessary  to  examine. 


Now  this  equation  assumes  the  form  (6)  when  the  con- 
dition (7)  is  satisfied — and  then  only. 

3.  The  proposition  might  also  be  proved  in  the  following 
manner.  Since  m=/(w)  we  have  du=f'[v)dv,  an  equation 
which,  since  /(«)  is  arbitrary,  involves  the  two  equations 
dtt  =  0,  do  =  Q.     Hence 


da  ,    ,  du  J    ,  du  ,    ,  du  ,    ,  du  ,       „  > 


(10). 


UW  Ujr  UA  U^  UI£  . 

do  ,    ,  dv  ,    ,  dv  ,    ,  dv  ,    ,  dv  ,       -   \ 
^dx+.^^^dy  +  -dz  +  -^-d^+-^~dq  =  0  } 
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But  A- 

pdx-^ 

idy,  dp. 

rdx  +  sdtf,  dc[ 

=«;^ 

+  %. 

Whenoe  on 

substitutioQ 

tdu       du 

-1^ 

da\. 

<i^ 

^S-^'|)*-«-     ' 

fdv     dv 

dv        dv\  , 

^'dp+'iir 

<^ 

da 

'l-D*-- 

Whence  eliminating  dx  and  d^,  we  have  the  same  result 
as  before. 

4.  A  consequence,  which,  though  not  affecting  the  present 
inquiry,  is  important,  may  here  be  noted.  It  is  that  it  would 
be  in  vain  to  seek  a  first  integral  of  the  form  u  =f{v)  for  any 
partial  differential  equation  of  the  second  order  which  is  not 
of  the  form  (9). 

Prop.  2.  To  deduce  when  possible  a  first  integral,  of  the 
form  w=/(v),  for  the  partial  differential  equation  (6). 

By  the  last  proposition  u  and  v  must  satisfy  the  condititai 
(7),  which  is  expressible  in  the  form, 

du    .du _dv     dv  .  - . 

dq  '  dp     dq^^ dp ^    '' 

Hence,  if  we  represent  each  member  of  this  equation  by  tn, 
we  have 

du  _     du     dv  _     dv 

dq         dp'    dq        dp 

Substituting  these  vahies  In  (10),  we  have 


■  {12)- 


£d^+Sdy  +  £d^  +  ^ldp+mdi).0 


..(13); 


und  we  are  to  remember  that  this  system,  being  equivalent 
to  du'=0,dv=0  modified  by  the  condition  (7),  can  only  have 
an  integral  system  of  the  form, 

v-a,   „.l (U). 


..(15). 
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a  and  h  being  arbitrary  constants,  and  u  and  v  connected  by 
the  condition  (11). 

Making  dz=pdx-\-  qdy  in  (13),  we  have 

From  these  and  from  the  equations 

dp  =  rdx+sdy,     dj=  sdx  +  tdy (16), 

if  we  eliminate  the  differentials  dx,  dy,  dp,  dq,  we  shall 
necessarily  obtain  a  result  of  the  form  (6).  For  in  thus 
doing  we  only  repeat  the  process  of  Art.  3,  with  the  added 
condition  (7). 

To  effect  this  elimination,  we  have  from  (16), 

dp  4-  mdq  =  (r  +  ma)  dx+{a  +  mi)  dy  ; 

or,  rdx  +  8  (dt/  +  mdx)  +  tmdtf  =  dp  +  mdq  ......  (17). 

Now  the  system  (13)  enables  ua  to  determine  the  ratios  of 
dy  and  dp  +  mdq  to  dx,  and  these  ratios  substituted  in  (17), 
reduce  it  to  the  form  (6). 

Biit  in  order  that  it  may  be,  not  only  of  the  form  (6),  but 
actually  equivalent  to  (6),  it  is  necessary  and  sufficient  that 
we  have 

dx  _dy  +  mdx     mdy  _dp  +  mdq  ,     . 

'R~        8       "V"^       V~ -^    J-   . 

This  system  of  relations  among  the  differentials  must  thus 
include  the  equations  (15).  The  same  system  (18),  together 
with  the  equation  dz  =  pdx  +  qdy,  must  therefore  include  the 
system  (13).  It  must  therefore  in  its  final  integral  system 
include  the  equations  w  =  o,  v  =  h  with  their  implied  con- 
dition. 

D,g,i,7?<iT,Google 
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"We  conclude  then,  that  if  the  equation  Br  +  Ss  +  Tt=V, 
result  from  an  equation  of  the  first  order  of  the  form  u  =f(v), 
the  system  (18),  together  with  the  equation, 

dz^pdx  +  qdtf (19), 

must  admit  of  an  int^ral  system  determining  u  and  v  in 
equations  of  the  form  u  =  a,  v  =  b. 

To  eliminate  m  ftom  (18)  we  have,  on  determining  its  value 
from  the  first  and  third  members,  substituting  it  in  the 
second  and  fourth,  and  reducing, 

Edy'~S(itd^+Tda?  =  0 (20), 

Bdpdt/+Tdqdx-Vdxdy  =  0 (21), 

and  theBe,with  (19),  makethreeordinarydiflferential  equations 
among  the  five  vaiiables  x,  y,  z,  p,  q.  But  among  five  vari- 
ables  there  ought  to  exist  four  ordinary  differential  equations 
in  order  to  render  the  final  relations  determinate.  And  this 
confirms  what  was  said  in  Art.  1,  of  the  hypothetical 
character  of  Monge's  method.  It  is  only  when  the  proposed 
equation  originates  in  an  equation  of  the  form  u=f(y),  that 
the  above  system  admits  of  two  integrals  of  the  form, 


As  (20)  is  of  the  second  degree  it  will,  unless  it  is  a  com- 
plete square,  be  resolvable  into  two  equations  of  the  first 
d^ree,  and  either  of  these  in  conjunction  with  (21)  and  (19) 
may  lead  to  a  final  integral  system  determining  m  and  v.  It 
follows  that  when  the  given  equation  admits  of  a  first  integral 
at  all,  it  will  admit  of  two  such — excepting  the  case  in  which 
(20)  ia  a  complete  square. 

6.  As  yet  no  account  has  been  taken  of  the  quantity  m. 
The  mode  in  which  it  is  involved  in  the  equation  (18),  leads 
however  to  a  remarkable  consequence  developed  in  the  follow- 
ing Proposition, 

pHOP.  If  by  the  last  proposition  we  obtain  two  first  in- 
tegrals of  the  form 


«.-/(»,).    »,-*» ■ (22),- 
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and  if,  regarding  these  aa  simultaneous,  we  determine  p  and  q 
as  functions  of  x,  y,  z,  those  values  will  be  such  as  to  render 
tbe  equation  dz  =  pdx  +  qdy  integrable,  and  thus  to  lead  to 
the  second  or  £nal  integral. 

For  aimpUcity,   we  shall  represent  «,~/(i'i)   by  F,  and 
Bj-  0  (t)J  by  C*.    Thus  the  supposed  first  integrals  are  simply 
F=Q,     *  =  0 (23). 

Now  reverting  to  the  system  (18),  and  representing  the 
ratio  dy  '.  dxhj  n,  its  first  two  equations  assume  the  form, 
1  _w  +  m     mm 

and  shew  that  m  and  n  are  tbe  two  roots  of  the  equatioa 

Hence,  the  value  of  the  ratio  dtf  :  dx  corresponding  to  one 
of  tbe  first  integrals  (23),  is  the  same  as  the  value  of  m  cor- 
responding to  the  other. 

Now  for  the  value  of  m  corresponding  to  the  integral 
.^=0,  we  have  by  definition, 

aw,     dp, 
d^      dp 

dp     ^  ™  dp 
dF 

=^ w 


Again,  seeking  the  value  of  the  ratio  dy  :  dx,  correspond- 
ing  to  the  integral  *  =  0,  we  have  ', 
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\dx       dz  ^      dp        dq    / 

,  /d9     dt     ,  <i«      ,  li*  A  ,      „ 

Eqiiatitig  the  value  oi  dy  :  dx  heoce  found  to  that  of  nt 
given  in  (24),  we  have,  on  reduction, 

dp    dx       dq    dy       dp    dz"      dq    ds" 

dF  d<^       (dF  d^     dF  d^\       dFd^^    „     ,„,, 
+  df^'-*-[d^Tq+-d^-dp}'"^d^dq^  =  ^-^^''^- 

In  like  manner  equating  the  values  of  m  corresponding  to 
the  integral  $  =  0,  and  oi  dy  :  dx  corresponding  to  the  in- 
tegTEd  ^=  0,  we  have 

dw   dp      dy   dq      dz   dp^     dz   dq" 

dp  dp        \dq  dp      dp  dq)        dq  dq  " 

Subtracting  (25)  from  (26),  there  reault-3 

dF^d^_dF^     dF_^_dFd^ 
dx  dp      dp  dx      dy  dq       dq  dy 

(dF  d*     dF  d*\        (dF  rf*     dF  d<^\       „     ,„-, 

Now  this  is  identical  with  the  equation  (37),  Chap.  xiv. 
Art  13,  expressing  the  very  condition  which  must  be  fulfilled 
in  order  that  the  values  of  p  and  j  given  by^=0,  *  =  0, 
may  render  the  equation  dz—pdx^qdy  an  exact  differential. 
Hence  the  proposition  is  estabhahea. 

It  is  interesting  to  observe  that  the  two  first  integrals  stand 
in  a  certain  conjugate  relation.  Each  of  them  satisfies  tiiat 
partial  differential  equation  of  the  first  order  and  degree  whicll 
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we  should  have  to  conBtruct  in  attempting,  by  tlie  process  of 
Charpit,  to  iDtegrate  the  other.  Hence  also,  altliough  the 
knowledge  of  both  is  desirable,  that  of  either  is  aufficiont  to 
enable  us  to  proceed  by  integration  to  tbe  final  solution. 

6.  The  statement  of  Monge's  method,  as  derived  firom  tbe 
above  invest^tion,  is  contained  in  the  following  Rule. 

Rule.  The  equation  being  Br+  Sa  +  Tt=  V,  form  first, 
the  equation 

Bdt/*-  Sdxdif+  Tdii^  =  0 (28), 

and  resolve  it,  supposing  tbe  first  member  not  a  complete 
square,  into  two  equations  of  tbe  form 

dt/-m,dx  =  0,   dy-mjix-O (29). 

From  tbe  first  of  these,  and  from  tbe  equation 

Bdpdy+Tdqdx~Vdxdy  =  0 (30), 

combined  if  needful  with  tbe  equation  dz=pdx  +  qdy,  seek 
to  obtain  two  integrals  w,  =  a,v^  =  b.  Proceeding  in  the  same 
way  with  the  second  equation  of  (29),  seek  two  other  integrals 
"t  ~  ^  «,  =  j8,  then  the  two  first  integrals  of  tbe  proposed 
equation  will  be 

«.-/■(•,).«,=/■« (31)- 

To  deduce  the  second  integral,  we  must  either  iategrate 
one  of  these,  or,  determining  from  tbe  two  p  and  q  in  terms 
of  Xy  y,  and  z,  substitute  those  values  in  the  equation 
ds  =pdx  +  qdy, 

which  will  then  satisfy  the  condition  of  integrability.  Its 
solution  will  give  tbe  second  integral  sought. 

If  the  values  of  m,  and  m  are  equal,  only  one  first  integral 
will  be  obtained,  EUid  the  final  solution  must  be  sought  by 
its  integration. 

Wheu  it  is  not  possible  so  to  combine  tbe  auxiliary  equa^ 
tions  as  to  obtain  two  auxiliary  integrals  u  =  a,  v  =  b,no  first 
integral  of  tbe  proposed  equation  exists,  and  some  other  pro* 
cess  of  solution  must  be  sought. 
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We  mayobaerve  that  the  determination  of  p  and  yfromtlie 
two  firat  integrals  is  facilitated  by  the  fact  that  k  and  v  eati^ 
the  condition  (7).  Interpreted  by  Chap,  ii.  Art.  1,  that  con- 
dition implies  that  p  and  q  enter,  m  some  single  definite  com- 
bination, tn  both  u  and  v. 

oar         ay 

Here  B  =  l,  8=0,  T=-a*,  F=0.  Hence  we  have  bv 
(28)  and  (30), 

dy*  —  d^d^=0,   dpdy—^dqdx  =  Q (a). 

The  former  of  these  is  resolvable  into  the  two  equations 

dyA-ada!  =  0,   dy  —  adx  =  0  (&), 

of  which  the  first  gives  y-^ax  =  c,  and  at  the  same  time 
reduces  the  second  equation  of  (oj  to  the  form  dp  +  adq  =  0,  of 
which  the  int^ral  iap  +  aq=C.  Thus  a  first  intend  of  the 
given  equation  is 

p  +  aq  =  <l>(y  +  ax)  , (c). 

Proceeding  in  like  manner  with  the  second  equation  of  (6), 
we  find  as  another  firat  integral 

p-aq^^{ff~ax) (d). 

From  these  two  equations  determining  p  and  q,  the  equation 
dz  =pdx+qdi/  becomes 
^^0(y+aa;)+'>fr(y-ag)^^  if>  (S  +  ax)  -  ^fr  (^  -  ax)  , 

,      ^(y  +  ax)(dy  +  adx)-i^(y--ax)  (dy  —  adx) 
^  2o 

Hence  if  ^1^(0  d(=^,{0  and  -^jt{t)dt^t^{i)' 

we  have 

«  =  ^  (y  +  «c)  + 1/',  fy  -  oa;). 
Here  ^i,  ^,  are  arbitrary  functions  since  A  and  ^  are  such. 

C.hnIc 
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It  ia  seen  that,  in  each  of  the  first  integrak,  the  condition 
(7)  ia  satisfied,  and  asauming 

p  +  aq  —  it>(2/  +  ax)  =  F,   p  —  oj  —  ■^(y  —  ox),  =  O, 

it  is  easy  to  verify  the  condition  (27). 

Ex.  2.    Given  r  +  <w  +  J(  =  0. 

Proceeding  aa  before,  we  find 

j)  +  Ti5'  =  f  (y-mx),  p  +  wig'=tif-(y-m!}, 

as  the  two  first  integrals  of  the  proposed,  m  and  n  being  the 
roots  of  the  equation  i"  —  oi  +  &  =  0,  Hence,  determinit^  p 
and  q,  substituting  in  the  eqM&tion  dB=pdic  +  qdt/,  iutegratii^ 
and  reducing  we  have 

g  =  ^  ^  -  Ttix)  +  ■f  I  (y  -  nx). 

But  when  m  and  n  are  equal  we  have  only  one  first  in- 
tegral, viz. 

p  +  mq  =  ^{y  —  ma:). 

Treating  this  by  Lf^ange's  process,  we  have  the  anxiliary 

systflm 

m      9  (y  —  ma:} 

From  the  first  two  members  we  find  y  — m35  =  c.  This 
enables  us  to  reduce  the  equation  of  the  first  and  third  to  the 
fonn 

,         dz 
*(c) 
whence  «  =■  a^  (c)  +  o'. 

Therefore,  restoring  to  c  its  value, 

»  —  «0  (y  —  mx)  =•  o'. 
Thus  ve  have  for  the  final  integral 

«  -  ai^  (y  -  mx)  =  •^  (y  -  mc). 

24-2  '.S'^' 
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Ex.  3.    GiTOt 

(6  +  cj)V  -  2  (i  +  cj)  (o  +  cp) «  +  (a  +  cp)'<  =  0. 
Here  the  auxiliary  equations  are 
{6  +  ft?)'(V  +  2  (6  +  cj)  (o  +  cp)  (fy<iic  +  (o  +  cp)''ic' =  0. .  .(a). 

{b  +  csydpdt/  +  (a  +  opydqdx~0 (6). 

The  first  of  these  equations  gives 

(h  +  cq)^+(a  +  cp)dx  =  0  .„ (c), 

which  the  equation  dz  =pdx  +  qdy  reduces  to  the  foim 

oAx  +  hdy  +  (As  =  0 ; 
whence 

aic  +  6y  +  C!  =  a (li). 

Again,  elinunatitig  dx}  and  dx  from  (J)  and  (c),  we  have 
(6  +  cj)(^—  (a  +  cp)  %  =  0, 
whence,  integrating 

Thus  a  first  integral  of  the  proposed  equation  is 

or 

g?  — c^(aa;+5y  +  cB)y  =  60  (aa!  + Jy +  «)  — o; 
and  this  must  be  int^rated  by  Lagrange's  process. 

The  auxiliary  ^tem  is, on  representing 0(aa;+&y+cx)  by ^ 
dss        dy         dx 
c         c^     h^  —  a' 
From  these  we  find  adx  +  hdy  +  cdz  *  0,  whence 

and  thus  ^ (a*  +  ^+  eat}  » ^(C). 


ABT.  7.]         OP  THK  8EC0NB  OBDES.  373 

Hence  substituting      dy  =  ~  <f>  {G)  dx, 

whence  y  +  ^{G)x=  C, 

or  g  +  te^  (ax  +  bff  +  ce)  a:  C'. 

Thas  the  final  int^ral  k 

y  +  x^(ax+bif+cz)  =  'i^(ax+iy  +  cz). 

Tias  solution  may  also  be  expressed  ia  the  form 
z  =  Xfft^  (<W!  +  Jy  +  cz)  +  y^,  {ax  +  6y + or), 
in  which  it  is  in  &ct  presented  by  Monge,  (Application  de 
VAnalyae  ch  la  Oiom^trie,  Liouville's  editioh,  p.  79).  The 
equation  solved  is  that  of  surfaces  formed  by  the  motion  of  a 
Btrught  Hne  which  ie  always  parallel  to  a  given  plan^  and 
always  passes  through  two  given  curve& 

7.  In  the  above  examples  V  is  equal  to  0,  and  this  always 
iacilitates  the  application  of  Monge's  method.  The  following 
is  an  example  in  which  V  is  not  equal  to  0. 

Ex.4.    Given  r-i  = ^—. 

sc+y 

The  auxiliaiy  equations  being 

dy'-d^  =  Q,  dpdy-ds^  +  ~^dxdif='0, 

one  of  the  systems  hence  derived  is 

dv-rdx^O,  dp  —  do+-^-dx^ii. 

There  is  also  another  system,  but  it  is  not  integrable  in  the 
fonn  u  =  a,v  =  h. 

From  the  iirst  of  the  ihove  equatiotu  we  g^ 

y-x=a,   dp~dq  +  ^^=0, 

th«  latter  of  which  may,  tdnce  de  =*pdx  +  qdai,  be  reduced  to 
the  form  . 
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whence  (2y  -  o)  (>  -  g)  +  Sa  =  J, 

or,  replacing  ahy  y  —  x, 

(«+y)(p-j)+2z=fc 

Hence  a  £iet  integral  of  the  proposed  eqoaldoQ  vill  be 

{«  +  y)  Ci)  -  2)  +  23  =/(y  -  a:). 

Now  this  b^ng  linear,  we  bare,  by  Lagrange's  metbo^  the 
aoxiliary  system 

dW   _  —  (?y_  dz 

x  +  y~x  +  y~/(if-x)-2z' 

The  equation  of  the  first  two  memhera  gives  y  +  x  =  a,  and 
this  reduces  the  equation  of  the  second  and  third  to  the  form 

—  dy  dz 

a    ''/{2y~a)-2js' 

dz     2z_   f{iy-a) 


■■41-' 


f(2tf-a)dy+b. 


The  final  integral  will  therefore  be  found  by  substituting  in 
the  above,  after  integration,  y  +  a  for  a,  and  F{i/  +  a;)  for  5. 

8.  .  Monge's  method  faib  in  so  many  cases,  owing  to  the 
non-existence  of  a  first  integral  of  the  assumed  form  u  =f{v), 
that  it  becomes  important  to  inquire  how  its  defects  ma;  be 
supphed.  And  various  methods,  all  of  limited  gener^ty, 
have  been  discovered.  Thus  Laplace  has  developed  a  method 
applicable  to  all  equations  of  the  form 

Sr+88+Tt+Ip+Q3+Zz  =  V'; 

S,  8,  T,  P,  Q,  Z^  and  U  being  functions  of  a:  and  y  only, — 
which  consists  in  a  aeries  of  tnuisformations,  each  of  which 
has  the  efTect  of  reducing  the  equation  to  the  form 
.    s  +  ^+Qj+^a-ir,.    , 
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P,  Q,  Z  and  TJ  being  functions  of  x  and  w,  to  which  eiich 
transformation  girea  new  forms.  It  may  "be  that  among 
these  successive  forms,  some  one  will  be  found  which  WiU 
admit  of  resolution  into  two  linear  equations  of  the  first 
order.  But  there  are  probably  no  instances  in  which  this  me- 
thod has  been  applied  in  which  the  solution  may  not  be 
effected  with  far  greater  elegance,  and  with  far  greater  sim- 
plicity, by  the  syimiolical  methods  of  the  following  Chaptera 
And  even  Laplace's  method  is  better  exhibited  in  a  symbolical 
form.     The  subject  will  be  resumed.     See  Chap.  xvu.  Art.  14, 

The  followii^  sections  contain  miscellaneous  but  important 
additions. 
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9.     Foisson  has  shewn  how  to  deduce  a  particular  integral 
of  any  partial  differential  equation  of  the  form 

p=(«^,')'e (M), 

where  P  is  a  function  of  ^,  q,  r,  s,  t,  homc^neoua  with  respect 
to  the  three  last,  n  a  positive  index,  and  Q  any  function  of 
X,  y,  z,  and  the  differential  coefficients  of  s  of  any  order,  whidi 
does  not  become  infinite  when  rt  —  8*=  0. 

ABBuming  g"  =  0  C^),  we  hare 

«-f  0)r,  t—t''(s)>-WWr («6). 

values  which  make  ri  —  s*  =  0.  Hence,  substituting  in  (45),  the 
second  member  vanishes,  while  in  the  first,  which  is  homoge- 
neous with  respect  to  r,  a,  t,  some  power  of  r  only  will  remain 
as  a  common  factor.  Dividing  by  that  factor,  we  shall  have 
an  equation  involving  only  p,  ^  (y),  and  ^  (p),  i.e.  p,  q,  and 

^ .    Integrating  this  as  an  ordinary  differential  equation  we 

oDtain  a  relation  between  p,  q  and  an  arbitrary  constant ;  and 
this,  integrated  as  a  partial  differential  equation  of  the  first 
order,  gives  the  solution  in  question. 
Ex.    Given  a^  -  (*  =  ri  -  s*. 
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Proceedinsr  as  above,  we  find  1  —  (0'  (p)]'  =  0 ; 
therefore  1  -  {0'  (p)]*=  0, 

whence  ^  =  ±  1,    2  =  ±j>  +  c ; 

therefore  *  —  c;y  =  ^  (y  ±  »), 

a  particuhu*  integral 

The  above  method  is  applicable  to  all  equations  of  tlie 
second  order  which  are  homogeneons  with  respect  to  r, «,  ^ 
for  then  we  have  only  to  suppose  Q=0. 

10.  There  esista  in  partial  differential  equations  a  remark- 
able duality,  in  virtue  of  which  each  equation  stands  con- 
nected with  some  other  equation  of  the  same  order  by  relations 
of  a  perfectly  reciprocal  character.  As  respects  equations  of 
the  first  order  the  principle  may  be  thus  stated. 

Suppose  ihat  in  the  given  equation 

<f>{x,^,z,p,q)  =  0 (47) 

toe  interchange  a;  and p,  y  and  g,  and  cha/nge  z  intopae+g^-z, 
giving 

'f>(j>,g,p^  +  g!f~',x,if)=o (*8); 

then,  if  either  of  these  equaUona  cow  be  integrated  in  the  form 
e==^(x,  y),  the  solution  of  the  other  wiU  be  found  Jy  etimi- 
noting  X  and  Y  between  me  equations 

d^{X,Y)  dir(XY) 

'^  dX       '  ^  dY^' 

e  =  Xx+Yi,-^{X,  7) (49> 

For,  since  da  —pdx  +  qdtf,  we  have 

z='px  +  qjf-j{xdp+ydq) (50). 

Hence  xdp  +  i/dq  is  an  exact  differentiaL  Represent  it  by 
d2,  and  assume  Z  for  dependent  variable.  Assume  also  two 
new  independent  variables  X  and  Y,  connected  with  the  for- 
mer ones  by  the  relations  X^p,  Y=q.    Then 

dZ=xdp+ydq  =  a!dX+ffdY.  .    . 
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iZ  dZ 

Hence  j^^x,      jy-Jf, 

Zt=s  |(a;<^+y(i?)=j)a!  +  gy  — «  by  (50); 

therefore  z  =px  +  qy  —  Z=  xX^-yT—  Z. 

Oq  exaiuiDirig  the  above  equations  we  see  that  x,  y,  z,  and 
X,  Y,  Z  aie  reciprocally  related.  Writing,  side  by  side,  the 
equations  which  are  conjugate  to  each  other,  we  have 


-£. 

dZ 

'-dx- 

-1- 

dZ 
"-IT 

Z.i»  + 

YS-', 

t-xX- 

"We  see  too  that  the  equations  (49)  which  express  one  set 
of  the  relations  suffice  to  convert  any  relation  found  by  inte- 
gration between  X,  Y,  Z,  where  Z  stands  for  ■^  {X,  Y),  into 
a  coiresponding  relation  between  w,  y,  z. 

Ei.    Qiven  z  =  pq. 

Here  the  transformed  equation  is 

^x  +  qy-z  =  xy, 

of  which  the  integral  is  z  =  xy  +  xf(^].    Hence 

+  (X,  D-xr+z/g), 

&nd  we  have  to  ehminate  X,  Y,  between  the  equations 

D,o,"i,7.<iT,Google 
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Each  particular  form  assigned  to  /  gives  a  distinct  par- 
/Y\        Y 
ticular  integral     If  we  assume  /  [  y^  J  =*  o  y-  +  ft,  we  find 

«=r+J,    y  =  X+a,    z  =  XY, 

from  which,  eliminating  X and  Y,  we  have  z={x  —  h){y~ o), 
and  this  ia  one  form  of  the  complete  primitive  assigned  in 
Chap.  XIV.  Art.  7-  We  may  observe  that  the  elimination 
may  he  so  effected  as  to  lead  to  general  primitives. 

11.     In  equations  of  the  second  order  we  should  have,  in 
addition,  to  the  above  transforma^om,  to  change 


..(51), 


in  order  to  form  the  reciprocal  equation.  Then  the  second 
integral  of  eillier  being  found  in  the  form  z  =  -^  (x,  y),  that 
of  vie  other  will  he  found  tw  before  by  eliminating  X  omd  Y 
from  (49).     For  sinoe 

"' dJ.'     "^dY" 
therefore    dx  =  SdX+Sdr,    dy^SdX+TdY, 

whence      dX-^j^^,       iY=      ^^_^!/. 

But  X=p,   Y=q,  therefore 

,        ,         ,       Tdx-Sdu 
dp  =  Tdx  +  sdy=  j>jt_gi  I 


d^  =  sdx  +  tdtf  = 
whence,  equating  coefficients, 


T  -S  ._R__ 
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The  extension  of  the  theorem  to  higher  orders  iavolves  no 
difficulty. 

12.  It  ia  aa  immediate  consequence  of  the  ahoye,  that 
any  equation  of  the  form 

<f>il>,  S)r  +  ^(P'  S)^  +  Xip'  9)t  =  '> (52) 

can  be  reduced  to  an  equation  of  the  form 

X{3:,!f)r~f(x,y)3  +  ^(x,y)t  =  0 {53), 

usually  more  convenient  for  solution.  L^endre's  solution  of 
the  equation 

(1  +  2*)  r  -  2p5'«  +  (l+p*)  f  =i  0, 

by  the  aid  of  the  above  transformation,  will  be  found  in 
Lacroi(D  (Tom.  n.  p.  623). 

The  same  transformation  makes  the  solution  of  any  equa- 
tion of  the  fonn  Br+  Sa  +  Tt=^V(rt  —  s*)  dependent  on  that 
of  an  equation  of  the  form 

Itr  +  8a  +  Tt=V, 

but  with  different  coefficients.  The  subject  of  these  trans- 
formations has  been  most  fully  treated  by  Prof.  De  Morgan 
(Ga/mbridffe  Philosophical  TroTisactions,  Vol.  Tin.  p.  606). 

13.  Legendre  also  sbewa  how,  by  a  transformation  for- 
mally resembling  the  above,  to  integrate  the  equation 

r=/(.,  <). 

Assumings  and  i  as  independent  variables,  and  v  =  sx+tt/—^ 
as  dependent  variable,  the  equation  is  reduced  to  the  form 

S+^a-^S=» ('*)• ; 

where  S  and  T  are  the  values  of  j-  and  -^  furnished  by  the 

ds  dt  •' 

given  equation.    Lacroiie,  Tom.  n.  p.  631. 
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L  To  what  couditioa  must  u  and  v  be  subject,  in  order 
tliat  u  ='/{v)  m^  be  a  first  integral  of  an  equation  of  the 
form  Mr  +  S8+n  =  V'i 

Integrate  by  Monge's  method  the  following  equations : 

2.     a?r+2xyg+i^t  =  0. 

4.    Integrate  pa  —  gr  =  0. 

6.     Integrate  by  Monge's  method  the  equation 

q{l+q)r-(p  +  q  +  2pq)s  +  p(l+p)t  =  0. 

6.  The  solution  of  Ex.  3  may,  by  the  law  of  reciprocity, 
be  made  to  depend  on  that  of  Ex,  2. 

7.  Monge's  method  would  not  enable  us  to  solve  the 
equation  r  —  t  —  -^. 

8.  Deduce  by  Poisson's  method  a  particular  integral  of 

(l+f)r-2pq8  +  {l+p*)t  =  0. 

9.  Shew  that  the  equationn 

rt-f^f{p,q),  and  rt-^  =  {f{x,y)Y', 
are  connected  by  the  law  of  reciprocity. 

10.  The   solution   of  the   equation  r  — i™ (r(— »*i 

i'  +  j' 
may  be  derived  from  that  of  the  equation  r  —  t^ — ^  =  0. 
Art.  7.  Ex.  4.  "    ^ 
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CHAPTER  XVI. 

8TUB0LICAL   UETHODS. 

1.  The  term  eymbolical  ia,  by  a  r^triction  of  its  wider 
meaning,  applied  more  peculiarly  to  those  methods  in  Ana- 
lysis  in  which  operations,  separated  by  a  mentd  abstraction 
irom  the  subjects  upon  which  they  are  performed,  ace  ex- 
pressed by  symbols  in  whose  laws  the  laws  of  the  operations 
themselves  are  represented. 

Thus  —  is  written  symbolically  In  the  form  -7-  w,  the  sym- 
bol T-  denoting  an  Operation  of  which  w  is  the  subject.     In 

thus  expressing  an  operation  by  a  symbol,  in  stadying  the 
laws  of  that  symbol,  and  in  founding  processes  and  methods 
upon  tbose  laws,  we  introduce  no  strange  or  novel  principle 
of  Language ;  for  it  ia  the  Tery  office  of  Language  to  expresti 
by  symbols  the  procedure  of  Thought. 

Thus  also  we  may  write 


-G^»)« 


■■(2), 


and  so  on.     It  will  be  observed  that  the  symbol  precedes  the 
subject  on  which  it  operates. 

Operations  may  be  performed  in  succession.    Thus 


(^  +  ")(J 


denotes  thdt  we  fintt  perform  on.  the  subject  u  the  operation 
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denoted  hy-r-+b,  and  then  on  the  result  effect  the  opeiatiou 
denoted  by  ^  +  a.    Thus  a  and  6  being  constant,  we  hare 

When  an  operation  is  repeated,  the  number  of  times  which 
it  is  understood  to  be  performed  is  expressed  by  an  index 
attached  to  the  symbol  of  opemtion.    Thus 

(^-)"«-(l-)(4-)» 

-S+^l+^» » 

If  in  the  second  member  of  (3),  as  in  the  first,  we  separate 
the  symbols  from  their  subject,  we  hare 

Now  the  symbolic  expressions  for  the  equivalent  operationa 
performed  upon  u  in  the  two  members  of  this  equation  are  in 
jormai  analogy  with  the  algebraic  equation 


(m  +  a)  {m  +  i)«={m'+  (a  +6)  m  +  otjti, 

and  this  is  a  particular  illustration  of  a  general  theorem  to  the 
statement  and  demonstration  of  which  we  shall  now  proceed. 

2.    If  we  compare  the  symbolical  expressionii 
(£^°)(l  +  0-      £h.(»+»,|^«» (6),, 
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whose  equivalence  is  stated  in  (5),  we  see  that  each  involves 
-T-  together  with  constaat  quantities^  Each  might  therefore, 
to  borrow  the  langu^  of  analc^y,  be  described  aa  a  fuDCtiou 
of  -J-  and  constant  quantities,  or  more  briefly  aa  a  function 

of -J-,  and  expressed  in  the  form_/"(-j-J ,  Again,  each  ex- 
presses a  system  of  operations  in  the  performance  of  which 
the  presence  of  the  symbol  -3-  only  indicates  differentiation, 
not  integration.  We  may  with  propriety  term  any  function 
of  -J-  possessing  this  character  a  direct  function  of  -5- ,  The 
theorem  in  question  is  then  the  following. 

Theorem.    Any  direct  function  of  -^  and  constant  quan- 
tities may  be  transformed  aa  if  -p  were  itself  a  quantity. 

In  the  first  place  it  is  evident  that  any  direct  function  of 
the  sjmibol  t-  according  to  the  above  definition  is,  in  form, 

what  we  should  term  a  rational  and  integral  function  of  -3- , 

were  that  symbol  merely  algebraic. 

Now  the  laws,  according  to  which  algebraic  symbols  com- 
bine with  each  other  in  the  composition  of  all  rational  and 

integral  expression  a,  are  the  following,  viz. 

1st,  the  distributive,  expressed  by  the  equation 

m  (M  +  »)->TOtt  +  mv. (7), 

2tidly,  the  commutative,  expressed  by  the  equation 

ma  =  am (8), 

3rdly,  the  index  law,  expressed  by  the  equation 

rn'm'^TnT' (9). 
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These  determine,  and  alone  determine,  the  forms,  or,  to  spesk 
more  precisely,  the  permitted  variety  of  form,  of  algelffuc 
expressions  of  the  above  class. 

But  the  symbol  -j- ,  when  employed  in  combination'witb 

constant  quantities  to  operate  on  Bubjects  which  are  not  con- 
stant, IB  subject  to  laws  formally  agreeing  with  the  above. 
For  we  have 

iM+')-£«+l' m 


dx       dx 

d  d 

'-r  au  =  a,-u 
da  dx 


,.(11), 


miiHir' ^^'' 


the  last  of  these,  however,  expressing,  not  any  distinctive  pro- 
perty of  the  operation  -j- ,  but  only  the  feet  that  it  is  an 

operation  capable  of  repetition.  These  laws,  in  like  manner, 
determine  the  possible  forms  of  symbolic  expressions  involv- 
ing -J-  with  constants,  and  representing  direct  systems  of 
operations. 

Hence  the  variety  of  form  permitted  in  the  one  case  is  the 
same  as  that  permitted  in  the  otlier.  In  other  words,  the 
same  transformations  are  valid. 

Among  the  consequences  of  the  above  theorem  the  follow- 
ing may  be  noted. 

1st,  We  oan  reduce  any  sjrmbolical  expression  of  the  ibnn 

-Ti  +  Oi  j:5=i  +  '»ij-ii^"-  +  °-'  ^^  which  a,,  (L,...a,  are  con- 
daf       ^da^ '       *dx'^  '   ^      ^ 

slants,  to  an  equivalent  expression  of  the  form 

(s- "■)(!- "•■)■•:(£-"•)• 

D,r,l^-<l.,GOOglC 
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where  m.j,  m,, . . .  m,  are  the  roots  of  the  equation 
m."  +  o,n»""' +  o,f»"^ . . .  +  a,  =  0. 
2ndly,  The  order,  in  which  the  component  operations 
d  d  d 

da>       "da:        "      dx        ' 

are  written,.i8  indiffereat. 

Ex.    Thus  -^  -  o*«  =  0  may  be  reduced  to  either  of  the 

forms 


|+«)».o. 


3idlj,  The  complex  operation 

dar         '  aa;   '         '  dx  " 

is  itself,  like  the  elementary  operation  -j- ,  distributive ;  i-e. 
representing  that  complex  operation  by  /( j-) .  we  have 

This  conclusion  may  he  verified,  by  snbstitutiog  for/(-j-J 

the  expression   for  which   it   stands,  and    performing   the 
operations. 

Inverse  Forms. 

3.  All  that  is  said  above  relates  to  the  performance  of' 
operations,  definite  in  character,  upon  subjects  supposed  to  be 
given.  But  on  inverse  problem  is  suggested,  in  which  it  ia 
required  to  determine,  not  what  will  be  the  result  of  perform- 
ing a  certain  operation  upon  a  given  subject,  but  upon  what 
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subject  a  cert^  operation  must  "be  performed  in  order  to 
lead  to  a  given  reault.     Thus,  in  the  equation 

ii^")"-' a*)- 

if  u  be  given,  the  performance  of  the  operation  t-  +  o  deter- 
mines V ;  but  if  «  be  given,  then  the  inquiry  arises,  what  is 
that  unknown  subject  u,  the  performance  of  the  operation 

J-  +  a  upon  which  will  lead  to  the  result  v  ? 

As  any  procedure  for  determining  u  from  v  is  inverse  to 
the  procedure  by  which  v  is  determined  from  «,  analogy  sug- 
gests the  notation 


■  (16). 


but  representing  that  procedure  only  in  its  inverse  character, 
i.  e.  conveying  no  information  as  to  how  it  is  to  be  performed, 
■but  only  telling  us  that  it  must  be  such,  that  if,  having  per- 
formed it  on  «,we  perform  on  the  result  the  operation  t-  +  o 

to  which  it  is  inverse,  we  shall  reproduce  v.  For,  substituting 
in  (14)  the  expression  for  u  given  in  (15),  we  have 


(s-)(i-r- 


The  inverse  procedure  is  thus  presented  as  one,  the  effect  of 
which  the  direct  operation  simply  annuls.  'ITiis  is  its  definition. 

Thus  in  Arithmetic,  division  is  inverse  to  multiplication. 
What  is  meant  by  dividing  a  by  6  is  the  seeking  of  a  third 
_  number  c,  which  when  multiplied  by  b  will  produce  a.  And 
the  very  procedure  by  which  this  is  effected  consists  not  in 
any  new  and  distinct  operation  for  determining  the  subject  c, 
but  in  a  series  of  guesses,  suggested  by  our  prior  general 
knowledge  of  the  results  of  multiplication,  and  tested  by 
'-multiplication. 

'    -  D,g,l,7?dhvGOOglc-; 
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And  generally,  if  ir  represent  any  operation  or  series  of 
operations  possible  when  their  subject  is  given,  and  then 
termed  direct,  and  if,  in  the  equation  ■mt  =  v,  the  subject  u  be 
not  given  but  only  tie  result  w,  then  we  may  write 


And  the  proHem  or  inquiry  contained  in  the  inverse  notation 
of  the  second  member  will  be  answered,  when  we  have,  by 
whatsoever  process,  eo  determined  the  function  u  as  to  satisfy 
the  equation  ■7tu  =  v  or  7nr"'ii  =  v.  By  the  latter  equation 
the  inverse  symbol  tt"*  is  defined.  Thus  it  ia  the  office  of 
the  inverse  symbol  to  propose  a  question,  not  to  describe  an 
operation.  It  is,  in  its  pnmary  meaning,  interrogative,  not 
directive. 

Suppose  the  given  equation  to  be 

(£+^.£^.-+^)»=<' m- 

Then  on  the  above  principle  of  notation  we  should  have 

or,  with  not  less  propriety  of  expression, 
I 


the  last  two  equations  differing  in  interpretation  from  (16), 
not  at  all  as  touching  the  relation  between  «  and  v,  but  only 
as'  more  distinctly  presenting  u  as  the  object  of  search. 

Of  what  avail  then,  it  may  be  asked,  ia  that  analogy  upon 
which  the  expression  of  the  last  two  equations  is  founded  t 

If  a  convention,  it  is  at  least  a  very  natural  one,  that  we 
should  express  an  operation  performed  upon  a  subject,  by 
attaching,  in  some  way,  the  symbol  denoting  the  operation 
to  the  symbol  denoting  the  subject.  The  order  of  writing, 
in  that  family  of  languages  to  which  our  own  belongs,  has 

25-3  s'^' 
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doubtless  determined  the  mode  of  connexion  actually  adopted, 
and  which  is  the  same  as  if  the  symbol  of  operation  were  a. 
symbol  of  quantity  employed  as  a  coefficient  or  multiplier. 
It  comes  to  pass,  moreover,  that  the  formal  laws  of  combina- 
tion in  the  direct  cases  investigated  in  Art.  2  prove  to  be  the 

same  for  the  symbol  j~  as  for  a  coefficient  or  multiplier.   But 

inverse  symbols  derive  their  meaning  from  the  direct  opera- 
tions to  which  they  stand  related :  they  are  forms  of  inter- 
rogation, the  answers  to  which  are  to  be  tested  by  the  per- 
formance of  the  direct  operations.  Hence  it  may  be  inferred 
that  the  laws  for  the  transformation  of  inverse  expressions 

involving  j-  with  constants  will  be  the  same  as  for  the  cor- 
responding forms  of  ordinary  algebra.  The  analogy  consists, 
not  in  the  mere  adoption  of  a  common  notation,  but,  as  all 
true  anal<^  does,  in  a  similitude  of  relations. 

4,    Solution  of  Linear  Eqvationa  with  amatant  Coefficients. 

If  the  equation  [ -r —  aju  =  X  he  given,  we  have 

but,  the  known  general  solution  of  the  given  equation  being 
we  see  that 

{i-'Y^-^j'"^'^ ('"■ 

an  arbitrary  constant  being  introduced  by  the  integration  in 
the  second  member. 
If  X  =  0,  we  have 

ii-'T^'^-- •" p* 

These  results  we  shall  hare  occasion  to  refer  to. 
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Si.    Now  suppose  the  given  equatioa  to  be 
we  have,  on  Beparating  the  symbols, 


1^ 
or,  by  Art.  2, 

/d        \fd 


(£-»)e-')"-^ W. 


(s-0"-(s- 


Hi-^m-'-r-- 


On  comparing  this  with  (19)  we  see  that,  ia  inverting  a  system 
composed  of  two  operations  performed  in  succession,  the  order 
of  the  operations  themselves  is  inverted.  This  is  evidently 
true  whatever  may  be  the  number  of  successive  operations, 
the  last  to  be  performed  being  always  the  first  to  he  inverted. 
Trom  (20)  we  might  deduce  the  actual  value  of  u  by  suc- 
cessive applications  of  (17).  Such  was  the  method  once  em- 
ployed.    But  it  is  better  to  proceed  as  follows. 

From  (19)  we  have 


Hi-n-")]"^ <^''- 


Now  by  the  known  theory  of  the  decomposition  of  rational 
fractions 

|{»i-a)(m-i))-'=^;(m-a)-  +  j;(m-&)-»..,(22), 

If,,  JJl  being  functions  of  a  and  6,  which  may  be  determined 
in  vanous  ways,  but  most  directly  by  multiplying  both  sides 
of  the  equation  by  (m  —  a)  {m  —  6),  and  equating  coefficients. 

;lc 
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Now  the  suggested  traDBformation  (^  tlie  expressioii  {n  u 
given  in  (21)  is 

And,  from  the  veiy  definition  of  inverse  forms,  the  pn^r  test 
ot  the  validity  of  this  transformation  is,  that  the  performance  of 

the  direct  operation  I-j —  '*](j —  6]  on  the  second  member 

shall  reduce  it  to  X 

Effecting  this  operation,  and  remembering  in  so  doii^  that 

—  a  and  j-  —  &  are  commutative,  and  that  by  definition 

/ 


-= — ")(j — <*)  X=X,  the  second  member  becomes 


^.(s-»)^+^-0 


.dx 


-a]X, 


or  (Jf.  +  *,)~-(W,  +  aJQX (94). 

and  this  reduces  to  ^  if 

N,  +  N,  =  0,    bN,  +  aN,=  -l (25). 

But  these  equations  for  the  determination  of  N^  and  N^  are 
the  same,  and  necessanlj  the  sajne,  as  we  should  have  found 
by  multiplying,  as  above  indicated,  (22),  by  {jn  —  a)  (m  — 6), 
and  equating  coeflScients,    The  two  series  of  operations  only 

differ  in  that  -5-  occupies  in  the  one  the  place  which  m  occu- 
pies in  the  other.  Determining  N^^,  N^,  we  see  that  wmay 
be  expressed  in  the  form 

"'Mii-THi-'P] '^«- 
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Hence,  by  (17), 

and  aa,  on  effecting  the  integratioDS,  two  arbitrary  constants 
will  be  introduced,  this  is  the  most  general  value  of  u. 

5.     In  like  manner  if  there  be  ^ven  the  general  linear 
differential  equation  with  constant  coefficients 


and  if  we  represent  by  a., ,  o, , . . .  a,  the  roots,  supposed  all  dif- 
ferent, of  the  algebraic  equation 

m"  +  ^,m"''  +  ^,m""*...+A=0 (29), 

then  the  given  equation  may  be  expressed  in  the  form 

(s-''0(s-''-)-(<s-"-)"-^' 


"=E-.)(^-°.)-(i-)r^ 

the  decomposition  in  the  second  member  formally  resembling 
that  of  the  rational  fraction. 

If  the  equation  (29)  have  r  roots  equal  to  a,  there  will 
exist  in  the  resolved  expression  for  u  a  series  of  terms  of  the 

form 

{^.(s-"r^.(s-r-^^-(s-«)> (^i>. 

*  This  theorem  w&s  flnrt  pablisbed  is  the  Cambridge  Mathematical  Jour- 
nal (1st  series,  Tol.  u.  p.  114),  in  a  memoir  mitten  by  the  late  B.  F.  Qtegorj, 
then  Editor  of  the  Jonmal,  from  notes  furoished  b;  the  author  of  this  work, 
whoae  name  the  memoir  bean.  The  iUnBtrstiona  vere  supplied  by  Ur 
Oregoi;.  In  mentioiung  these  mromnatanoee  the  author  reoaUs  to  memory 
a  briel  but  valned  bisndahip.  [See  a  note  on  page  lOS  of  Boole's  Finite  Dif- 
ferenea,  1360.] 
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or,  irhicb  is  prefet&ble,  a  single  term  of  the  form 

i^-^i-o^---^:)(£-.yx » 

A,  B,...B  being  determiiiate  constants. 

Kow  since,  by  (17),  ( j-  -  o)  ^=  ^jt^-Xdx ; 
tleiefore         (^-aYx-l^-ay^  !,—Xdx 
-.-[.-(«-[.— jar)  lii! 

Proceeding  thus,  we  bave 

(^-o)^X.«-|...,— Zit- (33). 

E..1.    Given  ^,  +  l^  +  3g-l|!-l,=X 
ax        ax        dar       ax      ' 

This  equation  gives,  on  decomposing  the  complex  openkUon 
performed  on  y, 

tberefore        ,.  |(|  +  .)'(^,x)(|  -  l)}  X 


(m+2)'(m+l)(m-l)      9(to+2)'     2(m+l) '^18(m-I)' 
Therefore 


-5(4+")'"*//'"^'-l''/'"^''^+A4"'^'^- 

D,o,i,7.<iT,Googlc 


ART.  6.]  WITH  00H3TAKT  COEPFICIEIITS.  393 

Ex.2.     Given  ^  +  n»w  =  X 
ax 

Here  «  =  (^  +  n«)""x 

Now  (m*  +  nV  =  ^;^j  [^-«^/(- 1)}--  {m+nV{-l)}-']. 

But     e-Vt-ofe-^VI-^lXdi 

=  {cofljia!  +  V(- 1)  SID  Tix]  j  j  008  uasXda!  -  v'(- 1)  I  sin  na!X<£c  > 

=  [coa naj  -  v'(- 1)  sin  norj j  I  cos na  Xda:  +  V(- 1)  jsin  naXiicf , 

whence,  on  substitution  and  reduction, 

u  =  -  Jsinna;  (  cos  nx  Xdx  —  cos  na;  /  sin  ?kb  Xdx\ . 

6.    When  the  second  member  Xis  a  rational  and  integral 
function  of  x,  the  final  integration  may  be  avoided.     For, 

representing  the  given  equation  in  the  form/(-5-j«  =  X+0, 

we  have 

-mY^MiT" <'*'• 

A  particular  value  of  the  first  term  will  be  obtdned  by  de- 
veloping ■)/(;j-)f    in  ascending  powers  (so  to  speak)  of  -j-, 

and  then  performing  the  differentiations  on  X,  while  the 
general  value  of  the  second  term  will  introduce  the  requisite 
number  of  arbitrary  constants, 

D,g,i,7?<iT,Google 
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Ex.     Given  ~+n*u  =  l  +a:  +  !C*. 

+  C^  cos  Tue+  Cj  sin  nx 

=  n"'(l+a!  +  a0-2n"*+  C^oo8nx+  Cesium:. 

The  validity  of  the  transformation  of  the  inverse  form 

( Tj  +  n*j    by  development,  as  of  ita  other  transfinnnatioii  by 

decomposition,  is  tested  by  perfomuDg  on  the  result  the  direct 

operation  -,-,  +  n'.     We  take  occasion  to  notice  that  different 

transformations,  while  equally  valid,  do  not  of  necessity  con- 
duct us  to  solutions  equally  general,  nor  have  we  any  right  to 
expect  that  they  should.  Each  solution  is  an  answer  to  the 
question  contained  in  the  given  inverse  form,  but  that  question 
may  admit  of  different  answera,  and  no  solution  is  genmil 
which  does  not  include  them  all. 

The  final  integrations  may  also  be  avoided  when  X  consists 
of  a  series  of  exponentials  of  the  form  ^  with  coef&cients 
which  are  either  constants,  or  rational  and  integral  functions 
of  DC, 

Since  (^-1  e'"  =  m'e'",  we  have,  for  all  interpretahle  forms 


Mi 


'{i 


"-/(•»)."  (33), 

the  second  member  expressing  the  complete,  hecause  the  only, 
value  of  the  first  member  when  f\-r\  is  rational  and  integral. 
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but  a  particular  value  of  the  first  member  when  /  [ -t-J  is 
inverse,  the  test  being  as  before. 

Heace,  if  the  given  equation  be /[ -5-)  u  =  2.4„6"',  wehave 

-s^.i/ (»))-•- +{/(s)r» M. 

the  second  term  introducing  the  requisite  number  of  arbitrary 

conatanta 

Again,  if,  in  any  expression  of  the  form  /(-r-)  e"*-^,  we 

convert  -j-  into  ^  +  -^ ,  where  ■—   operates  on  x  only  as 
ax  ax     dx  rfjj     ^  •■ 

contained  in  e*",  and  -j*  operates  on  x  only  as  contained  in  X, 

we  have 

Hence,  dropping  the  suffix  -which  is  no   longer  necessary, 
since  X  alone  follows  the  operative  symbol,  we  have 

/(s)'-^=-"/(i+«')^ C'^)-  , 

When  therefore  X  is  a  rational  and  integral  function  of  a^  a 
particular  value  of  the  first  member  may  be  found  from  the 

Coo;(lc 
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second,  by  developing  the  ftmctional  symbol  and  effecting  the 
differentiation B.  And  that  particular  value  may  be  mttde 
general,  as  in  the  following  example. 


ds^        dx 

^ +'»-i)(5+'»-*)r»+<^.«'+c,<' 


-{c 


-  1)  («.  -  2)      {(m-l)(OT-2))"  dx'*      \ 
ArC/+C,f 
(2^-3).-      ^c_^^q,.. 


(m-l)(m-2)      {(m-l)(m 

Again,  the  theorem  (37)  relieves  us  from  any  diflSculty  arising 
&om  cases  of  failure  referred  to  in  Chap.  ix.  Art.  9. 

Ex.    Given      (^ -'»)"«  =  «"■ 

Here  .-(^-a)^-.^(|f  1  by  (3V) 

-  r-(e.  +  c^ ...  +  iv.^  + 1 .  1^..  „)  ■ 

When  the  second  member  X  involves  terms  of  the  form 
.^coawiiT,  .Ssinmx,  &c.,  we  may  either  substitute  for  them 
their  expoQential  values,  or  we  may  employ  directly  the  eaaily 
demonstrated  theorem 

./■(fNsin  ,,      „8ia 

•'  \d3?)  cos         •'  ^       '  COS 
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Ex,     Given  -j^  +  n'u  =  Sa„  cos  {mx  -t-  b). 

n  —m  '  ' 

In  this  example,  howeTer,  the  failing  case  which  presents 
itself  when  m  =  n,  is  most  simply,  though  not  most  satis- 
factorily, treated  by  the  methods  of  Chap.  IX.  Art.  11. 

The  reduction  of  an  integral  of  the  n*"  order  by  the  fore- 
going theory  is  not  devoid  of  elegance. 


We  laTe 

//•• 

.Ji^-Q^X 

Now  let  re. ^, 

then 

da>' 

-f. 

d'X 
dS" 

-1= 

^dX       ,./d 

-), 

dS^' 

by  (37). 

Proceeding  thuf 

(,  we  have 

£■-«- 

"(1- 

-„.:)(^,-„..). 

i-x 

...(38), 

and  therefore  the  opera 

ition  denoted  by  i 

/d^ 

\ ,  and  the  com- 

pouDd  operation  denoted  by 

•""•(|-"+i)(|-»+2)-l' 

are  absolutely  equivalent.  Hence  inverting  both,  and  ob- 
serving that  the  inversion  of  the  latter  involves  the  inversion 
of  the  order  of  its  component  symbols,  we  have 
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-o:rF^{-'-"'(fflp-("-"''"-"'(ir«"+H^ 

the  result  in  question. 

From  (38)  we  have  the  theorem 

^■£=.4(l-0-G4-»+') » 

which   is  important  in  the  traosformation    of   differential 


Forms  purely  8ymbolic(d. 

7.  In  any  system  in  which  thought  is  espressed  hy  Hym- 
bola,  the  laws  of  combination  of  the  symbols  are  determined 
from  the  study  of  the  corresponding  operations  in  thought. 
But  it  may  be  that  the  latter  are  subject  to  conditiora  of 
possiinlity  as  well  as  to  laws  whsn  possible.  And  thus  it  may 
be  that  two  systems  of  symbols,  differing  in  interpretatioii, 
may  agree  as  -to  theii'  formal  laws  whenever  they  both  exprees 
operations  possible  in  thought,  while  at  the  same  time  there 
may  exist  combinations  which  really  represent  thought  in  the 
one  but  do  not  in  the  other.  Tor  instance,  there  exist  forms 
of  the  functional  symbol/,  for  which  we  can  attach  a  meaning 
to  the  expreHaion/(m),  but  cannot  directly  attach  a  m« 
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to  the  symbol  /(^] .  And  the  queBtion  arises :  Does  this 
difiference  restrict  our  freedom  in  the  use  of  that  principle 
■which  permits  ug  to  treat  expressions  of  the  form  /[ -3- )  as  if 
T-  -were  a  symbol  of  quantity  ?     For  instance,  we  can  attach 

no  direct  meaning  to  the  expression  e*'/{x),  but  if  we  de- 
velope  the  exponential  as  if  t-  were  quantitative,  we  have 

=f{x+h)  by  Taylor's  theorem. 

Are  we  then  permitted,  on  the  above  principle,  to  make  use 

of  symbolic  language ;  always  supposing  that  we  can,  by  the 
continued  application  of  the  same  principle,  obtain  a  final 
result  of  interpretable  form? 

Now  all  special  instances  point  to  the  conclusion  that  this 
is  permissible,  and  seem  to  indicate,  as  a  general  principle,  that 
the  mere  processes  of  symbolical  reasoning  are  independent  of 
the  conditions  of  their  interpretation.  In  the  few  instances 
we  may  have  occasion  to  employ,  verification  will  be  easy. 
We  take  occasion  to  notice  that,  whatever  view  may  be  taken 
of  this  principle,  whether  it  be  contemplated  as  belonging  to 
the  realm  of  a  priori  truth,  or  whether  it  be  regarded  as  a 
generalization  from  experieace,  it  would  be  an  error  to  regard 
it  as  in  any  peculiar  sense  a  mathematical  principla  It 
claims  a  place  among  the  general  relations  of  Thought  and 
I^anguage. 

On  the  principle  above  stated  we  should  have 
e  3i**S/(a,,  1/)  =  /^6**/(^.  2/) 


400  FORUS  PUBELT  STHBOLICAL.       [CH.XVI. 

And  here,  the  expression  e  ^+*ai,  which  is  without  meauiiig 
in  itself,  is  to  be  regarded  simply  as  the  representative  of  the 


which  has  meaning.     And  the  proper  test  of  the  vaUdity  of 
the  symbolic  equation 


consists  in  substituting  for  each  exponential  form  the  series 
It  represents,  and  comparing  the  finally  developed  results, 
just  as  we  should,  by  developing  the  exponentials,  verify  the 
algebraic  equation, 

£»-**-  =  e*-£^. 

It  must  he  noted  that  -r-  and  -^  are  commutative,  and 
ax  at/ 

combine,  in  all  respects,  like  symbols  of  quantity.     Wo  me 

not  permitted  to  write  e'  ^^  =  e"£*,  because  x  and  -5-  are  not 
commutative. 

8.     The  above  principle  is  illustrated  in  the  solution  of 
the  following  partial  differential  equations. 

Ex.     Given  ^-a*^  =  ^(a:,y). 
Here«=(^-a'^)   i>{x,  y) 

=Mr{(i-ir-(£-i)>(-) 

.(2a|)"|.-4]'.-**(«,y)<fa-.-»J.-**(.,j)&} 
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the  fonns  of  ■!>,  and  0^  being  given  by  the  equations 
^1  (^>  y)=j<f>(x,y-ax)dx  +  ir  (if), 

*.Ca;,  y)  =  j<l>(x,i, +  aj;)dx  +  x (.!/)• 
•^  (y)  and  j(^  (y)  being  arbitrary  functions  of  y. 

If  <j>  (x,  y)  =  0,  we  hence  find    ■ 

or,  if  we  represent  ^  J^  (;,)  dy  by  ^,  (y),  and  ^  jx  (?)  % 

M  =  -^i  (y  +  a^)  +  Xi  Cy  -  0*)' 

As  ■^  and  ;^  are  arbitrary,  -^^  and  ;^  are  so  too.  This  agree? 
with  the  result  on  p.  370, 

Ex.     Given^  +  ^  +  ^=0. 

We  may  put  this  in  the  form  ^  +  ou  =  0,  where  a  stands 

for  Tj  +  T-ji  and  integrate  with  respect  to  x,  as  if  a  were  a 

congfaint  quantity.  Remembering  that  the  two  arbitrary  con- 
stants of  the  complete  integral  must  then  be  replaced  by  two 
arbitrary  functions  of  y,  z,  we  get  the  symbolical  solution 

Developing  the  cosine  and  the  sine,  and  replacing 

hj  a  new  arbitrary  function  \  it/,  b),  we  have 

B.  D.  E.  '  2«  ;;le 


{df*d?)  ''■ 
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+«j:(3'.')-rlr3(|i+S:)x(y.«) 

Underthis  form,  fhe  solution  ia  presented  by  Lagrange  in  the 
M^ccmique  Anatytique,  Tom.  u.  p.  310. 

Generalization  of  (fte  foregoiTig  ^leory. 

9.     All   equations,   whatsoeTer  their  nature  or   sabject, 
which  are  expressible  in  the  iann. 

K+^,ii^  +  ^7r^...  +  ^J«  =  X (1), 

where  ir  is  an  operative  symbol  subject  to  the  laws 

•!rau  =  aftni,    tt  (w  +  f )  =  ttm  +  iru,     7r"ir"o  =  ir"*"«, 

a  being  a  constant  and  u  and  v  functions  of  x,  admit  of  trans- 
formations analc^ns  to  those  of  Art.  5. 

Thus,  since  w  =  (w"  +  A^iT^  +  ^,w^...+^J-^  X, 

we  shall  have,  when  the  roots  a„a^,...a^  of  the  suxiliaiy 
equation 

are  real  and  unequal,  the  transformation 

»  =  ^;(fl— a,)-X+^.(T-fl^-'X...+iV;(7r-aJ-'X..C2),    " 

the  coefScients  N^,  N^,...N,  being  determined  as  in  Art  5. 

The  legitimacy  of  this  transformation  is  proved  by  operating 
on  both  sides  of  (2)  with  -i^ -k- Ay^ ...-\:A„  and  rfiewujg 
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that  (1)  is  reproduced  with  the  same  conditions  for  deter- 
mining^,, N'^,...N^  as  if  TT  were  a  symbol  of  quantity.  But 
the  question  of  its  completeneaa,  of  its  conducting,  through  the 
performance  of  the  inverse  operations  (ir  —  a,)~\  &e,,  to  the 
most  genial  solution  of  (1),  is  one  that  we  are  not  called  upon 
to  determine  a  priori.  In  all  the  cases  we  shall  have  to  con- 
sider, its  completeness  will  be  obvious. 

Ex.     The    equation  ^- (2a! +  1}^  +  (k»  + SB- 1)«  =  0 

ia  reducible  to  the  form  ^r  (w  —  1) «  =  0  where  ir  =  t —  a. 

Hence 

tt={7r-l)-'0-'n--'0. 
Let  (tt  —  1)""  0  =  y,  then,  since  (tt  —  1)  y  —  0,  we  have 


I-t^'+i) 

V 

=  0, 

y-v- 

In  like  manner,  if  w-'O  = 

=  z. 

we 

flnd 

0, 

e  = 

Therefore  u 

(.+11' 
-c,,  '    -c. 

A  very  interesting  application  of  the  same  theoiy  to  the 
solution  of  partial  differential  equations  is  afforded  by  what 
JAx  Carmichael  haa  termed  the  index  symbol  of  homogeneous 
functions.  Cambridge  and  Dublin  Math.  Jowmal,  Vol.  Tl. 
p.  277. 

Since,  if  u^  represent  a  homogeneous  function  of  the  o*" 
degree  of  the  variables  x„  x^,...x„  we  have 

dtt.       du.  du.  ... 

'(£»,      'dx^  'die,  ^  ' 

it  follows  that,  if  we  represent  the  symbol  «,  t—  ...  +a;|,-j— 
by  TT,  we  shall  have 

TTM,  »■  OK,,    ^r*«,  =  aV,,  &C. 

26— 3';-^le 
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and  therefore,  in  accordance  with  the  reasoning  of  Arta.  3 
Etnd  4, 

/W».-/(a)». (A). 

an  equation  of  which  the  second  member  expresses  the  com- 
plete, because  the  only,  value  of  the  first  member  whenf{w) 
is  rational  and  integral,  but  a  particular  value  when  the  fiist 
member  contains  inverse  factors. 

Hence,  if  we  have  any  equation  /(tt)  u  =  X,  where  /(ir)  is 
of  the  foTm  ■n'  +  A^^  +  A^-n''^ ...  +  A„,  and  Z  is  a  seriea  t^ 
homt^neous  functions  of  the  variables,  suppose 

X-X.  +  X,+  ...&c., 
we  get 

.-l/Wl-x+l/wi-o 

-  i/M)-  x. + i/w)  -'X....+ i/wro 

To  find  the  value  of  the  last  term,  we  proceed,  as  in  Art.  5, 
to  reduce  it  to  a  series  of  terms  of  the  form  At  (tt  -  a)''0, 
i  being  the  number  of  roots  equal  to  o  of  the  equation  /(m)  «0. 
Now  it  may,  by  an  induction  founded  on  successive  applies^ 
tions  of  Lagrange's  method  for  the  solution  of  linear  partial 
differential  equations  of  the  first  order,  be  shewn  that 

{ir-o)-'0==u.{lc^«.r'+i;.(loga!,)*-'...+«',....(5), 

Ua,  Va,......Wa   being   Mbitrary    homogeneous    functions  of 

a,,  x^,. X,  of  the  a""  degree. . 

To  this  result  we  may  give  the  symmetrical  form 

(tt  -  apO  =s  «.i*"'  +  v^M*-' . . .  +  w„ 

L,  M,  &c-  being  logarithms  of  any  homogeneous  function! 
which  are  not  of  the  degree  0. 

It  remains  to  shew  how  it  may  be  ascertained  whether  a 
iroposed  partial  d~ 
form/(7r)M  =  X 


proposed  partial  differential  equation  can  be  reduced  to  the 
fori"    "'  '         ^ 
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Let  U3  resolve  each  symbol  -3— ,  entering  into  w,  into  two, 
and  let  -j—  represent  -3—  as  operating  on  Xi  only  aa  entering 
into  u,  and  -j—  only  as  enterii^  into  tt.    Also  let 

x,-j—  +  x,^—.,.  +  8cc,  =  w',  and  jb, t- +  a. -r- +  &c.  =  t". 
'<M!,       '(ir,  'die,       'oic. 

It  is  easily  seen  then  tliat  w  =  w'  +  w".     "We  have  therefore 
w'tt  =  (tt  —  v")  u  =  ira ; 

therefore  w''w=  (tt  — tt")  im (C). 


But  as  tt",  in  (C),  operates  on  the  variables  only  as  entering 
into  -TT,  which  is  a  homogeneous  function. of  those  variables  of 
the  first  degree,  we  may  replace  it  by  unity.  We  have  there- 
fore TT™!*  =  (ir  —  1)  TTM.  In  the  same  way  it  may  be  shewn 
that  7r"M  =  (7r— r  +  1)  (tt  — r  +  2)  ...■tm.  And  thus  it  ia  seen 
that  any  piutial  differential  equation  which  is  expressible  in 

the  form  f(-ir)u=X,  on  the  hypothesis  that  -r-,  -3—,  &C; 

operate  on  the  variables  only  as  entering  into  u,  is  reducible 
to  the  form  ^  (tt)  w  =  X,  independently  of  Buch  restriction. 
This  reduction  having  been  effected,  the  solution  can  be  found 
by  means  of  {A)  and  {B},  whenever  the  second  member  con- 
sista  of  one  or  more  homogeneous  functions  of  a;,,  a;,,  ...a;,. 

Ex.    ;^^  +  2^^^+3^^-„^^^+3,^j  +  «« 

=  a?  +  t/'  +  9^. 
Here  we  have  (■tt'*  —  mr'  +n)«  =  a?4-i/*  +  af. 
Therefore     [w{ir-l)-mr  +  n]tt  =  a?  +  ^  +  :^, 

or  (rn— p)(7r-l)w  =  a!'  +  y'  +  < 

.-.Goti'^le 
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«=((«■- n)  (^ - 1)]-' {fl^  +  y  +  ,r*}  +  ((™— n)  («■- 1)]- 0 

(2  -«)  (2-1)  ^,{3-n}  (3- 1)  ^"■  +  '^" 

tt„  V,  denoting  arbitiaty  homogeneous  functions  of  the  df^ree 
n  ana  1  respectively. 

10,  We  mar,  l^  simple  transformations,  reduce  to  the 
above  case  vanous  other  classes  of  equations  difTeriag  from 
the  above  only  as  to  the  form  of  v;  e,g.  the  class  in  which 

ir  =  a,ic,-5— +(i^,-^...+o^^-i— ;  but,  passing  over  mioh 

special  forms,  ve  shall  consider  the  general  equation/ (tt)  u=X 
where 

IT  =  X -J— +  X-j— . . .  +  X, -5— , 
^(cc,        "oaf,  dic» 

and  each  of  the  coefficients  JC^,  X^,.,.X^,  as  well  as  X,  may 
be  any  function  whatever  of  the  independent  variables.  And 
we  design  to  shew,  first,  how  it  may  be  determined  whether  a 
given  equation  admits  of  reduction  to  the  more  general  ibrm 
above  proposed;  secondly,  how,  then,  to  integrate  it- 
Suppose  the  given  equation  of  the  n"*  order;  then  the 
sjrmboucal  form  in  questicm,  should  the  {voposed  reduction  be 
possible,  will  be 

(w"  +  ^,7r-^  +  ^,7r^...+^Ju  =  X (4). 

Now  the  highest  differential  coefficients  in  the  given  eqn^ion 
will  arise  solely  from  the  symbol  V,  and  the  terms  in  which 
they  occur  wiU  enable  us  to  determine  the  form  of  w.  Thus, 
for  two  variables,  we  have 


(-f*-f)S.-,(-f--f)| 
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,  ,  ,     ,,       ^  ^  .    .       (?«     (?«      (?«  ,, 

in  WBich  the  terms  coataming  -jj,  ,j,  -jj  ore  the  same 

as  tkey  vould  be,  if,  in  the  first  member,  -j- ,  -r-  were  eym- 

bolfi  of  quantity.  And  this  law  is  general  for  the  highest 
difierential  coefficients. 

Again,  the  form  of  w  being  determined,  the  values  of 
A^,  A^, ...  will,  whenever  the  proposed  reduction  is  poBslble, 
be  found  by  effecting  the  operations  implied  in  the  first 
member  of  (4),  and  comparing  with  the  first  member  of  the 
equation  given. 

Suppose  the  equation  reduced  to  the  form  (4).  Then,  if 
the  auxiliary  equation 

»»"  +  .4^m"^  +  J,M'^...+^.=0 (5) 

bave  its  roots  all  unequal,  we  have  a  series  of  terms  of  the 
form  (•JT  —  o)~'X;  and  each  such  term  involves  the  solution  of 
a  partial  di^erential  equation  of  the  first  order  of  the  form 

But,  if  the  auxiliary  equation  (5)  have  equal  roots,  parUal 
differential  equations  of  nigher  orders  will  present  themselves. 
We  deem  it  therefore  important  to  shew  how  this  difficulty 
may  be  aviMded,  or,  to  speak  more  precisely,  how  its  solution 
may  be  made  to  flow  from  that  of  the  corresponding  case  of 
linear  differential  equations  with  constant  coefficients. 

Introduce  a  new  system  of  independent  variables  y,,y„...y,, 
so  conditioned  as  to  give  v  =  -^ .  To  prove  that  such  a  sys- 
tem exists,  and  to  discover  it,  let  us  assume  y,,  yt,...y„  in 
successioD,  as  subjects  of  the  above  symbolical  equation,  and 
examine  whether  the  results  are  consistent.  And  nrst,  assum- 
ing y,  as  subject,  we  have 

.^.^^^t +^-t=^ («)• 
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Secondly,  assummg  yt,  represeBtatire  of  any  of  the  remain- 
ing variables  y„  y,, ...  y,,  aa  subject,  we  bave  the  equation 

:       ^^^-^'t -it=» <^- 

It  followe  &om  the  above  that,  if  we  integrate  the  auxiliary 
eystem 

x:~x-~x: - 18)' 

the  values  of  y„  y,,...y.  wiU  be  the  first  members  of  the 
integrals  of  that  system  expressed  in  the  form 

yi=a,.  y,  =  «,. •■?.  =  «« (9). 

And  it  follows  from  (6)  that  if,  from  the  system 
dx,     dx.  (Jr.      , 


..(10), 


difTering  from  (8)  only  in  that  it  contains  one  additional  mem- 
ber. rfy„  we  deduce  an  additional  integral  equation  connecting; 
y,  with  the  original  variables  x^,  x^, ...  a;,,  that  equation  will 


give 


the  value  of  y .    We  see  that  the  number  of  distinct 


auxiliary  equations  is  precisely  equal  to  the  number  of  quan- 
tities to  be  determined,  so  that  the  scheme  is  a  consistent  one. 
The  solution  of  the  problem  is  therefore  virtually  dependent 
on  the  partial  differential  equation  (6),  from  the  auxiliary 
system  of  which,  (10),  it  suffices  to  deduce  n  integrals,  one 
expressing  y^  in  terms  of  a;,,  iE,, ...  a;,,  the  others  determining 
y»  y»'  -■■  ^i"  as  functions  of  a;,,  ic;,  ...x^,  in  the  forms  (9).  To 
the  arbitrary  constant  ia  the  value  of  y,  we  may  give  any 
yalue  we  please. 

.  Introducing  the  new  varia.bles,  the  equation  given  now  aa- 
jumes  the  form 


f{^)'^=4>^oVt.—yX 


which  must  he  integrated  as  if  «  and  y^  were  the  only  varia- 
bles, an  arbitrary  function  of  y,,  y^, ...  y,  being  introduced  in 
the  place  of  an  arbitrary  constant.  Finally,  we  must  restore 
to  y^,  yv-yn  their  values  in  terras  of  aju  3^,  ...av 
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three 


Here,  the  form  of  the  first  three  terms  shews  that  we  must 
have  Tr  =  (l  —  a^-j-  +  (l  —  xy)  t- ;  and  the  equatioQ  assumes 


the  form 

To  avoid  the  diflSculty  arising  from  the  imaginary  factors 
of  ^  +  n*,  let  us  assume  two  new  viwiables,  x  and  y',  such 

that  we  may  have  ir  =  -j— , .     Then  by  (10) 

corresponding  to  which  we  have  the  integral  systems 

Hence,  if  we  assume     ? 

we  get  the  transformed  equation 

therefore  «  =  cos  itx'^  (y")  4-  sin  nx'^  (y'), 

or,  restoring  to  x'  and  y'  their  values. 
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EXEBCISEa 

„      d*ii     -da  ,  .        j_ 
da?        dx 

3.    Determine  tlie  solution  of  the  above  equation  when 

m  =  2. 

6.  Sdve  the  equation  f  j —  a  j  u  =  coe  ««. 

In  tlte  above  example  it  viU  be  most  «oiiTeniatiitapTooeod  thns: 
..(l-.)-'«»»-e(i-.)-. 

7.  Solve  the  equation  (j-  —a\  «  =  rf° cos  mx. 

,(;*«_       (Cm    ,    ,(?»       /  dw  ,    da       \ 

9.    »?^+2i<3's^  +  S'^=(»?+jfl'- 

nr„l^=<l-,G0(.)'^le 
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10.  Solve,  by  tlie  method  of  Art.  10,  the  equation 

11.  The  solutioQ  of  any  equation  of  the  form 

may  be  redaced  to  that  of  two  liaear  equations  of  the  first 
order. 
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CHAPTER  XVIL 

SYMBOLICAL  METHODS,  CONTINTTED. 

1.  The  classes  of  equations  considered  in  the  last  chapter 
might  alt  be  gathered  up  into  the  one  larger  class  repre- 
eented  by 

/W.=x, 

IT  being  a  ^vmbol  combining  with  constant  quantities  as  if 
it  were  itself  a  symbol  of  quMitity.  But  linear  differential 
equations  do  not,  except  under  particular  conditions,  admit 
of  expression  in  this  form.  Those  which  are  of  the  ordinary 
species  involve  in  their  general  expression  two  symbols,  x  and 

-T-,  operating  in  combination  on  the  sought  and  dependent 

variable  y;  and  no  substituted  form  of  such  equations  is 
general  which  introduces  fewer  than  two  symbols  in  the  place 

of  X  and  -=- .  We  propose  in  this  chapter  to  employ  a  trans- 
formation which  is  general,  and  which  is  adapted  in  a  very 
remarkable  degree  to  the  development  of  general  methods  of 
solution.  A  somewhat  fuller  account  of  it  will  be  found  in 
a  memoir  on  a  General  Method  in  Analysis  {Philotophical 
Transactions  for  1844,  Part  ri.).  Other  principles  and  other 
methods  will  also  be  noticed. 

The  following  theorems,  demonstrated  in  Chap.  ZVL  will 
frequently  recur. 

If  iB  =  e*,  and  if  -^  be  represented  by  D,  then 

ar^  =  D{D-Y)...(D-n  +  l)u (1). 

while  the  relations  connecting  ^  and  ^  become 
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f(D),«'=fim),«' (2), 

/Ci))e™«u  =  e"»/(7)  +  m)w (3). 

The  latter  of  these  relations  CDables  ua  to  transfer  the  ex- 
ponential e"^  from  one  side  of  the  expression /(i))  to  the  other, 
by  changing  2)  into  D  ±m,  according  as  the  transference  is  . 
from  right  to  left  or  from  left  to  right.     Thus,  aa  another  form 
of  (3),  we  shodld  have 

«»»/(7))u4/(2)-m)e'»*i* (4). 

It  is  an  immediate  consequence  of  the  ahove  theorem  that 
every  linear  differential  equation  which  can  be  expressed  in 
the  form, 

(a+Jx+£a!'...)^  +  (a'+6'a;+cV...)^+ &c.  =  X...  (5), 

can  he  reduced  to  the  symbolical  form, 

f,(D}u+f{I}),'u+f,{D)^u  +  &o.  =  T (6), 

where  T  is  afmction  of  9, 

For  multiplying  the  given  equation  by  x',  and  assuming 
a!=e*,  the  first  term  of  the  left-hand  member  becomes,  by  (1), 

Ca  +  66'+c«»+&c.)i>(i)-l)...Ci)-»i  +  l)w, 

and  this  is  reducible,  by  (4),  to  the  form 

aD(^D-\)...{D-n  +  X)u-vh{D-\){D-2)...iD^n)^a 

+  c(D-2)(-0-3)...(i)-n-l)e»'M  +  &c, 

each  term  of  which  is  of  the.  general  form  ^  (D)  e^u.  The 
other  terms  of  the  first  member  of  (5)  admitting  of  a  similar 
reduction,  while  the  second  member  becomes  a  function  of  $, 
the  equation  itself  assumes  the  symbolical  form  (6). 

Ex.  1.    Given  ;ra  ~"  "*"  ^  *'■ 

Multiplying  by  a^,  and  transforming  as  above,  we  get 


Gotit^le 


414  SYMBOLICAL  METHODS,  COSTUHIED.        [CH.  XVIt 

Ex.2.     Giyea{l  +  aj^^  +  ax^±n*u  =  il>{x). 
Multiplying  by  a",  -we  have,  by  (1), 

But 

^D{D-l)u  =  (^D-2){D-S)€«u;  and  e»i)»=(-D-2)e««w, 

whence,  substituting,  and  collecting  'togethet  tenna  like  -with 
respect  to  the  exponentials,  vre  have 

i)(i>-l)«+{a(i>-2)'±n*)e»«  =  e»^(6^ 
as  the  symbolical  form. 

To  return  from  the  symholical  to  the  ordinaiy  form  of  a 
differential  equation,  we  must,  by  (3),  transfer  the  exponentials 
to  the  ie/i!of  each  symbolic  function/(i>),  convert  the  latter 
into  a  series  of  factorials  of  the  form  ^  (iJ  —  1) ...  [D~n  +  1), 
and  then  apply  the  transformation  (1). 

Ex.3.     OiveQl>{D-l)u  +  I>{D  +  l)^tt  =  0. 

We  have  in  succession, 

i>(i>-l)M  +  6»{i>+l)Ci>  +  2)a  =  0, 
Z»(i>-1) «  +  «» {/>(/) -l)+4i>  + 2)  «  =  0, 

'Therefore,  dividing  by  x, 

A  symbolic^  equation  which  haa  only  two  terms  in  its  first 
member  may  be  termed  a  binomial  equation ;  one  which  has 
three  terms  a  trinomial  equation,  and  so  on.  We  may  deter- 
mine by  inspection  to  which  of  these  classes  an  ordinajy 
differential  equation  is  reducible.  For  raulti|dying  it  by  soch 
ower  of  X  as  to  permit  its  expression  ia  the  form 
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where  A,  B,  Ac  are  algebraic  polynomials  witli  respect  to  a, 
the  Dumber  of  distinct  powere  of  x  inTolved  in  those  polyno- 
mials will  determine  uie  number  of  terms  in  the  reduced 
symbolical  equation. 

Ex.  4.     Thus  the  equation 

(o  +  6x)g  +  (c  +  «c)~+2ii  =  0. 
being  expressed  in  the  form 

it  is  seen  tbat  its  symbolical  fonn  -will  be  trinomial,  since 
the  terms  within  the  brackets  involve  sa  in  the  degrees  0, 
1,  and  2. 
[See  the  Si^)plementary  Volame,  Chapter  XXX.  Art  1.] 


Finite  solution  of  differentiat  equations  expressed  in 
the  symbolical  form. 

2.  If  we  affect  both  sides  of  tbe  symbolical  equation  (6) 
with  (/„(JE>)1"*,  then  for  f,{Drf,  (.!>)  irrite  ^,{D)  &c.  and  for 
{/,(i>)pr  write  J7,  we  shall  have 

«  +  *.C^e'M  +  ^.C0}e»o...+^(i>)€-*«=I7 (7)} 

and  under  this  form  the  eqtiation  wiE  be  discussed  in  the  fol- 
lowing sectioa 

Pbop.  L    The  equation 

u  +  a,<}>{JCf}^u  +  ajp{D)<f,(D-l)e''u... 

+  a,^{D)if>{P-l)...<^{I)-n  +  l)^u^U...{8)      . 

•may  6«  resolved  into  a  system  of  equations  ofthe/orm 
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Oie  vaiv^  of  q  heing  determined  hy  the  equation 

For 

^(lf)^f,{D-l)^u='<f>  (2))  e*0 (D)^u=  {4>  {D) ^\\ 
and  ia  general 

^(P)4>[D-\),..^{D-n  +  l)^u  =  {4,{D)^]'u. 

So  that,  if  we  represent  the  symhol  ^  {D)  e*  by  p,  the  equation 
in  question  becomes 

{\+ajt  +  aj?...  +  ajf)  w  =  F; 

therefore  «■=  (l+a,p  +  <v*...  +  (V")"*  £7" 

provided  that  j,,  y,---2«  ^®  roots  of  the  equation 

and  that  N^,  N^...N^  are  ef  the  fonns 


(e.-2i>C?i-?.)-{?i-s'.) 

"     (3--?i)  (2- -SJ -(?.-?--.) 
Let  (1  -  gjj)""  fT"- «,,    (1  -  J^)"' 17=  m„  and  so  on,  then 
«  =  ^,Mj  +  J^,w, " .  +  JP,t*> , 
where,  in  general,  Ut  a  given  by  the  solution  of  the  equation 
Ui-^4{D)^Ui=U .-{S). 

The  solution  of  the  general  equation  (8)  is  therefore  dependent 
on  that  «f  the  binomial  equation  (9). 

■When  *  {D)  is  of  the  form  />"*  the  equation  ^8)  corresponds 
to  the  ordinaiy  linear  difTerential  equation  with  constant  co- 
efficients, ; 
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Thus  the  equation  u—  .  ~ — rrr^u^Vt,  which  may  be 
integrated  by  the  above  process,  is  only  the  Bymbolical  form 
of  the  equation  x?~2*''  =  0  (see  Ex.  1);  and  ito  solution, 
expressed  in  terms  of  x,  is 


In  like  manner  the  equation  «  +  -.f, — rr  e**«  =  0  has  for 

its  solution,  expressed  in  terms  of  x, 

« s=  C  cos  ^x  +  C  sin  qx. 

But,  -when  0  {D)  is  not  of  the  form  i)"',  the  equation  (8) 
will  represent  an  ordiuaty  equation  with  variable  coefficients. 


(a:"  -  3**  +  2a!*)  2  +  (4a!  -  ea!*)  ^  +  (2  +  fe)  K  =  o*". 

The  symbolical  form  of  this  equation  is 
(i)  +  l)(i)  +  2)«-3(/>  +  l)(i>-2)e»« 

+  2(Z>-2)(Z>-3)e««  =  (M-*, 
whence 

„i)-2.       _fi>-2)(Z)-3)  «  a^ 

or,  putting        ^j^^^P'    („+2)(n+l)-^' 

(i-3/,+2p')«=r. 

H^°"^     "=l-3p  +  2p-^=(lJ2^-i^)^ 

=  2w,-M, (o), 

where  u,  -  (1  -  Sp)"  T,  «,  =  (!-  />)"'  T. 


B.D.E, 
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From  the  former  -we  have 

whence  (i)  +  2)i.,-2{i)-2)e'«,-|^; 

and  this  giwB  (a!-2af)-3  +  (2  +  2a,)„___2i_ ((). 

In  like  manneT  we  find,  for  u,, 

('-^£*(^+"')».-;:fi «')■ 

The  Talues  of  u^  and  «,,  determined  from  (b)  and  (c),  and 
substituted  in  (a),  will  give  the  complete  solution. 

If  0  =  0,  we  find  w  =  ^-^ ^ — ^ -. 

X 

3.    We  proceed  to  consider  more  fully  the  theory  of  the 
binomial  equation 

u  +  <l>iD)^u  =  U. (10). 

Prop.  II.     The  equation  u  +  ^{D)  ^u  =  UwiU  he  txmverid 
into  »  +  ^(jO  +  n)6^=F,  hy  the  rekiUong 

For  assume  u  =  e^w,  and,  substituting  in  the  original  equa- 
tion, we  have 

€^v  +  ^  {D)  el**  '■'*i>  =  U; 

therefore  e-»v  +  ^<f>{l)  +  n)^v=  U,  by  (3), 

It  +  0  (7>  +  n)  e^tf  =  e-"*  K 

Let  [7=€"*F;  then  the  above  becomes 

as  was  to  be  shewn. 

Thus  in  any  binomial  equation  we  can  convert  ^  {D)  iiis 
<j>iD  +  n),  n  heing  any  constant. 


o,.„.„G( 
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Peop.  III.   The  egvation  u  +  <j>.{D)t^u  =  UwiU  be  converted 
iraov  +  '^(D)^v'=  V,  by  the  r^cOkms,, 

where  Pr  V'irl  denotes  ih£  s^mholicai product 

<K-P).t(-P-'-)'»(i)-2r)... 
f{I>)-HII-r}f(B-2r)  ...  ■ 

For,  assume  u=ff[D)v,  and,  substituting  in  the  origiuaL 
equation,  we  liave 

/Ci))o  +  ^(i))t-/(i))».!7; 

therefore         /(,II)  v  +  ^iP)f(^D-r)  ,-v -  U,  by  (4), 

<H7y)f(D-r)  , 

Comparing  this  with  the  equation  v  +  ^^(D)  e'*v  =  V,  we 
have 

/(D)  ^''"'• 

therefore  /(i)) -|^/(I,_,).  ' 

Heuee  /  C^* " ')  -  |{§^^j/(^  -  S'). 

and  so  on ;  wherefore  the  value  of  fiP)  will  b©  represented- 

(11)  becomes  ■     ■  , 

with  the  relations 

^-piiB,    u.ptMr         fisi  - 


^■^«-if(D)ru (11). 


27— «    H,le 
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As  this  propoaition  is  of  great  importaDce  id  the  Bolution 
of  differential  equations,  it  will  be  proper  to  examine  the 
conditioDs  which  its  application  involves.  Evidently  ibey 
consist  in  such  a  choice  of  Ihe  form  of  -^(i))  as  will  render 

the  symbolical  product  Pr  ..tI  finite,  and  the  transformed 
equation  (11)  integrable. 

That  the  expression  of  PrV^.f.,  may  b^  finite,  it  is  suf- 
ficient that  for  every  elementary  factor  x  C^)  occurring  in 
the  numerator  there  should  correspond  a  similar  factor 
X  (-D  ±  *V)  in  the  denominator,  i  being  any  int^er  or  0 ;  and 
vice  versa ;  for 

p       Xm         xmxll)-')xl'>-ir)... 

■xift+ir)    xl^+>V)j:l-»+('-i)'-)- 

1 

which  is  a  finite  expi'essioo.     Agmn 

p     xm    -  xmxJD-r):- 

'xl.D-ir)     xiI>-i'H[D-L'  +  i)r}... 

-xmx^D-r)  ...x{TI-(<-tlr], 

which  is  also  finite  ;  the  product  of  any  number  of  Budi  ei- 
pressions  is  finite  also. 

Hence,  if  v  {D)  he  any  elementary  factor  of  ^  (D),  it  may 
be  converted^ into  x{D±ir);  for  let  <^ (-D)  =  y P) Xi (■^)> 
ajidlet  ■^{D)  =  x0±i'r)  XiO^)>  wherein  x, (-0)  denotes  the 
product  of  the  remaining  factors,  then 


»(0)^p  xm 

+  (■0)  X^'>±i')^ 


Hence  also,  if  ^  (Z))  involve  any  factor  of  the  form 


xm 


xiDtiy 

it  may  Iw  made  to  disappear ;  for  let  ^(.D)-    /^.l-iXiW 

■■     ■  ■  '      '  ,    '     I'.oo. 
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and  let  -f  (i)}  =  Xi  W.  ^^^ 

'tW        'Xi^tir)' 
which  is  finite. 
[See  the  Supptementary  Volmne,  Chapter  x^x.  Art.  3.] 

4.  We  see,  then,  that  there  are  two  distinct  kinds  of  trans- 
formation to  which  the  Proposition  may  be  appUed.  In  the 
first  idnd  ip{D)  is  converted  into  another  symbolic  function 
T|'(fl)  without  any  loss  of  component  factors,  whether  of  nu- 
merator or  of  denominator,  but  only  with  such  change  as 
consists  in  the  conversion  of  J)  into  D  +  ir.  And  here  the 
order  of  the  transformed  equation  is  the  same  as  that  of  the 
equation  given,  and,  ita  solution  introducing  a  sufficient  num- 
ber of  arbitrary  constants,  no  others  need  to  be  introduced, 
either  in  the  prior  determination  of  V  or  in  the  subsequent 
derivation  of  n.     But  in  the  second  species  of  transformation 

some  component  factor  of  if){D)   (usually  of  the  form  ^     , 

where  a  —  5  is  a  multiple  of  r)  is  lost,  and  the  transformed 
equation  being  of  an  order  lower  than  that  of  the  equation 
given,  the  deficient  constants  of  its  solution  must  he' supplied, 
either  beforehand  in  the  determination  of  V,  or  subsequently 
in  the  derivation  of  w.  If  ia  the  former,  any  constants, 
sufBcient    in    number,  introduced  by   the    performance  of 

(■^'  (77)^1  ^*i^  serve  the  purpose.  If  iif  the  latter,  all 
the  constants  introduced  by  the  performance  of  Pr  i  i7)\  ^ 

must  be  retmned,  but  their  subsequent  relation  must  be  de- 
termined by  means  of  the  differential  equatioo. 

[See  the  Supplementary  VoluTTie,  Chapter  xxx.  Art.  4.] 

The  reason  why  the  constants  connected  with  the  disap- 
pearing factors  are  arbitrary  in  F  alone,  is,  that  F  enters  into 
no  other  equation  than  the  one  in  whose  solution  those  con- 
etants  are  found.  If,  however,  the  entire  series  of  consteaits 
in  F  be  retained,  they  wUl  be  reduced  by  the  subsequent 
differentiations  in  passing  to  the  value  of  m.  ■  _,         , 

.  ,Gooj^re 
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All  that  may  seem  obscure  in  the  above  statement  will  lie 
made  clear  by  the  following  examples. 

Ex.  6.     Given  -33  +  j^m  —  -y  =  0,  an   equation   occarriog 
in  the  theory  of  the  earth's  figure. 
The  symbolical  form  is 

''+(i^t2f(^-8)^"-° W 

Now  we  may,  by  Prop,  lU,  directly  reduce  this  equation  to 
the  fona 

which,  by  Prop.  I,  is  resolvable  into  two  equatitma  of  the 
first  ord^  ^t  it  is  better  to  assume  as  the  tranafonned 
equation 

•'+r(fc)''''-<' « 

lihe  solution  of  which  is  known  already.    Art.  2. 
By  Prop.  II,  assuming  «  =  e~**w,  we  have 

"■'■uw^^'-'' w- 

A»(un,  by  Prop,  ni,  we  can  pass  from  (c)  to  (6)  by  assumii^      ' 
«,.p,g£|,.(i)_l)(fl_3)«. 

Hence       «-<-*(B-l)(i)-3)» 

-t-''(C(2)-l)-3Z)+31r 


on  reatoring  w  and  putting  for  V  its  value  in  tenm  rf.! 


U*. 


iXt.  5.]       EQUATIONS  IN  THE  SYMBOLICAL  FORM.  423 

Effecting  the  diSerentiatiobs,  we  find 

«  =  c  1(^-2')  ^^^  (2^  +  «0  -- ^  cos  (ja!+  c')|...4..{(J). 

We  mi^ht  have  proceeded  directly  from  (a)  to  (6)  by  Prop, 

III ;  but,  had  we  done  so,  the  final  reductions  would  not  have 

4epeDded  on  differentiations  alone.   Thus  we  should  have  had 

p      BjD-l)     „_-D-l 

*(i>  +  2)(i>-3}"    J)+2 

=  {1  -  3  (i>  +  2)-'}  v=(l-  3e-"ir'e«)  V 

whence,  restoring  x  and  giving  to  V  ita  previous  value,  we 
should  be  led  to  the  same  solution  as  befor& 

5.  The  two  forms  of  solution  above  presented  illustrate  an 
important  observation,  viz,  that  when  m  the  transition  from 
^  (i>)  to  -^  (B),  by  Prop.  Ill,  the  reduction^  consist  in  aug- 
menting, if  we  may  be  allowed  the  expression,  D  m  factors 
of  the  denominator  of  4>  i^)>  or  in  diminishing  B  in  factors 
of  the  numerator,  they  will  be  effected  by  differentiations ; 
while  those  reductions  which  consist  in  augmenting  J)  in 
factors  of  the  numerator  of  ^  (D),  or  diminishmg  it  in  factors 
of  the  denominator,  involve  integrations.  And  it  is  one  use 
of  Prop.  II,  that  it  enables  us,  in  many  cases,  so  to  prepare 
the  given  symbolical  equation  that  the  final  reductions  shall 
depend  on  differentiations. 

Ex,  7.  It  is  required  to  determine  the  symbolical  form 
and  character  of  those  differential  equations  of  the  n""  order, 
the  solution  of  which  depends  on  that  of  the  equation 


djf 


±  j'v  =  X, 


The  ^^bolical  form  of  this  equation  is 


where  V  is  the  c^mbolical  form  of  [  j-j  X,  ie,  &e  result 
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obtained  by  writing  e*  for  ar  in  tlie  n*  integral  of  Xd^,  eo 
constants  being  added  in  tbe  integration.  From  inspection 
of  (a),  it  is  evident  that  the  class  of  equations  sought  must, 
on  assuming  a;  »=  e*,  be  expressible  in  the  form 

in  which  we  shall  suppose  tbe  quantities  a^,  u, ...u.  to  be 
ranged  in  the  order  of  decreasing  magnitude.  Pat  w  =  e~'^\, 
then  by  Prop,  n, 

-■^jp  +  a.-.j'.lJH-,.-^)'''''--""'^--''''- 

The  first  factor  of  the  denominator  of  A  {D)  in  (c)  now 
agrees  with  the  first  factor  in  that  of  "^{D)  in  (a).  In  any  of 
tbe  remaining  factors  we  may,  by  Prop,  iii,  convert  D  into 
D  ±  in,  i  being  any  integer, — hence,  that  they  may  all  cor- 
respond with  the  (actors  of  -^(J)),  it  is  necessary  that  each  of 
the  quantities 

o,-at+l     «L-o,  +  2     Oj-o.  +  S       a,-(i,+M-l     ,j. 


should  be  equal  to  a  negative  integer  or  to  0.     And  in  this 
statement  the  conditions  of  finite  solution  are  involved. 

The  value  of  u  will  be  deduced  from  that  of  v  by  diferen- 
tMon,  for  since  a,  —  a,  <  —  1, 


and  BO  on  for  the  remaining  factors  to  which  P,  is  to  be 
applied. 

Ex.  8.  Given  ^  -  li^-D  «  ±  2»„  =  o.  where  »  is  an 
int^er. 

This  equation,  which  includes  that  of  Ex.  6,  presents  itself 
in  various  physical  problems  (Poisson,  TMrne  AfatMjuaUffiie 
de  la  Chaleur,  p.  158.     Mossotti,  on  Molecular' A(^on,  dtc.). 
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Its  Bymbolical  form  is 

-;e»w  =  0 


Hence,  by  the  last  example, 

-e-"(i)-l)(i)-3)...(D-2i+l)i; (i), 

where  v  is  given  by         -175  ±  q\  =  0, 

The  expression  (5)  may  be  reduced  to  a  more  convenient 
form,  as  follows. 

Since  f{D-a)  -  «"/(»)  «-",  we  have 

«-6-».c'J)«-».e»i)<-"'...e«->l'i)<-»-'i'» 


Hence,  according  as  the  upper  or  lower  sign  is  taken  in  the 
original  equation,  we  have 


1    f^^y  c,  COS  ya  +  c,  6 


..(c), 


lis.    Given  ?,-«-^»-i<i+>ii'.0. 
oa;  ay  ar 

Comparing  this  equation  with  the  last,  we  see  that  its 
solution  may  be  derived  from  (rf)  by  changing  therein  q  into 

Ot-,  and  c,,  c,  into  arbitrary  functions  of  y  following  the 

exponentiab.     Hence  we  shall  have 

D,o,i,7.<iT,GooQle 
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"  a:"'  r  dxj  ^=''  • 

The  rea-son  why  the  arbitrary  function  <f>  (y)  must  be  placed 

after  e  *  and  not  before  it,  is  that,  in  the  derivation  of  the 
exemplar  form,  the  arbitrary  constant  takes  its  place  after, 
and  not  before  e**. 

fd 


')"'"-'- (S""'""^ 


Here  indeed  we  may  transpose  the  constant,  but  wheii  j  is 
converted  into  o  -i-  we  have 

(i-«ir«-"*(ir»-"**M, 

and  here  the  arbitrary  function  cannot  be  traDE^H>8ed,  since 

w  and  T  are  not  commutative. 
dff 

The  principle  here  illustrated,  and  which  is  a  very  im- 
portant one,  is  that  all  conclusions  founded  on  communi^  of 
formal  laws  should  stop  short  of  interpretation.  The  /orm 
should  be  kept  distinct  from  the  matter.  There  is  perfect 
analogy  between  the  theorems 

but  not  between  the  theorems 

(i-sr»-«''."''(s-''ir''-"**«' 

because  in  the  formation  of  the  latter  interpretation  has  been 
employed. 

D,g,i,7?<iT,Google 
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The  above  example  is  one  in  which  Monge's  method  of 
solution  would  fail,  except  for  the  particular  case  of  t  =  0. 
And  this  gives  occasion  to  the  remark  that  symbolical  methods 
are  not,  as  they  hare  sometimes  been  supposed  to  be,  valuable 
only  as  abbreviating  the  processes  of  analysis.  There  are  in- 
numerable cases  ia  whiti  they  afford  the  only  propCT  mode 
of  procedure. 

Ex.  10.    Given 

This  equation  occurs  in  some  researches  of  Foisson  on  definite 
integrals.     The  symbolical  form  is 

D{i>+j>)  *^"    " ^°'- 

This  equation  is  integrable  in  several  distinct  cases,  but  we 
shall  examine  here  the  particular  case  in  which  n  is  an 
integer. 

Assuming  as  the  transformed  equation, 

D  +  2n-2 


e*'r=r (i), 


it  being  necessary  to  introduce  V  because  the  transformed 
equation  is  of  an  order  loner  than  that  of  the  equation  given, 
we  have, 

„2>+2?i-2 
«=-P. p f 

=  (i>  +  2n-2)(Z)  +  2n-4)...(/)+2)« (c), 

0-(Z)+2n-2)(D  +  2n-4)...(i>+2)F: 
The  latter  equation  gives  for  F'the  general  value, 
F=  c,e-"  +  c,€-". ..  +  c^_,«-""-»*, 
of  whicb  it  suffices  to  retain  one  term.     Betaining  the  first. 
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Eubstituting  in  (b),  and  operatiug  on  both  sides  with  D+p, 
we  get 

CI>+^)«-(i>+ 2n- 2-^)  «**!>. c.(p~2)e-«'. 

Bestoring  x,  and  int^rating,  a  value  of  p  is  found,  involv- 
ing two  arbitrary  constants,  whence  u  will  be  given  by 


-2)(._|  +  2»-*)...(.^+2)....(i). 


The  proposed  equation  is  also  integrable  when  p  is  an  odd 
integer,  and  when  2n  ~p  is  an  even  integer.  In  the  former 
case  we  may  assume  as  the  transformed  equation, 

(P  +  2»-l-p)(Z)+2.-l-p-l) 

iD+pXD+p-1)  •^•'-°' 

which  must  be  integrated  by  Prop.  I.  In  the  latter  case  we 
must  assume 

but  in  this  case  two  constants  must  be  retained  in  V;  vis.  one 
from  each  set  of  the  reducing  operations  by  which  the  factors 
of  ^(D)  are  made  to  disappear. 

6.  It  will  be  observed  that,  in  the  foregoing  examples, 
we  reduce  the  proposed  symbolical  equation  by  Propositions 
II.  and  in,  either  directly  to  an  equation  of  the  first  order,  or 
to  a  form  which  by  Prop.  I.  is  resolvable  into  a  Bystem  of 
equations  of  the  first  order.  But  there  exist  other  equations 
admitting  of  finite  solution ;  for  example  such  as  by  Props.  B. 
and  in.  are  reducible  to  either  of  the  primary  forms. 


..(13), 


The  former  of  these  is  the  symbolical  form  of  the  equation 


(i+'^S+'"s±"'"-»- 


.Gotit^le 
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which  is  reducible  to  tj  ±  «'"  =  0,  by  the  assumption 
The  latter  is  the  symbolical  form  of  the  equation 
which  is  redudbla  to  -^  ±  n.*«  =  0,  by  the  assumption 


Hence,  the  ordinaiy  solutions  of  (13)  and  (14)  will  be  ob- 
tained by  substituting 

JV(H-a^)'  JaVCa^+a)' 

in  the  solution  of  the  equation  -j^  ±  ji°m  =•  0. 

It  may  be  added  that  the  forms  (13)  and  (14)  are  allied, 
the  one  being  convertible  into  the  other  by  changing  6io  —  6. 

Ex.  11.    Given 

The  symbolical  form  is 


-ZY-f 


D{D-\) 


^u  =  0. 


If  -we  apply  Prop.  n.  bo  as  to  convert  D  Into  B  —  m,  and 
then  by  Prop.  m.  reduce  the  equation  to  the  .general  form 
(13),  we  shcJl  obtain  the  final  solution  in  the  form 

B  =  f  ^ j  {c,  cos  (j  sin"*  x)  +  c,  sin  (j  8in"''a!)J. 
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7.     Pfaff's  Equation.    The  di£fereiitial  equation, 

(«  +  fa-)a?g  +  (.  +  e:.^")«^+(/+i,x-)„-X (<■), 

which  includes  all  binomial  equations  of  the  second  order, 
haa  been  discussed  by  Euler,  and,  with  greater  generality,  by 
Pfa£f  {Diaquisitionee  AnalyticcB).  We  propose  to  investigate 
the  conditions  under  which  it  admits  of  finite  solution. 

It  suffices  for  this  purpose  to  consider  the  caae  in  vhich 
X=Q. 

The  symbolical  form  is  then 

h{D-n){D-n-l)  +  e{D-n)-^g 
"+  oi>(i>-l)  +  ci>+/  '  """ ^'^^■ 

If  n  is  not  equal  to  2,  it  is  conrenieDt  to  change  the  inde- 
pendent variable  by  assuming  n9  =  2$',  whence 


So  that  changing  nff  into  2ff,  we  must  change  V  into  a^- 
The  result  may  be  expressed  in  the  form, 

,6  (i)-a,HP-a,)   „       _  ., 

-  +  aiJJ-m^-ff'^^"  =  ' f^5' 

where  a,  and  a,  are  roots  of  the  equation, 

'(f-")(^"-»-^)+«ff-»)+^=" '* 

and  j9j,  j8,  are  roots  of  the  equation, 

4(f-^)  +  'T+/-<' ("• 

Ist,  By  Prop.  Ill,  (c)  can  be  immediately  reduced  to  the 
form 

t(j-°,)(^-»,-i).»,..i 
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and  then  resolved  into  two  equations  of  the  first  order,  if  we 
have  at  the  same  time  a,  —  «,,  and  j8,  —  j9,  odd  integers. 

2ndly,  The  equation  can,  by  Prop,  in,  be  reduced  to  an 
equation  of  the  first  order  if  any  on^  of  the  four  quantities 

«,-A.     fli-jS,.     «,-j8..     «i-/9. 
is  an  even  iot^er. 

Srdly,  It  ia  easily  shewn  that  by  Props.  IT.  and  in.  (c)  is 
reducible  to  the  integrable  form  (13)  if  the  quantities 

^,-j9,  and   a^  +  a^-^^-fi, 

are  both  odd  integers, 

ithly.  It  is  in  like  manner  reducible  to  (14)  if  the  quan- 
tities 

flj— a,  and  a,  +  «,— j9,-/9, 

are  both  odd  integers. 

These  results  may  be  collected  into  the  following  theorem. 
The  equation  (c)  is  integrable  in  finite  terms,  Ist,  if  any  one 
of  the  four  quantities  represented  by  a  — iS  is  an  even  integer; 
2ndly,  if  any  two  of  the  quantities 

are  odd  inters. 

In  this  theorem  the  integral  values  are  supposed  to  be 
either  positive  or  negative,  and  the  even  ones  to  include  the 
value  0. 

The  above  results  are  equivalent  to  those  of  Pfaff,  as  pre- 
sented with  some  slight  increase  of  generality  in  a  memoir 
by  Sauer  {CreUe,  Vol  il.  p.  93).  Pfaff's  conditions  are  how- 
ever exhibited  in  so  complex  a  form  as  to  render  the  com- 
parison difficult.  His  method,  it  is  needless  to  say,  is  wholly 
different  from  the  above. 
.  [See  the  Suppletnentary  Vohme,  Chapter  zxx.  Art  5.} 
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Symbolical  equatums  which  are  Jiot  binomial. 

8.  Although  processes  of  greater  or  less  generality  may 
be  establishea  for  the  treatment  of  equations  which,  when 
symbolically  expressed,  involve  more  than  two  terms  in  the 
first  member,  yet  their  reduction  if  possible  by  some  preli- 
minary transformation  to  the  binomial  form  should  always  be 
our  first  object.  We  purpose  here  to  illustrate  this  ob8e^ 
tatioQ. 

Ei.12.    Given§=a-75-^L. 

dor  (zcj:  —  ary 

Writing  this  equation  in  the  form 

we  see  at  once  that  its  symbolical  form  will  not  be  binonual. 
Assuming  y  =  (2c  — 3:)"i»,  we  have  on  reduction 


(2c -x)  a 


das'  dx^         2e-x  (io-xT 


Now  let  m  be  so  determined  as  to  make  the  numerator  of 
the  third  term  divisible  by  its  denominator.  This  involves 
the  condition 

»(»-i)+^=» » 

while  the  differential  equation  becomes 

of  which  the  symbolical  form  is 

(2)-m)_(P-H»-l)»-i(2)«-l)(i>+™-2).'«-£j^^, 
Tchence,  operating  on  both  sides  with  {B  +  m  —  l}'^, 
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Keatoring  x,  and  solving  the  equation,  we  Imve,  on  representing 

ivhicli  integration  by  parta  reduces  to  the  form 

"~  2c(2m-l) 

o  L-Z'— L'— X"(ic  -  a!'-"X-LrX--ifal 
Iherefor,   .-J i ao(2»-l)       ■■ 

the  iDt^T&l  required.  It  is  to  be  noted  tliat  each  ictegratioa 
introduces  an  arbitrary  constaot.  It  is  also  seen  that  each 
value  of  m  derived  from  (a)  leads  to  the  same  result 

The  above  equation  occurs  in  the  problem  of  determining 
the  tendency  of  an  elastic  bridge  to  break,  when  a  heavy  body, 
ag.  a  railway  train,  passes  rapidly  over  it.  The  equation 
between  y  and  a?  is,  on  a  certain  hypothesis,  that  of  the  tra- 
jectory deacribed.  See  an  interesting  paper  by  Pro£  Stokes 
[Cambridge  Phil.  TraJtaacHons,  VoL  vm.  p.  708), 
,.du 

)3^  + 
the  well-known  equation  of  Laplace's  fuuctiona 


pressed  in  the  form 

(i-/.r^-v(i-*'')^+i«(«+i)(i-/'")-«'}»-o, 

and  it  is  evident  that  it  vould  not,  on  assuming  fi  =  e',  take 
the  binomial  form. 

Let  then  «  «  (1  —  ^*)'b.     We  find,  on  substitution,  and 
division  of  the  result  by  (1  —  /!.')'*'» 

B.D.E.  r  S»Ki^le 


«"»"0 (e). 
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(l-J.')^-(*'+2>|+(»(»+l)-4r--2rl.+^..0...(a). 

Let  4r'  —  o'  —  0.  Then  r  =  ±  - .  Either  sign  may  be  taken. 
Choosing  the  lower,  we  have 

(l-^')0  +  2(»-l),.^+t«(»  +  l)-a(o-l)lr-O, 

sn  equation  which,  on  making  /i=  e*,  assumes  the  symbolical 
form 

(J-„  +  „-l)(J-„-„-2) 

' mo-i) ^'-° '•*'• 

To  Integrate  thiit,  assume 

(J^a-B- 1)  (g_o_„-2) 
""  i>"(Z)-l) 

Then  by  Prop,  ill., 

n=(i>-o  +  n-l)  (i)-a  +  n-3)  ...  {5-a-n  + 1)  tp 

=  '^'"(|.i)"''"«' C'^' 

while  (c),  resolved  hy  Prop,  l  and  integrated,  gives  the  solution 

».(i+rt-+(*)  +  Ci-rt"~x(*) ■(«), 

^  and  ^  being  arbitrary  functional  signs.  This  ezpr^sion 
for  w  having  been  substituted  in  {d),we  must  Write  T-7^(.rl) 
for  a,  and  interpret  the  result. 

Now  if,  instead  of  -^  (if>)  and  ;;^  (^),  we  write  ■^  [«*'*'(-^>}  and 
V  jeK'<-»L  as  we  are  evidently  peimitted  to-do,  and  if  we 
observe  that  generally 

D,o,i,7.<iT,Google 
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=y[e(>+i«(V(-UiV<-il]=/[i*V(-«-i'*il 
we  shall  ultimately  find 


-A^\ w. 


..ir|^,V(l^^v,-.,.}, 

".here  F[,.  "— 1  =  .■  (| i)" ((.  +  .T+ (^') 

.<.-A-x{^} (15), 

which  is  the  complete  integral. 

For  a  diacussioQ  of  this  result,  and  for  the  finite  expression 
for  Laplace  s  functiona  to  which  it  leads,  the  reader  is  refeixed 
to  a  paner  on  the  Equation  of  Laplace's  functiona  in  the 
tambrtdge  Mathematical  Journal.    (New  Series,  Vol.  i.  p.  10 ) 

If  in  the  equation  (a)  we  make  the  third  instead  of  the 
fourth  term  to  vanish,  which  gives  for  r  the  values  "  and 

2-'  ""'I  *l»e°  assume  -^^^^L—  =  t_  ^^  ghall  obtaib. 

taking  the  second  value  of  r,  the  symbolical  equation 

Now  by  Propositions  11.  and  lli,  this  is  reducible  to  the  inte- 
grable  form 


by  the  relation 


+T7(l^'«"»-». 
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»=  ,-'"'» D  (B-l) ...  (D-  ») «; 


=  © 


Hence 

wefiod 

v  = 

©"■^'.1' 

lence  u 

is  known. 

Let  U8  examine  the  form  of  the  solution,  when,  as  ia  com- 
mon in  the  expression  of  Laplace's  equation,  we  replace  /*  by 
cos  A    We  find 


whence  ^  +  V(l  +  0  =  co*  5  ^■ 

Substituting,  tmd  observing  that  u  »  (sin 


«  =  {ain5)""fsin'tf^j     jcJcot^j  +c,  (tan 


And  hence,  restoring  to  a  its  meaning,  introducing  arbitrary 
functions  for  constants,  and  effecting  one  of  the  differentia- 
tions,  we  may  deduce  the  following  solution  of  Laplace's 
equation,  viz.: 

«=  (sin^^  (sintf  ^sin^'  \f^  W[-i)tan|l 

+  j;W-Dtan|ll (16). 

Under  this  singularly  elegant  form  the  solution,  obtained  by    j 
a  different  method,  was  given  by  Professor  Donkin.     [liaio- 
tophical  Tranaactiona,  for  1857.) 
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Sohitioa  of  Ivnear  egwUiona  itf  series. 

9.  Pbop.  IV.  If  a  linear  differential  equaMonvjhMtieeond 
meraier  is  0  he  reduced  to  the  symbolical  form 

f.(D)u+f,m^'u.+f,{D)^u...+f.(,!>)f'u=t)...mi 

(Art  1),  then  a  particular  solution  will  be 

u  =  Si^«-« (18), 

&e  value  of  the  index  m  in  the  first  term  being  any  root  of  Ike 
equation  f^(jn)  =  0,  the  corresponding  vaiue  ofu^  an  arb^rary 
ctmstani,  and  the  law  of  the  succeeding  constants  being  expressed 
by  the  equatiwi, 

/.('»)«.+^W"'«+/,W»«-+/.W««-o  -  (19)- 

For  the  form  of  u  assigned  ia  (18)  will  coQstitnte  a  solution 
of  (17)  if.  on  substituting  that  form  for  u  in  the  first  member 
of  (17)  and  arranging  the  result  in  amending  powers  of  «*, 
each  coefficient  BnouTd  vaniBh.  And  this,  as  we  sball  see, 
will  take  place  if  the  coefficients  are  subject  to  the  relatioB 
expressed  by  (19). 

Assuming  then  u=:Su.e^,  we  find, 

/,(i))K  =  S/„(Zt)«,e™'  =  V.(«i)",«"'.  by  (2), 

/.  (D)  e'w  -  S/,  (m  +  1)  «.ef-"» 

/,(i))e'*«-2/,  (m  +  2)  w«ef"«» 

and  so  on.  In  the  first  of  these,  we  see  that  the  coeEEcient  of 
any  particular  term  «^  i8^(»*)tt».  In  the  second,  the  co- 
efficient of  ^"*''»  is  /,(»»  +  l)a„,  and  therefore  the  coefficient 
of  e^  is  j^(m)w«j.  In  the  third,  the  coefficient  of  e"*  is 
f^(m)Uf. ,;  and  so  on.  .  Thus  the  a^regate  coefficient  of  e*^is 

f,{m)u^+f{m)u^,+f,{m)u^...+f,im)u^, 

and  this,  etjuated  to  0,  expresses  the  law  (19). 


.Gotit^le 
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Let  «,e^  be  the  first  term  in  the  developed  value  of  u ;  theo 
iDUSt  we  suppose  u,j  =  0,  u^j  =  0,  &c.  and  (19}  becomes 

-  As,  by  hypothesis,  u,  is  not  equal  to  0,  this  gives  _/^(r)  =  0, 
for  the  determination  of  r,  and  leaves  u,  arhitraiy.  Hence 
the  proposition  is  established. 

Thus  there  will,  except  in  particular  cases  of  failure  here- 
after to  be  considered,  be  as  many  distinct  soiutJODS  of  the 
form  (18),  each  involving  an  arbitrary  constant,  as  there  are 
units  m  the  degree  of  f,{m). 


The  symbolical  form  is 

D(I>-o)«-M.'e»u  =  0. 

Hence,  we  have  «  =  2m,^,  the  law  of  formation  of  the 
coefficients  being 

wi (m  —  a) M«  —  n'«__.  =  0,   or  «.  =  - — t— — --riVi. 

while  the  initial  exponent  is  0  or  a.  There  are  therefore  two 
ascending  series,  one  beginning  with  C,  the  other  with  (7'x*. 
Thus  we  have 

«=  0+070 — -■k'>^  + 


2(2-a)*  ^2.4(2-0)  (i-a)"  ^™" 

+  ^=^+2^^T2)  +  2.4.(o+4)Ca+2)  +  *'=- 

10.  When  the  equation /,(m)=0,  has  equal  or  imi^nary 
roots,  the  following  procedure  must  be  adopted.  Let  the 
solution  of  the  equation  /,(jD)  m  =  0,  be. 

n  =  AP+£Q+OR  +  &c (20), 

A,  B,  C,  Sic  being  the  arbitrary  constants.     Substitute  thu 
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value  in  the  ^ven  differential  equation,  regardiog  A,  B,  C,  Ac. 
33  variable,  and  the  result  will  assume  the  form 

AP  +  B'Q+C'E  +  &c  =  0 (21), 

aad  will  be  satisfied  if  we  have   .      . 

.^'=0,    £'=0,    (7'  =  0,&c (22). 

This  will  indeed. become  a  system  of  linear  Rimultaneous 
equations  for  determining  A,  B,  C,  &c.  And  the  solution  of 
tiiia  system  in  a  series  will  be  of  the  form 

the  law  of  formation  of  the  coeiScients  a„,  b„,  c„,  &c.  being 
expressed  by  a  system  of  simultaneous  equations  formed  from 
122),  by  changing  therein  every  term  of  the  form  ^  {D)  e**  A 
into  ^  (ra)  a^t,  &c.     (^Philosophical  Transactialis.) 

There  is  a  particular  case  of  exception  to  the  above  rule. 
When  two  of  the  roots  of /„  (m.)  =  0  differ  by  a  multiple  of  the 
comnion  difference  of  the  indices  of  the  ascending  develop- 
ment, the  equation  /„  (D)  =0,.inust  be  replaced  by  what  that 
equation  would  become  were  the  roots  in  question  equal 

Ex.  1.7.    Given  ?^  +  -^  +  /«=0. 
ax     w  ax    ^ 

The  symbolical  form  is 

D'«  +  y=f«M  =  0 (a). 

Now  £^u  =  0  gives  u  =  A  +  B0.  Substituting  this  value 
in  (a),  regarding  A  and  B  as  variable,  we  have 

IfA  +  f^A  +  %DB  +  6  {J^B  +  2»e»£)  =  0, 
which  furnishes  the  two  equations, 

i)'^  +  2%*'^+2i)5  =  0,    EPB+qU^B^a,. 

whence  ^  =  2n.c"*,   B='Zb^f"',  with  the  relations 

•"'t^.  +  ?'"■-*  +  2»»6„  ™  0,    m'6„  +  2'6|«j  =  0, 
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from  whi<^  we  have 

.      i."^"..,  ^=^»^+5»« (»). 

Thus  we  find,  on  sabstitution,  aod  restoration  of  x, 

«  =  o,  +  a^  +  a^x*  +  &c. 

+  log  a;  (6,  +  b^  +  b^x* + Ac.) , 

-where  a,,  h^  are  arbitrary,  and  the  succeeding  ralaes  deter- 
mined by  {b). 

Were  the  symbolical  equation  of  the  form 

i)Ci)±2i)M  +  g*£"«  =  0, 

it  would  still  be  necessary  to  determine  the  form  of  tbe 
primary  assumption  by  solving  the  equation  ZJ*w  =  0,  not  by 
J){D±2i)u  =  0.  We  should  therefore  still  have  u  =  A+Be. 
in  which  A  and  B  are  series  to  be  determined  as  before. 

The  symbolical  equation  is 

(ZI'+n')u  +  «"u-0. 

Now  the  equation  {S^  +  «*)«  =  0  gives 
«i  =  ^co8ti^  +  58in«(? 


substituting  which  in  (a),  and  equating  to  0  the  coefGcients  of 
cos n0 and  sinnd  in  the  result,  we  have 

JD'A-i-2nI)B  +  t^*A^0, 

D^B-2nDA  +  €*»B  =  0, 

whence  j4  =  2a„***,  5=SJ«€**,  with  the  relation^ 

*»'"■+ 2»i»5„  + a.,,  =  0, 

iw'i„  —  2»nntf„  +  S^_,  =  0, 
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'*~°~.wi(m'  +  47i")    *     """   m(wi'  +  4n')    ^ 

Thus  the  solution  assiimes  the  form, 

u  =  cos(»logx)  {a^+ a^  +  a^*  +  Sec) 

+  SID  (» log  x)  (6,  +  i^  +  6,j:'  +  &c.), 

wherein  a,  and  t,  are  arbitrary,  and  the  succeeding  coefficients 
determine  by  (c). 

■  The  fundament^  equation  (19),  written  in  a  reversed  order, 

determines  the  law  of  the  formation  of  the  coefficients  in 
those  solutions  of  (17)  which  are  expressible  in  descending 
powers  of  x.  The  number  of  such  solutions  will  be  equal  to 
the  degree  of  the  equation  /,  (m)  =  0,  but  their  respective  first 
esponenta  will  be  its  roots  severally  diminished  by  Tt. 

For  the  extension  of  the  above  theory  to  the  case  in  which 
the  given  differential  equation  has  a  second  member  X,  the 
reader  is  referred  to  the  original  memoir, 

STieory  of  Series. 

11.  The  relations  which  enable  us  to  express  the  integrals 
of  differentifd  equations  in  series,  enable  us  also  to  reduce  the 
summation  of  series  to  the  solution  of  differential  equations. 
Thus,  from  Proposition  iv,  it  appears  that  if  w  =  li*«a^,  where 
the  law  of  formation  of  the  successive  coefficients,  is 

/,(*")  «-+.^('»)«^,...+/,Cm)«„  =  0 (23), 

the  value  of  u  will  be  obtained  by  the  solution  ^  the  dififer^ 
ential  equation, 

/,{D)u+/.(i))«'w...+/,(J9)e^«  =  0 (24). 

"We  suppose  here  f„  (m),  /  {m)...f,  (m),  to  be  polynomials, 
and  that  the  series  is  complete;  i.e.  contains  all  the  terms 
which  caa  be  formed  in  subjection  to  its  law  expressed  by 
(23),  the  first  exponent  being  therefore  a  root  of  ^(m)^()• 
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When  the  Beries  is  incomplete,  the  first  member  of  the  differ- 
ential equation  will  be-  the  same  as  for  the  complete  eeiiea, 
while  the  aecond  member  will  be.  formed  by  substituting  io 
the  first  member,  in  the  place  of  w,  the  serieg  which  it  repre- 
sents. It  is  obvious  that  all  the  terms  will  disappear,  except 
a  few  derived  from  that  end  of  the  series  where  the  defect  of 
completeness  exists,  so  that  the  second  member  of  the  differen- 
tial equation  will  be  finite. 

Ex.17.    Let 

"■^      1.2*^+1.2.3.4*  1.2.3.4.5.6    *^' 

Here  u  =  Su«a^,  with  the  relation,        '. 

""""    m{m-l)    ""^ 
Of,  , 

and  we  observe  that  the  series  is  complete,  the  first  index  0 
being  a  root  of  m(m  -1)  =0. 

Hence,  the  differential  equation  will  be 

X>{D-l)u-{{D-2y-n'}^'u  =  0, 

of  which  the  solution,  expressed  in  terms  of  x,  is 

tt  =  c,  cos  {n  sin"'a;)  +  c,  sin  (n  sin"'^;). 

The  constants  must  be  determined  by  comparison  with  the 
original  series.     We  thus  find  c,=  1,  c,  =  0. 

The  following  is  a  species  of  application  which  is  of  frequent 
use  in  the  theory  of  probabilities. 

,  Ex.  18.    The  series 
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occurs  as  the  expression  of  the  probability  that  an  event 
whose  probability  of  occurrence  in  a  single  trial  ia  p,  and  of 
failure  q,  will  occur  at  least  a  times  in  a  4-  &  trials. 

Representing  the   series  within  the  brackets  by  u,  and 
5  g  =  «•,  we  have  u  =  SM.e"*,  where 


m«,  —  (m  +  a  —  l)  u,^  =  0; 
Hence,  we  shall  have 

i>u  -  (D  +  o  - 1)  e*«  -  -  ^^-^^^^^' «»  *>", 

Dr,  restoring  j, 

du_     a  a{a  +  l)...  (ix  +  h)     if 

dq      r^"""  1.2... 6  1-2" 

Integrating  which,  we  have 

■.■.(i-,)-ic-°''-;'2::.r"/>"-''"'^'- 

Uow  the  first  term  of  the  development  of  this  expression  ii 
eceoding  powers  of  g  will  be  C;  whence,  comparing  with  thi 
■racketed  series,  we  have  (7=1.  Substituting,  and  observinj 
hat  ^  =  1  —  {,  the  expression  for  the  probability  in  questioi 
■ecomes 

i--'°^-^'y-'°+"j;;^(i-,r., (* 


To  this  TTe  may  however  give  a  more  symmetrical  form. 
For 

JV (1-5)-' *;.(]■_"_£) 5- (l-,ri, 

_r(6+i)rw    I' 

by  a  known  theorem  of  definite  integration. 
Substituting  in  (a),  anJ  observing  that 

'        a(ffl  +  l)...(a  +  &)_    r{a  +  b  +  l)  - 

1.2...^  ''r{b+l)['{a)' 

.-.Goti'^le 
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or,  as  it  may  be  otherwise  expressed, 

probabiiity^^'.^:;^-?^^::^ 


The  peculiar  advantage  of  this  form  of  expression  is  tliat, 
precisely  in  those  cases  in  which  the  aeries  becomes  unmanage- 
able from  the  largeness  of  a  and  b,  the  int£$;ra1s  admit,  as 
La|>lace  has  shewn,  of  a  rapid  approximation  [Th/orie  Ana- 
lifUque  dea  Probability). 

Ex.  19.  The  function  (I  —  Sk  cos  w  +  v^""  being  expanded 
in  a  series  of  the  form  A„-^%  (^^  cos  to  +  Jt,  cos  2a  .,.  +  &C')> 
it  is  required  to  determine  A^ 

We  have 

(1  -  21-  cos  »  +  v^-  =  {1  -  ve-V(-i))-»  X  [1  -  ve^^^-"l-- 

Expanding  each  iaotor,  and  seeking  the  common  coefficient  of 
6™Vl-il  (mj  j-n.v(-y  in  the  product,  we  iind,  putting  i  =*  v', 

where  generally, 

ni(m  +  r)«„-  (m+n-l)  (m  +  n  +  r- 1)  m^,  =  0, 

while  «„  =  ^-^ '  g   • 

Hence  the  differential  equation  -will  be, 

i){i)+r)«-Ci)  +  n-l)(7)  +  n  +  r-l)e'«  =  0, 
or, 

(i)  +  n-l)(Z)  +  n  +  ?'-l)   .       . 

—^ i>(i)+.)    ■ — *'"'=*' 

it^ow  this  can,  by  Prop,  m,  be  reduced  to  the  form, 
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by  the  relations, 

u=  {D  +  n-l)...iD  +  l){D  +  n  +  r-l)...(I>  +  r  +  l)v, 

F=  {(/>  +  «-!)...(-»+ l)(i)  +  n  +  r-l)...(i)  +  r+l)j-'K 

In  determining  Kirom  tbe  latter  equation,  it  suffices  to  in- 
troduce  two  arbitrary  conetants,  one  from  each  of  the  two  sets 
ofinverse  operations.  The  final  solution,  in  the  obtaining  of 
which  tfaie  only  difficulty  'consists  in  the  reductions,  is 

■"rw,;W  (1-0- 

12.  When,  in  the  series  Stt^a^,  the  coefficient  w„  is  a 
rational  function  of  m  invariable  in  form,  the  summation  is 
most  readily  effected  in  the  following  manner. 

Let  the  series  be  2^  (m)  of ;  then  putting  x  =  ^, 

=  *{i>)S.- (25). 

Hence,  if  the  summation  is  from  nmO  to  m^  infinity, 
we  have 


o-cpiJ 

''l-«" 

but  if  the  summation  is  from 

m  =  atom 

=  b  inclusive, 

u-.t.(D) 

Ei. 

20. 

Her.  *(«•). J 

5:.' 

2.3.1     3 
m  +  1 

S.-- 

.(m-lXm 

-2)' 

-|lzr.-2(D-i)-+|(i>-2r}^. 

r  GtKl'^le 
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The  final  result  ia 

OenaraUzation  of  the  foregoing '  theory. 

13.  As  Propositions  I,  II,  III,  are  founded  solely  on  the 
particular  law  of  combination  of  the  symbols  D  and  e*,  ex- 
pressed by  the  equation 

/(i)}6-»w  =  €-»/{£> +m)w, 

they  remain  true  for  any  symbols  w  and  p,  whatever  their 
interpretation,  which  combine  according  to  the  same  formal 
law;  viz. 

/{Tr)/>"a  =  p-/(jr  +  m)K (26). 

Thus,  supposing  the  law  obeyed,  the  symbolical  equation, 
«+^W/)"«=F. (27), 

can,  by  Prop.  III.  considered  in  its  purely  formal  character, 
be  transformed  into 

v  +  f{tr)p'v=V. (28), 

by  the  assumption, 

The  corresponding  transformations  flowing  from  Proposi- 
tions 1.  and  II,  it  is  unnecessary  to  state. 

Now  the  law  (26)  is  obeyed,  not  alone  by  the  pure  symbols 
D  and  e*,  but  by  Certain  oombinationB  of  those  symbols.  Thus, 
if  we  assume 

the  law  will  still  be  obeyed.  And  the  importance  of  the 
remark  consists  in  thiSi  that  an  equation  which,  when  ex- 
pressed by  means  of  the  symbols  D  and  t*  is  not  a  binomial, 
may  assunie  the  binomial  form  for  some  other  determination 
of  TT  aiid />.      ,  . 

D,g,i,7?<iT,Google 
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If  in  (26),  we  make  m  =  1,  we  have  /{it)  pu  —  pf(ir:+ 1)  w, 
which  shews  that  p  may  be  transferred  from  the  right  to  the 
left  of/('7r),  if  we,  so  to  speak,  add  to  w  the  cuustaut  incre- 
ment 1.     This  then  su^estA  the  more  general  law, 

/{w)pu==pf(ir  +  Aw)u , (29), 

where  Air  represents  any  constant  quantity  regarded  as  an 
increment  of  tt.  In  connexion  with  this  theory,  the  following 
proposition  is  important. 

Prop.  Supposing  fix)  to  represent  a  function  which  a^nits 
of  expansion  in  ascending  positive  and  integral  powers  of  x, 
it  is  required  to  detxlope  /  (tt  +  p)  in  ascending  powers  of  p, 
■TT  and  p  being  s^/mbols  which  combine  in  sahjection  to  the 
law  (29). 

By  successive'  applications  of  (29)  we  have,  m  being  a 
positive  integer, 

f{ir)p''u  =  p'f{ir  +  mAtr)u (30), 

of  which  another  form  is  pf{ir) «  =/(t  —  mAir)  p'v.  Again, 
since  f(w+p)  is,  by  hypothesis,  espreestble  in  a  series  of  the 
form 

A^  +  A^(ir  +  p)  +  A,iir  +  py  +  &c 
ve  shall  have 

(ir  +  p)/(ir  +  p)-/(ff  +  p)  («■  +  /.) (31), 

for  either  member  becomes,  on  substituting  for /(ir  +  p)  the 
above  form, 

A,  {■7r  +  p)+  A,  (w  +  p)'  +  &c. 

Now,  let  the  form  of  the  unknown  and  sought  expansion 
of  f{ir  +  p)  iii  ascending  powers  of  p,  be 

/(''  +  />)-/.W  +/.  Wp+/,Wp'  +  A» -(32). 

the  subject  u  being  understood  though  not  expressed. 
Then,  by  (31), 

(ir  +  p)  S/-  (tt)  p'  =  S/.W  p"  C-JT  +  p). 
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But  ' 

(yr + p)  V-  W  P'  =  W-  ('t)  p' + tpf,  (w)  p' 

=  t-rrf^  {it)  p'  +  2/.  {it  -  Att)  p"", 
ia  whidi  the  coefficient  of  p"  is 

'rf.M+f^i-^-^^) (33). 

A^ia, 

s/,  w />■(«■+(>)- s/.  w  (>"''+ s/- w  f"" 

-  S/.  W  (it  -  uiAt)  p- +  2/.  (ip)  p—, 
in  which  the  aggregate  coeflGcient  of  p"  is 
/.("■XT-mATT) +/„(»). 
Equating  this  with  (33),  we  hare 

^.  (")  +A-.  (»■  -  A")  -  ('■-  <»A?f)  /-  ("■)  +/«  W' 

whence  ,  ,  . 


A»- 


■  (3*).  , 


if  we  define  ^f{tr),  not,  as  is  usual,  by_^{7r  + Aw)  —/{if),  but 
.^y  /{''■')  ~ /{'"''' ^'^)-  Tbs  above  equation  detenninea  the 
law  of  derivation  of  the  coefficients  f^  (w),  f^  (tt),  &c.  It  only 
remains  to  determine/,  (tt). 

That  f^  (tt)  =/('ir)  may  be  sbewn  by  induction  from  the 
particular  caaes  in  which 

/(x  +  p)  =  w\rp,     (it  +  pf,  &c 
OF,  with  more  formal  propriety,  tbus : 
Let  p,  =  np,  where  n  is  a  constant^ 

/W  ft -/ W  np  =  «/W  P 

^npf{v  —  ^ir)  ■■;- 

"Pt/iv-Av). 
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Comparing  the  first  and  laat  members,  we  see  Uiat  it  and  /), 
combine  according  to  the  same  law  as  ir  and  p. 
Thua  we  have    ■ 

/(«•  +  pj  =/«  W  +/,  W  p,  +/.  (^)  p,'  +  &c., 
^  ("■)>  ^  ("■)'  &'^-  heing  the  same  aa  in  (32), 
Or,  ' 

/(tt  +  np)  =/,  (tt)  +X  (w)  np  +/,  (w)  nV  +  &c.; 
so  that,  making  n  —  0,  we  ha.vef^  (tt)  =f(TT). 

Determining  then  the  successive  coefficients  by  (34),  we 
have  finally. 


1      A'/(^) 


p*  +  &c ,..  (35), 


^1.2.3   (Air)' 

wherein  it  is  to  be  remembered,  that 

A/(^)^/(^)-/(^-A7r) 
Att  Aw 

When  Ax=  0,  the  symbols  w  and  p  become  commutative} 
and  (35)  assumes  the  form  of  Taylor's  theorem. 

As  a  particular  application  of  the  above,  suppose  that  we 
have  given  the  trinomial  equation 

(J)*  +  aD  +  h)  u+  (cD+  e)  e'u+fi^u  =  0 (a), 

and  that  we  desire  to  ascertain  whether  this  can  be  tj-ans- 
formed  into  a  binomial  equation  by  assuming 

W  =  J  —  OT€*,      p  =  6*, 

assumptions  which  satisfy  the  law 

/Ct)p=-p/{^-H). 

Here  we  have  /)  ss  tt  +  mp, 

whence       /(fl)  ./« +  ^„^  +  l  ^)„y  +  &,;, 
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where  Air=l,  and 

Hence      U^  +  oB  +  h ^■n'  + air +  h -^  {2ir-l  + a) mp-i- my, 

cI>+e  =  CTr  +  e  +  cmp. 
Thus  (fi)  becomes 

{■n'  +  aw  +  b  +  (2w—  l  +  a)mp  +  m'p']  u 
+  (CTT  +  e  +  cm/>)  pM  +fp'u  =  0, 
or  w*  +  aTr  +  6  +  [(2m+c)w+m(o-l)+ejp+(m*+cm+/)p'=D, 

and  this  reduces  to  a  binomial  equation,  1st,  if  m  be  a  root  of 
the  quadratic  equation 

m*  +  cm+/=Q; 
2ndly,  if  it  be  possible  to  satisfy  simultaneously  the  equations 

2m  +  c  =  0,     m(a-  l)  +  e  =  0, 
equations  which  imply  the  condition 

2e-c(a-l)  =  0. 
The  discuesioD  of  the  binomial  equation  when  obtained  iQ- 
Tolves  no  difficulty. 

For  a  discuBsioo  of  the  general  trinomial  equation  of  the 
second  degree,  the  reader  is  referred  to  the  original  Memoir. 

Laplace^a  transformation  of  partial  differential  equations. 

14.     Laplace  has  developed  a  method  for  the  reduction  of 
the  partial  di£ferential  equation 

Br  +  Ss+n  +  Pp+Qq  +  Zz=U (36), 

U,  8,   7*,. . .  P"  being-  functions  of  x  and.  y,  which  is  deserving 
of  attention  from  its  great  generality. 

One  of  the  auxiliaiy  equations  in  Monge's  method  is 

Sdy*  -  8dx^  +  Tdx"  =  0. 
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Let  two  integrals  of  this  equation  be 

and  assume  two  new  variables,  f  and  i],  connected  vitb  w  and 
y  by  tlie  equations 

The  student  will  have  no  difficulty  in  proving  that  the  given 
equation  will  assume  the  fotm 

m,^^%*''%^^"'' '^''' 

L,  M,  N,  V  being  functions  of  |  and  ij.  The  theory  of  the 
reduction  of  this  equation  ia  theE  contained  in  the  following 
propositions : 

Isti  The  equation  (37)  may  be  presented  in  the  form 

Hence,  if  the  condition 

N-LM-^  =  0 (39) 

be  satisfied,  and  we  assume  (-,-  +X  )z=2',  we  shall  have 

The  solution  of  the  given  equation  is  then  dependent  on  that 
of  two  partial  differential  equations  of  the  first  order. 

2ndly,  Inverting  the  order  of  the  symbohc  factors,  the 
eqtiation  is  also  solvable  if  we  have 


•  («)- 


Srdly,  The  equation  {37)  can  be  transformed  into  a  series 
of  other  equations  of  the  same  form,  and  therefore  integrated, 
if,  for  any  of  those  equations,  the  conditiion  (39)  or  (40)  is 
satisfied. 


.m^gk 
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For,  expressing  it  id  the  form  (3S)i  let,  aa  before, 

(<^+^)"-- ("!• 

vhence  a ™  j,  , 

■which  ia  of  the  form 

z-A'^+Bz  +  a 

A,  B,  C  being  functiona  of  f  and  tf  SuWStatiiig  thisei- 
pression  for  z  in  (41),  we  have  a  result  of  the  form 

Thus  the  form  (37)  is  reproduced,  but  with  changed  coeffi- 
cients. Hence  the  equation  is  integrable  if  either  of  the  fol- 
lowing conditions  ia  satisfied,  viz. 

N'-L'M~^S^^>    N--L'M'-~  =  0 (43). 

of  017 

If  neither  be  satisfied,  the  process  of  transformation  may  be 
indefinitely  repeated,  and  should  an  equation  be  obtained  in 
which  either  of  the  relations  (4S)  ia  satisfied,  the  solution  may 
be  fotmd.  It  has  indeed  been  asserted  that  "  if  the  given 
equation  be  int^rable,  we  shall  finally  get  an  equation  io 
which  this  essential  condition  is  satisfied"  (Peacock's  Exant' 
pies,  p.  464).  The  state  of  our  knowledge  of  the  conditions  of 
finite  int^iration  does  not  however  warrant  this  confidence. 

A  discussion  of  the  equation 


9' 

Jf ...(«) 

Coi 

•"  1 
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by  Laplace's  method  is  givea  in  Lacroix  (Tom.  ir.  pp.  611 — 
614),  but  it  is  far  too  long  and  too  complex  to  find  a  place 
here.  The  beat  mode  of  treating  the  eqiiation  is  probably  the 
following.     Let  a  and  t  be  two  new  variables  connected  with 

X  and  y  hf  the  Unear  relations 

hx  +  hy  =  s,    y  +  mx  =  (, 

of  which  one  is  suggested  by  the  form  of  tJie  given  equation, 
while  the  other  is  adopted  in  order  to  put  us  in  possession  of 
a  disposable  constant  m.  Transforming,  and  making  in  the 
result  «  =  ^,  we  obtain  the  symbolical  equation 

[AD{D-\)+ED■^g]z■^^{B{D-\)+Fyz^-C^^z=^M...{h). 
in  which 

C  =  am*+6m+c,        £=M+/i,     F=em+f. 
The  equation  will  be  a  binomial  one,  if  m  be  determined  so 
a3  to  niake  G  =  0.     We  have  then 

am*  +  Am  +  c  =  0, 
vhile  the  symbolical  equation  (&)  becomes 

and  is  integrable  if  the  following  condition  is  satisfied,  viz. 

—s ^ZA — ^=  an  mteger  or  0. 

This  condition  will  be  found  to  Include  the  one  to  which 
Laplace's  method  leads. 

-  At  ihe  same  time  it  is  seen  that  the  equation  {b)  asBumes 
the  binomial  form  under  other  conditions  than  the  above; 
e.g,  if  we  liave  simultaneously 

B  =  0,    F^O, 
from  which,  by  elimination  of  m,  we  find 

f(2ah  +  hk)-e{fih  +  2ck)'=0. 

.-.Goti'^le' 
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This  condition  being  satisfied,  and  m  detenDined,  the  syst- 
bolical  equation  becomes 

and  is  tnt^rable  if  the  two  roots  of  the  equation 

Am{m-l)+Bm+ff  =  0 
differ  by  an  odd  integer.     There  are  probably  other  cases 
dependent  on  the  reduction  of  Art  (13). 

In  one  respect  Laplace's  transformation  possesses  a  gene- 
rality superior  to  that  of  all  others.  For  its  tentative  applica- 
tion fewer  restrictions  on  the  coefficients  of  the  given  equ&tiiw 
axe  necessary.  But,  that  the  application  may  succeed,  other 
conditions  seem  to  be  demanded  which  render  the  estimatiM 
of  the  tnie  measure  of  its  generality  difficult.  And,  in  par- 
ticular instances,  it  is  seen  that  it  is  less  general  than  the 
method  of  the  foregoing  sections. 

Misceltaneous  Notices. 

15.  Of  special  additions  to  the  theory  of  the  solution  of 
differential  equations  by  symbolical  methods,  the  following 
may  be  noticed. 

Ist,  Professor  Bonkin  has  shewn  that,  if /(x)  be  any  fiino- 
tion  capable  of  development  in  powers  of  x,  then  whatever 
may  be  the  interpretations  of  the  symbols  ir  and  p,  we  have 

f(p-^p)«-p-f{,-)pu (M). 

This  is  evident  firom  the  consideration  of  such  cases  as  the 
following : 

(p'^p)*  =  fT^irpfT'trp  =  p^'n^p, 

ip-^vp)-'  =  p-'v'  {p-')-'  ==  p"V>. 

We  are  thus  enabled  to  generalize  many  important  theorem& 

-^{^+*'^''=*'*M£)**'"" ^^^'     I 

{Cambric^e  Mathematical  Journal,  Snd  Series  VoL  V.  p.  10.)        , 
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Sndly,  Mr  Hargreave,  observing  that  the  symbolg  ^  and 

—  X  are  connected  by  the  same  laws  as  x  and  -y-  (the  ^roof 

of  this  will  afford  ao  exercise  for  the  student),  has  remarked 
that  if  in  any  differential  equation  and  its  symhoHc  solution  ve 

change  x  into  -j-,  and  -r-  into  —x,  we  shall  obtain  another 

form  accompanied  by  its  symbolic  solution.  (Philosophical 
TransacHoTis  for  1848,  Part  I.) 

Applying  this  law  of  duality  to  the  known  solution  of  the 
linear  differential  equation  of  the  first  order,  it  is  easy  to  shew 
that  the  equation 

w<l>(D)u  +  f(D)u  =  X 
has  for  its  symbolic  solution, 

«=[<^(Z>)Pfi*<»'^-'«-x<'"X (46), 

where  j^(D) ^  j ±i^^  dD, 

a  form  which  had  before  been  established  on  other  grounds 
{Philosophical  Magazine,  Feb.  1847).  Many  othef  illustratioDa 
of  the  same  law  will  be  found  in  the  memoir  of  Mr  H&i^reave 
referred  to. 

3rdly,  The  method  by  which  the  development  of /(tt  +  ^j) 
is  obtained  in  Art.  13,  leads  to  other  and  similar  results,  of 
which  the  following  is  among  the  most  interesting,  viz. 

the  coefficients  of  the  expaosion  in  the  second  member  follow- 
ing the  law  of  Taylor's  theorem,  and  the  function  F(x)  being 

equal  to  e'wi'/(a;).  {Cambridge  MathemaHcal  Journal,  lat 
Series,  Vol  IV.  p.  214.) 

The  last  theorem  enables  us  to  integrate  at  once  any  equa- 
tion of  the  form 


fhi)" 
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where  ■?*(*)  is  a  rational  and  integral  function  of  x.    For  let 

/(.)=..-'Sy(.)=(i_^l^+jL^i|,_fc)fW, 

an  expression  always  finite  under  the  conditionfi  supposed, 
Then  the  given  equation  assumes  the  form 

where  7r»jr-f  j^  >  ^■^'^  ™^7  '^  treated  by  the  method  of  the 
last  section. 

Other  examples  of  the  expansion  of  functions  whose  symbok 
sire  non-commutative— some  of  them  admitting  of  a  aimilar 
application — will  be  found  in  the  memoir  of  Professor  Donkin 
above  referred  to,  and  in  an  interesting  memoir  by  Mr  Broii- 
win  {Cambridge  Mathematical  Journal,  VoL  lii.  p.  36). 

.  4thlyi  Mimy-  important  partial  differential  etjuations  of  the 
second  order  admit  of  reduction  to  the  form 

dudv^     du^^     . 

dx  dtf     dy  dx       ' 
whence  an  integral  «=/(»)  may  be  deduced.     Thus  the 
equation 

(||--^f)(-i-|'-(f^|).-*--«.. 

where  ^  and  ^  represent  any  given  functions  of  j:>  and  q,  may 
be  expressed  in. the  form 

dv  dy  dy  dx  ' 

whence  ^~x-<BF(^  —  y')  is  a  first  integral  Mainardi  has 
shewn  that  nearly  all  the  equations  which  occur  in  Monge's 
Application  de  C  Analyse  d  la  QiomMrie,  admit  either  of  the 
above  reduction,  or  of  a  purely  symbolical  mode  of  solution. 
{Tort>Mni.  Vol  v.  p.  161.) 

Sthly,  The  Author  is  indebted  to  Mr  Spottiswoode  of  Oxford 
for  an  interesting  communication  on  the  laws  of  combination 

of  symbols  which  are  at  the  same  time  linear  with  respect 
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to  -3-,    -5-,  &c.  aikd  liaear  with  respect  to  x,  y,  &c.     The 
following  is  one  of  the  results.    If,  assuming 
d         d        ,        d         d 
'        dx    "  dy         *    "  dx        dy 
a,  partial  differential  equation  can  be  presented  in  the  form 

on  the  assumption  that  T-  and  t- operate  only  on  the  subject  m, 

tlien  it  can  be  expressed  in  the  form  ^(tt,,  it  )  w  =  0,  indepen- 
dently of  such  re8tricti"ve  hypothesis.  It  might  be  added,  that 
all  such  equations  are  reducible  to  equations  with  constant. 


log(^4-rt<.a.Mogg±|)'=y. 

To  the  above  might  be  added  many  other  special  deductions, 
isolated  now,  but  destined  perhaps,  at  some  future  time,  to  be 
emtHuted  in  the  unity  of  a  larger  theory". 


EXERCISES. 

1.  Integrate  j^  -73  +  ^-j —  g^3?u  =  0. 

2.  Integrate  (ai' -  aO^- (a; +.  3^^ +(l-a;)u=0;' 

3.  Riccati's  equation  is  reducible  to  the  form 

dor 
Hence  investigate  the  conditions  of  integiabiUty. 

The  ajmboUoftl  form  U  »+  ^-y^ — ^  ^»iVt »  =0 ;  and  this  may  dtber  b« 
rednoed  directly  bji  Prop,  uc  'to  a  form  iutegiable  by  Prop,  i,  or,  by  aammin^ 
(n+2)S=2^,iioiiveTtedmtoBpartiauIar  caseot  Art.  7iii  tbeChi^tw.     .    . 


[cH.  ivn. 

4.  The  equation  ^  +  -3i  +  ^*  =  0i8  integrable  in  finite 
terms  if  a  is  an  even,  number. 

5.  The  equation  -r^  +  —  -j-  =  ftaTu  is  integrable  in  finite 

tenus  if  m  =  —  .        ■ ,  where  t  is  a  positive  whole  number 
or  0. 

6.  The  more  general  equation 

tPu     ^  ^  _  A  ■  ,  £.^ 
(Zr*     adx     \  x*J    ' 

which  includes  the  above,  is  inttgrable  in  finite  terms  if 

t  being  a  positive  whole  number  or  (t.    (Malmsten,  Cambridge 
MathematicalJoumal,  2nd  Series,  VoL  V.  p.  180.)    Verifythb. 

7.  As  an  illustration  of  the  theory  of  disappearing  factors, 
integrate  the  equation 

+  {{a+l)qx-bilu=0. 

8. ,  The   equation   (1  —  aa^  -r^— fra;-^—  cy  =  0  is  inte- 
grable in  finite  terms  in  the  following  three  cases ;  viz. 

1st,  If  -  is  an  odd  integer ; 

2ndly,  If^Jfl J  +  — [is  an  odd  integer; 

's,a,,K^^{(°-t)l^},»|V{(.-|)V-t), 

IS  an  even  integer.  
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9.  Integrate  the  partial  differential  e<iuation 

^?     d}^     xdx 

10.  The  partial  difierential  equation 

is  integrable  in  finite  terms  if  &  =  -.        .    {Legendre.    See 
Laeroix,  Tom.  u.  p.  618.)     Verify  this. 

11.  Shew  that  the  sum  of  the  series 

1.2...na;  +  2.3...(n  +  l)a^...+;p(p  +  l)...(j) +  «-!)«' 
may  be  expressed  in  the  form 


12.    Sum  the  series 


13,     The    equation     {a  +  bx)^+{/+ffw)  ^  +  n3u  =  0 

is  integrable  in  finite  terms  if  n  is  an  integer. 

AppI?  the  methcxt  of  Ait.  13  to  rednee  the  Bymbolioal  equation  to  a  hino- 
mialfoim.     Ot  tktamie  a  +  bx=t. 


14.     The  differential  equation 


can  be  integrated  in  finite  terms,  whatever  function  of  a;  is 
represented  by  Q.  [Curtis,  Cambridge  MathematicalJoumal, 
VoL  IX.  p.  280.) 

D,o,i,7.<iT,Google 


460 

EXERCISES. 

\P. 

The 

equation 

[1. 

^«)'«*.^.-'"f-;»«-o. 

■•-'"■ 

^)%/<.-„.|.'.™'V^'|u=0. 

■ay 

/«.u*|.v"f7"j^» 

=  0. 

Let 
qUpte 

^«i.„ 

^v  I  then  compue  the  lesulting  form 

Tith 

Bi. 

[CH.  iTlt 


15.  Shew  generally  that,  if  we  can  integrate  the  equation 

/(^)„++(.)..jr, 

we  can  integrate  /  (-r-  +  Q]u  +  ^{x)u  =  X. 

16.  We  meet  the  equation 

^y     l-3c'  rfv 1_    _  n 

in  the  theor?'  of  the  elliptic  ftmctionB  (Legendre's  modular 
equation).  Sfaew'that  it  ia  not  integrable  in  finite  tenns,  but 
is  integrable  in  the  form  y  =  A  +  £  log  c,  where  A  and  B  are 
series  expressed  in  asceni^ng  even  powers  of  c. 

17.  Prove  the  following  generalization  of  Prop.  ni. 

18.  Prove  the  following  Bfall  more  general  theorem,   - 
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CHAPTER  XVIIL 

SOLUTION  OF  LINEAE  DIFFERENTIAL  EQUATIONS  BT 
DEFINITE  INTEQltALS. 

1.  The  solution  of  linear  difFerential  equations  by  definite 
integrals  waa  first  made  a  direct  object  of  inquiry  by  Euler. 
His  method  consisted  in  assuming  the  form  cf  the  definite 
integral,  and  then,  from  its  properties,  determining  the  class 
of  equations  whose  solution  it  is  fitted  to  express.  Laplace 
first  devised  a  method  of  ascending  from  the  differential 
equation  to  the  definite  integral.  And  Laplace's  is  still  the 
most  general  method  of  procedure  known.  Its  application  is 
however  not  wholly  free  from  difficulties,  due  jmrtly  to  .the 
present  imperfection  of  the  theory  of  definite  integrals,  partly 
to  an  occasional  failure  of  correspondence  in  the  conditions 
upon  which  continuity  of  form  la  the  differential  equation 
and  continuity  of  form  in  its  solution  depend.  Indeed  it 
ought  never  to  be  employed  without  some  means  of  testing 
the  result  a  posteriori,  e.  g.  by  comparison  with  the  solution 
of  the  proposed  differential  equation  in  series.  Frequently 
indeed  it  is  possible  to  deduce  the  solution  in  definite  inte- 
grals from  the  solution  in  series  without  epiploying  Laplace's 
method  at  all. 

Laplace's  method  is  applied  with  peculiar  advantage  to 
equations  in  the  coefficients  of  which  x  enters  only  in  the  first 
degree,  and  of  which  the  second  member  isO.  Expressing 
any  such  equation  in  the  form 


''*{ih+•^(£)'"'0■ •••••••«■ 


■we  must  assume 


w=Je' 


jf  being  a  function  of  t,  the  form  of  which,  together  with  the 
limits  of  integration,  must  b^  determined  by  substituting  the 

;lc 
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expres^oa  for  u  in  the  proposed  differential  equation.  Effectr 
ing  this  substitution,  we  have  a  tesult  which  may  be  thui 
expressed, 

or,  ^ce 

jx^i»{t)Tdt+j^^^(t)Tdt  =  0 (2). 

Of  this  however,  the  first  term  is,  by  integration  by  parts, 
reducible  to  the  form 

Thus,  (2)  assumes  the  form 

«-^(()r-j',"{^»(<)r]-+ti)r}a=o (3), 

and  will  therefore  be  satisfied,  if  we  make 
^•t,  (t)  T-  0, 

The  former  of  these  equations  has  reference  only  to  the 
limits ;  the  latter,  expressed  in  the  form 

gives  on  integration, 

and  determines  Tin  the  form 

CkUar 
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Thus,  we  have 

^■*; W' 

tlie  limits  of  integration  being  determined  by  the  equation 

.•"/»". 0/. '. (5). 

Should  this  equation  have  n  distinct  roots,  these  may 
evidently  be  so  disposed  as  to  give  n  —  \  distinct  particular 

integrals. 

Such  is  the  general  statement  of  Laplace's  method.  Applied 
to  an  equation  in  the  coefiBcientp  of  which  the  highest  power 
of  a!  involved  is  the  n^,  it  would  make  the  determination  of 
T  depend  on  the  solution  of  a  differeuUal  equation  of  the  »* 
order.  Other  practical  limitations  may  be  noted.  For  in- 
stance, the  method  is  only  directly  applicable  to  the  expression 
of  integrals  which  produce  on  development  series  of  a  certain 
form.  Thus,  if  we  develope  the  exponential  in  the  assumed 
expression  for  «,  we  have 

■      tt  -  J  rrf(  +  xlTtdt  +  ~  Indl  +  &c, 

an  expansion  in  which  positive  and  integral  powers  of  x  alone 
present  themselves.  Integrals  of  different  forms  may,  however, 
by  preparation  of  the  differential  equation,  be  brought  under 
the  dominion  of  the  method.  These  and  other  points  we  pro- 
pose to  illustrate  by  the  detailed  examination  of  a  special  but 
very  important  example,  particular  fonns  of  which  are  of  vety 
frequent  occurrence  in  physical  inquiries.  We  shall  first,  in 
accordance  with  what  has  above  been  said,  determine  the 
different  kinds  of  solution  in  series  of  which  the  equation 
admits.  This  part  of  the  investigation  is  intended  to  be 
supplementary  to  Art.  9  of  the  last  Chapter. 

rfw       ,  _ 
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Sotuiions  ewpressed  hy  Series. 
2,    The  symbolical  form  of  the  above  eqaation  is 


Hence,  if  an  integral  be  expressible  in  the  form  2i^, 
the  law  of  formation  of  the  coefficients  w_  will  be 


••(?). 


-     m(»  +  »-l) 

while  the  lowest  value  of  m  will  be  0,  or  1  —  o.  Thus,  escepi 
in  a  particular  case  to  be  noticed  hereafter,  the  complete  in- 
tegral will  be 

'--^''  +  2ffi)+2.4(a|'l)(»  +  3)  +  '^' 

The  two  series  in  the  general  valtie  of  u  are  evidently  con- 
vei^ent  for  all  values  of  x.  As  this  question  of  the  conver- 
gency  of  series  is  sometimes  important  in  connexion  with  the 
solution  of  differential  equations,  the  reader  is  reminded  that 
according  as,  in  the  series  of  terms  or  groups  of  terms 

«„  +  B,  +  M,  +  &c., 
the  ratio  — -  tends,  when  n  is  indefinitely  increased,  to  a 

limit  less  or  greater  than  unity,  the  series  is  convergent  or 
divergent ;  when  the  ratio  is  less  than  unity  but  tends  to  unity, 
we  must  apply  a  system  of  criteria  developed  by  Professor  De 
Morgan  {Differential  and  Integral  Cahuhts.y.  325*). 

*  That  this  ejaieta  yirtBally  incladen  prenona  «peoial  reenlta  hu  ben 
proved  by  Bertrand  [Lioaville,  Tom.  vii.  p.  85) ;  XhAt  it  ii  a  legitimate  deve- 
lopmetit  oF  the  ftrndamentftl  principles  of  Ckuohy  luu  been  MtaUitlud  kf 
FuokBi  {CrtUt,  Band  slii.  p.  138). 
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When  a  ia  an  odd  integer,  the  general  integral  will  involve 
a  logarithm.     lu  particular  if  a  =  1,  we  shall  have 

u  =  a^  +  a,x*  +  a,x'  +  &&  +  log  x  (f ,  +  6^'  +  h^x*  +  &c} . . .  (9), 

0,  and  &,  being  arbitrary  constants,  and  the  succeeding  coeffi- 
cients determined  by 

m'a«  +  2m6„  -  q^a,^  -  0,     m'i„  -(('*„_,=  0 (10). 

The  symbolical  equation  (6)  indicates  by  ita  form  that 
there  are  no  solutions  expressible  in  descending  powers  of  x, 
and  infinite  in  one  direction  only — i.e.  beginning  with  some 
Unite  exponent,  and  presenting  a  series  of  exponents  thenc«t 
descending.  But  the  equation  may  be  transformed  so  aa  to 
admit  of  a  solution  of  this  kind.  For,  assuming  w  =  e^v, 
we  shall  have 

x^+ia--2qx)^-aqv  =  0, 

and  of  this  the  symbolical  form  will  be  found  to  he 

B {D  +  a~l)  V -mD  +  ^-l)e'v  =  0 (11); 

whence,  if  «  be  developed  in  a  series  of  the  form  Xv^",  the 
law  of  derivation  of  the  coefficients  will  be 

'  .«Cm  +  <i-l)tf«-22{nt  +  |-I)i;«_,  =  0. 

It  follows  froni  this  that  there  will  he  two  ascending  and 
Convergent  series  for  p,  and  oiie  descending  and  divei^nt 
series.  The  law  of  the  latter  series  ia  by  changing  m  into 
m+ 1,  more  conveniently  expressed  in  the  form. 


2q(m 
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Hence,  the  first  exponent  will  be  —  ^,  and  the  ultimate 
value  of  u  will  be 

.<    id-')  i(i+')(i-0(i-^)     ) 

If  we  assume  m  =  ^v,  and  proceed  as  above,  we  sball  obtain 
for  V  the  symboKcal  equation, 

iJ(i)  +  a-l)t.  +  22(D+|-l)e«B  =  0 (13), 

and  as  this  differs  from  tbe  previous  equation  for  v,  only  bj  a 
change  of  sign  affecting  q,  we  at  once  deduce  a  second  value 
of  u,  in  the  form 

the  terms  "within  the  brackets  being  alternately  positive  and 


Both  the  descending  series  are  finite  when  a  is  an  even 
integer,  and  though  for  all  other  values  of  a  they  are  infinite 
and  ultimately  divergent,  yet  if  a;  be  lai^e  they  begin  with 
being  convergent,  and  may  under  certain  circumstances  be 
employed  for  numerical  calculation. 

Thus,  we  have  obtained  two  solutions  expressed  in  asceDd- 
ing  series  always  convei;gent,  and  two  s<wutions  involving 
series  expressed  in  descending  powers  of  x,  and  ultimately 
divergent. 

As  concerns  the  convergent  series  for  v,  derivable  from  the 
transformed  equations  (11)  and  (13),  we  may  remark  that 
when  multiplied  by  tbe  developed  eifponentials,  they  will  only 
reproduce  the  convergent  series  for  u  already  obtained  in  (8). 

One  observation  yet  remains.  We  have  seen  that  each  of 
the  assumptions  m  =  ^v  and  u  =  e"*'i'  transforms  the  proposed 
differential  equation  into  another  of  which  the  solution  in  a 
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descending  series  is  finite  when  the  ^ven  equation  admits  of 
finite  integration.  This  species  of  transformation  is  frequently 
possible.  To  accomplish  it  we  must  assume  u  =  Qv,  the  form 
of  Q  being  determined  by  the  solution  of  that  differential 
equation  upon  which,  by  Props,  li.  and  ni.  Chap.  XVIL,  the 
solution  of  the  proposed  equation,  when  possible  in  finite 
terms,  is  dependent 


Solution  of  the  Equation  ly  Definite  Jntegrah. 
3.     Comparing  the  proposed  equation, 

"d^  +  'iH-'f'"''' <"'■ 

with  the  general  form  (1),  we  have 

, fd\      ^        ,       , fd\         d 


therefore  J^!^  =  «  log  (*■  -  j*). 

Substituting  these  values  in  (4),  we  have 

v=c{^if~ff'^dt (16), 

while,  for  the  limits  of  integration,  (5)  gives 

Hence,  supposing  a  positive,  and  confining  our  attention  for 

the  present  to  the  factor  (^  —  g')' ,  which  alone  determines  t  in 
perfect  independeoco  of  x,  we  find  t=  ±q.    Thus, 

u=CJ\"{e~q'f''dt. 
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AEBuming  then  t  —  qmsff,  and  changing  the  sign  of  the. 
arbitrary  constant, 

u=cj'^"'{eiaff)'-^de (17), 

and  this,  as  Us  form  suggests,  and  as  ve  shall  hereafter  shew, 
is  an  expression  for  the  particulax  integral  represented  by  the 
first  convergent  series  in  the  general  value  o£  u,  given  in  (8). 

To  deduce  another  integral,  let  us  in  the  symbolical  equa- 
tion (6)  iissume  u  =  e''^**i;.     We  find 


,.(18). 


(B+l-a)D' 

Hence,  a  value  of  v  may  be  determined  from  that  of  m  by 
chan^g  o  —  1  into  1  —  a;  i.  e,  by  changing  a  into  2  -  a. 
Thus  we  have,  for  the  second  particular  integral, 

«  =  C^"*  f 'e"™'  (sin  ff)'^d0, 

provided  tluU  2  — a  he  positive. 

Hence,  if  &  lie  heticeen  0  and  2,  we  have  for  the  complete 
integral, 

«=ciV™»(sih^'-W5+(7^-'fV™»(sine/-(a?...{19)." 

If  a  e=  1,  the  tWo  particular  integrab  in  the  above  expression 
meige  into  one.  Tp  deduce  the  true  form  of  the  general 
int^al,  we  may  proceed  thus, 

u=re«'™*(C,(8in^)-'+  C^{xamff)^-'}de, 

-jI^-*{a  (sin^r+^t-"^)'";-jf"^q.fg, 

on   replacing    C.  and    C,  by  two  new  arbitrary  oonstonb, 
A  BJiiS. 
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Now  when  a  =  1,  we  find  by  the  usual  mode  of  treating 
ranifiliing  fractioDS, 

(sin 5)'"* -{a; sin ^'""     ,      ,    ,  .    „,, 

-_\ '—-  =  log  [a;  (sin  ff}']. 


«=l  ^"^*[A  +  B\og[x{sme)']]dff (20). 

,   This  is  the  complete  integral  of  the  equation 

«S+S-^^=»-^ ^!^^. 

and  a  similar  form  exists  for  all  cases  in  which  a  is  an  odd 
integer. 

4.  We  proceed  to  the  cases  in  which  a  is  fractional  and 
does  not  lie  between  the  limits  0  and  2.  By  the  application 
of  Props.  IL  and  m.  Chap,  xvii.,  this  case  can  be  reduced  to 
the  case  in  which  a  does  lie  between  the  limits  0  and  2. 
First,  suppose  a  negative ;  then  we  may  assume  a  =  d  —  2n, 
where  a'  lies  between  0  and  2,  and  n  is  a  positive  integer. 
In  this  case,  the  fii-at  term  of  (19)  will  need  transformation. 
Now  the  symbolical  equation  (6)  becomes 


"     ~D{D  +  a' 

-2„-l)' 

"u-0. 

■   Hence,  if  we  assu 

line 

V- 

.■-.,<""■ 

-0. 

we  shall  have 

u={D  +  a'~ 

\){D. 

+  a'-3) 

...{D  +  a- 

2»  +  l)., 

=(«l-- 

-.)(, 

i-'- 

U'i 

+  o'-2n  +  l)»...| 

in  which 

■  «= 

.0,  ['«'•«"•  (sin  »)"•- 

•^d& ( 

.(22). 
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And  this  particular  expression  for  u  mast  re^ace  the  first 
term  in  the  general  value  of  u  given  in  {19).  The  diffa^D- 
tiations  may  obviously  be  performed  under  the  integral  siga 

As  a  particular  illustration  suppose  a  to  lie  between  0  and 
—  2,  then  n=l,a  =  a'  —  2,  whence 


The  particular  value  of  u  which  must  replace  the  first  tenn 
in  the  general  value  (19)  will  therefore  be 


-<{' 


^  +  o  +  1  j  ««»«•*  (sin  ^"+1  d 


Effecting  the  difierentiations,  and  Bubstituting  in  (19),  ve 
have,  for  tie  general  value  of  u, 

+  C^-o  J  V«"'  (sin  ff)^-'  d8. 
Secondly,  when  a  is  greater  than  2,  the  assumption 

in  effect  converts  a  into  2  — a.  Compare  (6)  ajid  (18).  In 
effect,  therefore,  it  converts  a  into  a  negative  quantity,  and 
reduces  the  present  case  to  the  preceding  one. 

It  remains  only  to  notice  that  when  a  is  an  even  int^er, 
the  complete  integral  is  expressible  in  finite  terms.  Chap. 
xvn.  Art.  3. 

Collecting  these  results  together,  we  see  that,  according  as 
a  is  an  even  integer,  a  fraction,  or  an  odd  integer,  the  complete 
integral  is  expressible  in  finite  terms,  or  by  definite  int*irals 
producing  on  development  two  algebraic  series,  or  by  denaite 
integrals  producing  on  development  two  series,  one  of  whidi 
ia  multiphed  by  the  foctor  log  a:.  We  propose  before  going 
fiirther  to'  verify  these  results, 
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Verification. 

5.  If  in  the  aolution  (19),  we  develope  the  exponentials, 
and  for  brevity  write 

we  shall  have 

the  summation  denoted  by  S  extending  to  all  positive  inte- 
gral values  of  m,  from  m  =  0  to  n»  — oo.  Thus  the  general 
value  of  M  is  expreaaed  by  two  series,  whose  equivalence  to 
the  series  given  in  (8)  it  remains  to  establish. 

Now,  when  m  is  odd,  J„=0,  B^  =  0,  the  positive  and 
negative  elements  in  each  integral  mutually  destroying  each 
other.    A^in,  by  a  known  formula  of  reduction, 


^—^f(cos0)'^{s\iie)''d0. 


Supposing  the  limits  0  and  w,  the  term  free  from  the  sign 
of  integration  vanishes  at  each  limit  when  n  is  positive,  and 
we  have,  changing  n  successively  into  a  —  1  and  l  —  a, 

A^=    *?"\^^.     B„=    "^7^     B^ (26). 

Now  let  the  coefficient  of  *"  in  the  fiist  series  in  (25)  be 
represented  by  »„,  then 


1.2...(m-2)' 


'  1.2...m        ^        ' 
"^     i£'^m(TO-lM™-."m(m  +  a-l)  ^^  ^^^^' 
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Now  this  is  the  law  of  the  coefiGcientB  assigned  in  (7). 
And  juBt  in  the  same  way  may  the  second  series  in  (25)  be 
verified.  Thus  the  development  of  the  general  solution  (19) 
produces  the  two  convergent  series  of  the  solution  in  Art.  2. 

The  verification  of  the  solution  (20),  though  somewhat 
more  difficult,  may  be  effected  on  the  same  principles. 

Developing  the  exponential,  and  assuming 

j  '(cos  ^"  (W  =  £„     ['(cos  ^"  (log  sin  ^  tW  =  J?",, 
we  shall  have 

the  summation  extending  to  fill  even  lateral  values  of  m, 
from  m  =  0  to  m  =  00 . 


;)j-^  +  log:.Sy^j-«-...(2J), 


Now  it  may  be  shewn  that 


and  it  will  he  found  that  these  relations  establish,  for  the 
coefficients  of  the  series  involved  in  (27),  the  same  laws  of 
successive  derivation  as  are  assigned  in  (10). 

The  verification  of  the  solution  (22)  involves  no  difficult- 

Sblutwn  hy  Definite  Integrals  resumed, 
6.    In  Art.  S,  we  found  for  the  equation  of  the  limits, 

«"(f-jO'-0 (29), 

from  which,  in  order  to  determine  the  limits  in  perfect  in- 
dependence of  X,  we  rejected  the  factor  e°*.  In  the  discussion 
of  the  same  problem  in  the  great  work  of  Petzval*,  now  in 
course  of  publication,  that  factor  is  retained,  giving,  according 

■  InttffTation  der  Uneartn  Biffertntialgleichangen  mit  CoiataMm  vni 
veritiderlichan  Cotjieienten.  [The  Beooud  Tolnme  conolndiiig  the  yrozk  *u 
pnbHabed  in  1869.] 
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aa  a:  18  positive  or  negative,  the  additional  limit—  co  or  co . 
And  thus  the  following  solutions  are  arrived  at,  viz. : 

u=cA''^{e-f}^'dt-vcJ^^{f~qY'Ut (30), 

when  X  is  positive,  and 

tt=cS£^if-qy"dt+cJ  ^(e-q^^'^dt (31), 

when  X  is  negative.  It  will  be  observed  that  it  is  in  tbeir 
second  terms  that  the  above  expressions  for  «  differ  from  the 
expression  given  in  (19),  and  the  question  arises,  what  do 
those  second  term^  really  represent?  We  propose  here  to 
consider  this  question. 

Supposing  X  positive,  we  have  to  examine  the  term 

Now  this  expression,  on  assuming  t  =  —  q[l  +  6],  so  as  to 
make  the  limits  of  integration  0  and  oo ,  and  perfoiming  re- 
ductions affecting  only  the  arbitrary  constuit,  becomes 

or,     Ce-"j'e-^{20  +  $'y~^d$ (32). 

It  is  easy  to  see  that  this  cannot  produce  either  of  the  par- 
ticular integrals  represented  by  ascending  developments  in  (8). 
For,  if  we  develope  the  exponential  under  the  sign  of  inte- 
gration, the  coefficient  of  oT  in  the  factor  represented  by  the 
definite  integral,  will  be 


i^/.'*"''*^^'"''''- 


But,  m  and  a  being  positive,  it  is  manifest  that  the  expres- 
sion is  infinite,  .   -    . 


474  SOLUTION  BY  DEFUJITE  [CH.  XWl. 

We  maj,  however,  expand  the  definite  integral  in  descend- 
ing powers  of  x.  Developing  the  binomiid  in  ascending 
powers  of  6,  and  integrating  by  the  well-known  theorem 


/:■ 


_rM 


a 


(32)  assumes  the  form 

Now  observing  that  rf^  +  lj=5r  („)  &c.,  substituting 

and  merging  the  common  factors  in  the  arbitrary  constant 
we  have 

I'  +  ^^  + 1.2.C2,;.)* +  ■S«-)-(3S). 

which  agrees  with  (12).  Exactly  in  the  same  way  Petzval's 
second  integral  for  the  case  in  which  x  ia  negative,  represents 
the  other  descending  and  divergent  series  (14). 

7.  We  thus  see  the  true  nature  of  the  distinction  between 
Petzval's  form  of  solution  and  those  obtained  in  Art  S. 
The  latter  represent  the  two  converging  and  ascending 
series  derived  immediately  firom  the  differential  equation. 
The  former  represents  one  of  those  series  accompanied  by 
the  divergent  series  derived  from  a  transformed  differential 
equation* 

*  SpitzBr,  m  a  reoenl  Memoir  in  Ctelle's  Joanuil  {Vol.  ur.  p.  SBO),  shew 
that  iFhen  the  ooefflcients  of  the  di&ereutiAl  eqnatioD 

Batisfy  the  condition  %^-'iiifii=i,*,  the  aolntioa  vill  be 

D,r,i^-<i.,Google 
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It  is  knowQ  that  in  the  employment  of  divergent  series  an 
important  distinction  exists  between  the  cases  in  which  the 
terms  of  the  series  are  ultimately  all  positive,  and  alternately 
positive  and  negative.  In  the  latter  cqse  we  arc,  according  to 
a  known  law,  permitted  to  employ  that  portion  of  the  series 
which  is  convergent  for  the  calculation  of  its  entire  value. 
Now,  a  being  positive,  the  series  (12)  assumes  this  character 
when  X  is  positive,  the  series  (14)  when  x  is  negative.  But 
these  are  precisely  the  cases  in  which  these  series  are  repre- 
sented by  Petzval's  integrals. 

When,  for  the  calculation  of  an  element  dependent  on  the 
solution  of  a  differential  equation,  ascending  and  descending 
series  are  both  employed  (the  former  for  small,  the  latter  for 
large  values  of  the  independent  variable),  it  is  necessary  to 
determine  the  connexion  of  the  constants.  For  this  purpose 
the  expressions  of  the  series  by  definite  integrals  may  be  of 
importance.  On  this,  and  on  other  points  connected  with  this 
sumect,  the  reader  is  referred  to  two  most  instructive  Memoirs 
by  Pro£  Stokes*,  in  which  some  of  the  equations  of  this  chap- 
ter aje  applied  to  physical  problems. 

Ihrtial  Differential  Equations. 
8.     Some  of  the  most  interesting  applications  of  the  above 
method  occur  in  the  solution  of  partial  differential  equations. 
The  following  is  an  example. 

Ex.     Bequired  the  most  general  solution  of  the  equation 
d^u     (fu     tfw     . 

and  the  limits  are  given  b; 

(-i7iFi=0. 

The  dednotion  of  this  as  a  limiting  eate  of  the  general  lolution  may  aerre 
08  an  exBTDisa  to  the  student.  It  irill  be  proper  to  asBume  a^+,b^=v  as  the 
independent  variable. 

Bpitzei  expresses  surprise  tbat  Fetzval  has  not  arrived  at  the  above 
Bolntion.  We  see  however  that  it  has  no  proper  place  in  Petzval's  aotnal 
soheme. 

*  On  the  Ntmerical  Caleulation  of  a  Olaa  of  Definite  Integrate  and  It^fi- 
nite  Stritt.     Cambridge  PUlaiophieal  ZVanioetiona,  Vol.  n.  Fart  i.  p.  IflS. 

Oft  the  Effect  of  tlie  ItUmial  FrUtUm  of  Muidi  <m  the  Motion  of  Pendulum. 
/(rfd.  Part  n.  p.  8. 

D,o,i,7.<iT,Google 
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which  can  be  expressed  in  terras  of  a  and  r,  supposiDg 

This  equation,  with  its  supposed  condition,  presents  itself 
in  the  problem  of  determining  the  attraction  of  a  solid  of  revo- 
lution on  an  external  point,  and  in  the  problem  of  the  motjon 
of  an  incompressible  fluid,  disturbed  by  the  motion  of  a  solid 
of  revolution  iu  the  direction  of  the  axis  of  revolution  ». 

The  transformed  equation  is  easily  found  to  be 

'■s^+3;+'-s=-» t'*'- 

Now  the  solution  of  the  equation 


=/: 


>«• '  ^(-'1  [A+B  log  [r  (lin  »)•)]  de. 


tioDS  of  «,  we  have,  for  the  solution  of  (34), 

„  _  j','"'i'/n  y,  (j)  +  ^  (j)  log  (,  (.in «)■)]  dS,  ■ 
or,  by  the  symbolical  form  of  Taylor's  theorem, 
U=j'i,{z  +  reoa0^{-l)].d0 

Such  is  the  complete  integral. 

,  In  all  physical  problems  involving  partial  differential  equa- 
tions the  determuiation  of  the  arbitraiy  functions  90  as  to 
satisfy  given  initial  conditions  is  a  matter  of  great  importance, 
and  sometimes,  where  discontinuity  presents  itself  of  great 
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difficulty.  But  though  some  geDeral  principles  might  be  stated, 
the  subject  is  best  studied  in  the  concrete  appUcatiou. 

In  applying  the  above  solution  to  the  problem  of  attraction 
it  is  required  to  determine  the  arbitrary  functiooa  so  that  when 
r  =  0  we  should  have  ii  =  i^(«).  Now,  since,  when  r  =  0,  logr 
is  infinite,  it  is  necessary  to  suppose  ^  (z)  =  0.    We  have  then 

Thus  the  solution  under  the  proposed  limitation  becomes 

u^y  J'f{z  + rooa  6  >/{-!)]  d0. 

ParsevaXs  Theorem. 

9.  Equations  whose  symbolical  form  is  binomial  generally 
admit  of  solution  by  definite  integrals.  FfafTs  equation  hak 
thus  been  treated  by  Euler.  (Lacroix,  Tom.  iii.  p.  529.)  The 
very  beautiful  theorem  of  Paraeval,  which  makes  the  limit  of 
the  series  AA'  +  BB'  +  GC  +  &c,  dependent  upon  the  limits 

of  the  series   ^  +  5u  +  Cu"  +  &c   and  ^'  +  —  +  -j  +  &c., 

should  be  noticed. 

Suppose  that,  for  all  Talues  of  «,  real  and  unaginary, 

Then,  multiplying  the  equations  together, 

AA'  +  BB  +  GC'  +  ...  +  2  (a^vr  +  ^]  =  4,{u)  -^  («). 

Assume,  in  supcession,  u  =  t*^'^[  and  u  =  e~f '*''''',  and  add 
fhe  tesulta.  "  ■  ,- 

■■    ■  ■  ■    D,o;i,7;<iT,Cot")gle' 
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WflfiDd 
2  {AA'  +  BB  +  C^C  +  ...)  +  22  («,  coa m0)  +  2S  OS.  «« mfl) 

Now  multiply  by  d&,  integrate  between  the  limits  0  and  -tt, 
observing  that  i  (cos  md)  dd  ==  0,  and  divide  the  result  hj 
Sir,  then 

AA'  +  SF  + ...  =^1'  [0  [e'Vr')}  f  {e-vci] 

+  ^  {£-•%«-')}  ^  {e-»v;->l]]  rf^ (36), 

which  is  the  theorem  in  queatioo. 

Solution  of  Differeniial  EgvaiimB  by  Fourier's  Theorem. 

10.  Ab  Fourier's  theorem  affords  the  only  general  method 
known  for  the  solution  of  partial  difierential  equations  with 
more  than  two  independent  variables  (and  such  are  the  equa- 
tions upon  which  many  of  the  moat  important  problems  of 
mathematical  physics  depend),  we  deem  it  proper  to  explwn 
at  least  the  principle  of  this  application,  referring  the  reader 
for  a  fuller  account  of  it  to  two  memoirs  by  Cauchy*. 

As  a  particular  example,  let  us  consider  the  equation 

3F-''(s'+*-+a>)-'' (^i- 

Let  ii~^{x,  If,  e,  t)  represent  any  solution  of  this  eqoa* 
tion.     By  a  well-known  form  of  Fourier's  theorem, 

*  '*'■&/"./*.  "«'"'"'""*  w. 

•  Sar  Vlnttgration  i'SqmiUm*  Unlairet.  StKreiee$  tPAnalyit  tt  & 
Fh^tigue  Xathimatiqve,  Tom.  i.  p.  63. 

Sar  la  TratufcrriUation  et  la  Riduetlon  del  MigraUt  Glniralei  tPm  9|^ 
tim*  if  Eguattoiu  JAntairei  axus  difftTencei  partitUet.    Ibid.  p.  179. 
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succesaiye  applications  of  which  enable  us  to  give  to  u  the 

form 

where  A  =  (a  —  x)\+  {b  —  y)  'fi  +  (c  —  e)  v. 

Substituting  this  expression  in  (37),  and  observing  that 
from  the  form  given  to  ji  we  have 

we  have 

^  being  put  for  ^  (a,  h,  c,  t).  This  equation  will  be  satisfied 
if  ^  be  determined  so  as  to  satisfy  the  equation 

Hence,  integrating  and  introducing  arbitrary  functions  of 
a,  i^,  c  in  the  place  of  arbitrary  constants,  we  have  the  par- 
ticular integrals, 

^ ^  eJ>« V(-i)  f^  (a,  h,  c),     ^=  r**" V(-i)  ^  (a,  b,  c) ...  (39), 

where  5=(\*  +  /i'  +  i'}*. 

Substituting  the  first  of  these  values  in  (38),  and  merging 
the  factor  ^-^  in  the  arbitrary  function,  we  have 

>*s«i  v<-')  f^  (a,  h,  c)  dadbdcdXd/xdv  ...  (40), 

a  particular  integral  of  the  proposed  equation.  It  may  easily 
be  shewn  that  the  employment  of  the  second  value  of  <f>  given 
in  (39)  would  only  lead  to  an  equivalent  result. 
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To  complete  the  solution,  we  observe  that  if,  representiog 
^  +  ^  +  ^  by  E,  we  make  (  =  «•,  so  as  to  reduce  the 
givea  equation  to  the  STmbolical  form, 


then,  by  Proportions  u.  and  m.  Chap,  xvir.,  the  transforma- 


tion«.e-*^  =  ^,  wiUgive 


which  is  of  the  same  form  as  the  equation  for  u.  Hence, 
V  admittiiis  of  ezpr^^on  in  the  form  (40),  we  have,  on  merely 
changing  uie  arbitrary  function, 

u  =  if///// ''■**""'  ^"'' ^»  (»'  *.  c) dadbdcdKd/j.dp ...  (41). 

The  complete  integral  is  thus  expressed  by  the  sum  of  the 
particular  integrals  (40)  and  (41).  The  sextuple  integral  by 
which  the  above  particul&r  values  of  u  are  expressed  admits 
of  reduction  to  a  double  integral  leading  to  a  form  of  solution 
originally  obtained  by  Poieson.  Cauchy  effects  this  reduction 
by  a  trigonometrical  transformatipu.  It  may  be  accomplished, 
and  pemaps  better,  by  other  means ;  but  this  is  a  matter  of 
detail  which  does  not  concern  the  princijde  of  the  solution. 
We  may  add,  that  when  the  function  to  be  integrated  becomes 
infinite  within  the  limits,  Cauchy's  method  of  residues  should 
be  employed.  The  reduced  integral  in  its  trigonometrical 
form,  together  with  Poisson's  method  of  solution,  which  is 
entirely  special,  will  be  found  in  Gregory's  Examples,  p.  604. 

Pauchy's  method  is  directly  applicable  to  equations  with 
second  members,  and  to  systems  of  equations.  The  above 
example  belongs  to  the  general  form 

d^u 


dff 


=  Hu, 


T,Google 
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■where  Sis  a  function  of  j-  >    j-  >   -r-    For  all  such  equations 

the  method  fiiniialies  directly  a  solution  espreBsed  hy  sextuple 
integrala,  which  are  reducible  to  double  integrals  if  if  is 
homogeneous  and  of  the  second  degree.  In  the  above  example 
the  double  integration  proves  to  be,  in  effect,  an  iategration 
extended  over  the  surface  of  a  sphere  whose  radius  increases 
uniformly  with  the  time.  Integrals  of  this  class  are  pecu- 
liarly appropriate  for  the  expression  of  those  physical  effects  • 
which  are  propi^ated  through  aa  elastic  medium,  and  leave  no 
trace  behind. 


MISCELLANEOUS  EXERCISES. 

1.  The  complete  integral  of  the  equation 

d,-  f  +    «<  ;"■ 

is  expressible  in  the  form  u  =  A^+Be~^,  A  and  B  being 
series  which  are  finite  when  n  is  an  integer.  (Tortolini, 
VoL  T.  p.  161.) 

2.  The  detinite  int^ral  I   co3[n{$  —  XBin0)}d9,   can  be 

evaluated  when  n=+  [t  +  ^),  where  lis  a  positive  integer  or  0. 

(Liouville,  Jowmat,  Tom.  vi.  p.  36.) 

Bapresentiiig  tha  deflnita  integral  by  v,  it  will  be  lonnd  Uiat  u  aatisSes 

au  equation  of  tlie  foim  -~„  =  M  +  -^  | «. 
lis"     \       x'J 

The  aubjeot  of  ths  evaluation  of  definite  integrali  bj  the  aolntion  at  HI- 
lerentiol  equations  has  been  treated  with  great  generalitj  by  Mi  BuaaoU 
{Pkiiotophical  Trantaelioiu  for  1356). 

3.  If  »  =  a  be  the  equation  of  a  system  of  curves,  v  being 
a  function  of  x  and  j/  which  satisfies  the  equation  -j-^  +  -j-,  =  0, 

and  if  w  =  j8  be  the  equation  of  the  orthogonal  trajectories  of 

the  system,  rtien  u  may  bj  found  by  the  integration  of  an 

B.D.K.  t"".3lH;lc 
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exact  differential  equation  of  the  first  order,  and  when  found 

will  satisfy  the  equation  -tj  +  j-.  =  0- 

The  above  theorem  ia  applied  b;  ProfeiBor  Tbomsoti  to  the  proUem  o( 
detenuinmg  the  ttyime  of  the  cmga  aai  bmBhes  in  the  epeotra  prodaced  hj 
biasal  w^stalB.    (Cavibridge  Jottmal,  Snd  Series,  Tol.  i.  p.  124.) 

4.  The  normal  at  a  point  P  of  a  plane  curve  meets  the 
axis  in  O,  and  the  locus  of  the  middle  point  of  I*G  is  tbe 
parabola  j"  =  £r.  Find  the  equation  to  the  curve,  supposing 
it  to  pass  through  the  origin.     (Cambridge  Problems,) 

6.    The  normal  at  any  point  of  a  surface  passes  through 

the  line  represented  by  -j  =  —  =  - ,     Find   the    differential 

equation  to  the  surface,  and  obtain  the  general  integral  (/(.) 

6.  Prove  that  the  differential  equation  of  the  surfaces 
genera.ted  by  a  straight  line  which  passes  through  the  aiis 
of  2,  and  through  a  given  curve,  and  which  makes  a  constant 
angle  with  the  axis  of  s,  is 

«^  +  y^  =  VC^+s')cota.    (76.) 

7.  Integi-ate  the  above  equation. 

8.  Express  by  a  definite  integral  the  series, 

_      a!*  ,     a;*  a;'       ,  . 

Form  the  diflerential  eqofttiou  b;  Chap.  xvn.  Ait.  11,  and  then  ipplf 
LapUie'B method, Chap. xnu' Thoieanlt ie »  =  -/ •  ooa (iccoae)dS,  (Stokeft 
Cambridge  TraiuatHont,  Tol.  a.  p.  1S8.) 

9.  Hence  express  the  series  in  a  form  suitable  for  calcu- 
lation when  X  is  large. 

Proceeding  aoooidiug  to  the  diiectiont  of  Chap.  znn.  the  complete  inU' 
gral  ol  the  diSeieutial  equation  ezpiessed  by  deeoending  geiiea  irill  be 
«=a-H{A  eaBx  +  B  aiix)Jt-i-(A  aux-B eoaxfSi, 


.VbWB 


V.S'.B'.T* 


L.M(at)'^i.a.8,.4(&B)<""*' 
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1"  li.S'.Si       * 

The  Tsluea  ol  A  Mid  B  for  the  partiotjlar  integral  in  question  will  be 
A  =  B=M~i.  These  ttie  dednoed  from  the  eouBidentiaa  that,  vhenz  tends 
to  infinity,  we  have,  in  the  limit, 

-  /^  cos  <a!  BOB  9)  de  =  (»-i)-l  (BOB  I  +  Bin  #).    {Ibid) 

1b»  above  series  occors  iu  sevenl  physical  problems. 

10,     The  complete  integral  of  the  equation, 

may  be  expressed  by  a  finite  formula  involving  general  differ- 
entiation.    (Attributed  to  Liouville.) 

Asetime  y=i^'''  T' ;  then,  by  a  proper  deteiminktion  ol  ■  and  ^,  the  equa- 
tion may  be  redncsd  to  the  lorm 


The  symbolical  equation  obtained  b;  assoming  z  =  e*  will  be  binomial,  and 
the  integration  in  the  leqnlred  tonn  may  be  effected  by  Prop.  m.  Chap.  itii. 

11.  Equations  of  the  form 

**3  +  (J.  +  B^x-)  a;  j^  +  (^„  +  B,x'  +  C^")  «  =  0, 
may  be  reduced  to  the  form, 

'*(a)»+*©-'' W- 

considered  in  Chap,  xviii. 

AsBnmeie~  =  t,  y  =  (*fi  the  determination  of  i  will  he  Ibimd  to  depend  on 
the  equation  ft{l(-l)m'  +  t{m(m-l)+mJ,|+J,=0. 

Petzral,  lAnearen  D'^erentialgleichungm,  Pt.  lat,  p.  105.  Biccati's  eqaa- 
tion  is  included  in  the  above. 

12.  Equations  of  the  form 

are  reducible  to  the  form  (m).     {lb.  p.  112.) 
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13.     The  complete  integral  of  the  equation 


-/: 


where  p  is  a  primitive  root  of  f^ ~  1,  and  C,  C,,  C,...-C,, 
satisfy  the  condition  C+ C,+ 6,...  +  C,  =  0,  but  are  other- 
wise arbitrary.     (Jacobi,  Crelle's  Journal,  Vol.  X.  p.  279.) 

14.  The  determination  of  the  orthogonal  trajectory  of  any 
system  of  Btraight  lines  on  a  plane,  involving  in  their  general 
equation  one  variable  parameter,  can  be  effected  by  the 
solution  of  an  exact  differential  equation  between  x  and  y. 

Ihis  inteieBting  propoaition,  together  nitb  ths  following  demonBtiation, 
was  commanicated  to  the  aathor  b;  Professor  Donkiii,  with  vhose  penuis- 
don  it  ifl  publiBhed, 

The  equation  of  the  given  system  can  ftlwaje  be  eipreBsed  in  the  form 
jtBijfi-yooBS  =  #(S),  or,  putting  COS  e  =  u,  Binfl=i', 

vx~ny-F('a,t)-^rt (1), 

„'  +  e>_l  =  0 (2). 

The  eqnatioa  of  the  trajectory  will  then  be 

\idx-\-rd>i  =  0 (3), 

u  Eknd  V  being  determined  from  (1)  and  (2)  aa  fmotionB  of  ts  and  y. 

Now,  if  we  represent  the  firat  memberB  of  (1)  and  (3)  bj  F  and  *  reapeo- 
tively,  then,  in  order  that  (S)  m&j  be  an  eiaot  diflerential  eqnation,  we  moEt 
h»Te,  in  Yirlne  of  (37)  Chap.  XIV. 

dF  M  _dP  d^     dPd*  _  A?^_|, 

dx  du     da  dx      dy  dv      do  dy~   '' 

and  thia  will  be  fonod  to  be  identically  sBtisfied.  Hence  (3)  ia  an  exact  dif- 
ferential eqnation,  as  was  to  be  shewn.  The  propoeition  applies  genetallj 
to  the  problem  of  involutes.  Thus,  the  tangents  to  a  drole  being  tepi«- 
Bented  bj 

the  eqnation  (3)  will  become 

x'  +  f 
Thia  b  oxaot,  and  determines,  on  integration,  the  system  of  posaiUe  iiiYO- 
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15.  To  determine  the  connexiou  of  the  iDtegrals  of  any 
Bystem  of  simaltaneous  differential  equations  expressible  in 
the  form 

dt      du  '       dt      dv       I  --. 

du^_dF    dv_    dF   ^ ^ 

dt"     dj;'   dt~ 
where  J"  is  a  given  function  of  x,  y,  u  and  o. 

The  complete  Bolntiait  will  evidently  oonust  of  lonr  eqnatioiis  detenninlug 
c,  jr,  u,  V  aa  fanctioDs  of  t,  and  four  arbitrar;  conatantB. 

SnppoBe  that  there  exists  an  integral  of  the  form  f  =  e,  where  4  is  a  tnno- 
tion  of  X,  y,  «,  V,  not  mvolring  t.     Then,  differentiating,  we  hoTe 
rf*  dx     d*  dy     (J*  d«     d*  rftr 
lie  dl      dy  dt     du  dt     dv  lU^  ' 

ta  Enbetitnting  ' or  ^  •  '^'  ^-  *^^  valoes  given  in  (1), 

d*dF     d^dF     d*  dF     d*  dF 

dx  da      dy  dv     du  dt      dv  dy       

Now  this  eqn&tion  is  identioallj  satiafied  it  9^F.  Benoe  one  integral 
will  be  F^a,  where  a  is  an  orbitra:;  eonstant. 

Suppose  now  that  another  integral  not  invoMng  E  oan  he  found.  Then 
representing  it  hy  $=>£,  and  obsemng  that  (2)  is  identical  vith  the  eqnation 
{i)  in  the  last  problem,  it  is  seen  that  i^  from  the  two  equations  F= a,  ^=b, 
we  determine  u  and  v  as  Innctions  of  x,  y,  a,  b,  the  expression  udx  +  vdy  will 
be  an  eiaet  diflerential.    Hence,  if /(iMii+«iy)=x.  we  have 

„=^    r=^?  (3). 

da'"    dy  '"• 

Kow  diSerentiating  the  integral  F=a  with  respect  to  a,  and  regarding 
«,  e,  Ba  fDnotionB  of  a^  y,  a,  h,  we  have 
-  dFdti     dFdv^, 

da  da     dv  da      ' 
or,  pntting  tot  -7- ,    -r-  their  valne*  given  in  (I),  and  tot  u,  v  their  valnea 
givai  in  (3), 


486  Miscellaneous  exebcises,         [ch.  xviii^ 

■nhmuse,  inlegnitiiig, 

'£'•" ("■ 

e  being  m  arbitrar;  oonstant.   Hiaoe  &b  lonn  of  x  is  knonri,  this  oonrtitateB 
H  third  integral. 

LftiUy,  diffarentiating  J^=o iritli reepeot  tot  andpimaedingaaahoTBiTra 


...(6), 


e  being  an  arbitrory  oomlani.    And  this  is  the  fourth  integral. 

The  above  ia  a  nmple  illnsttatioa  of  Uie  methodB  of  Theoretical  Djna- 
micB  refecred  to  in  Chap.  XIT.  Thoe  the  eqnatdons  for  the  motian  of  ». 
body  attracted  towards  fixed  oentrei  (all  ia  one  plane)  are 

Ja!_     dR     iPj dR 

dfi         dx'  d^^     dy  ' 
E  being  s  function  of  x,  y,  and  the  oo-ordinates  of  the  flied  centres.    Theae 
equationB  may  be  eipcessed  in  the  form 

di^"'    di^^' 

^_        d«      rflF  dB 

dt~  ~  dx'   dt"^  ~  3^' 
Haw,  if  we  repreEent  the  fnnolion  ^(i^+^+iibyf,  the  above  eqoations 
wgnme  the  general  form  (1). 

It  was  intimated  in  Chap.  XIV.  that  the  solnticm  of  the  oqnations  of 
Dynamics  is  finally  dependent  on  the  obtaining  of  the  complete  primitive  of 
a  non-linear  partial  differential  eqnatioa  of  the  Srgt  order;  and  this  was 
previonsly  ehewn  to  depend  on  the  integration  of  an  exact  differential  eqoA- 
tion  the  ooeffloientB  of  which  were  deteimined  by  the  solntion  of  a  liiuar 
partial  differential  equation  of  the  first  order.  Now  all  this  agrees  with 
what  has  been  exemplified  above.  For  the  last  two  integrals,  (4)  and  (S)  are 
derived,  by  mere  differentiatioD,  from  Xi  while  x  is  foond  by  the  integration 
of  an  txaet  differential  equation  whose  coefficients,  ■  and  v,  are  obtained 
from  equationa  which  eatiaf^  the  lintar  partial  differential  eqnation  (3). 

The  atadeut  is  espeoially  referred  to  tba  original  memoirs  by  Sir  W.  R. 
Hamilton  (On  a  General  Method  in  Dynamiei.  PhilatopMeal  Tramaetioia, 
18S4— ^),  to  various  memoirg  by  Jooohi  contained  in  his  collected  works  or 
■catteied  throng  Crelle's  /aumaZ,  and  to  the  recant  memoirs  of  Prof, 
Donldn  (On  a  CloM  of  JMferenlial  EqitaHotu  including  tbete  of  Dynomtet. 
Philotr^Mcal  Tramactions,  IBSi — 5).  Liourille'B  Jaantal  ia  rich  in  valoabla 
memoirs  on  the  Bnbject.'  < 
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The  following  taUo  does  not  contain  answers  to  all  tlis 
questions  proposed  in  the  Exercises,  but  to  a  selected  number 
of  them,  thought  amply  suljicient  for  ordinary  requirements. 

CHAPTER  I. 

2.  (1)   j,.yx  +  V(l+J.>      (He»,y.g). 

(2)  p-ay-t~.         (3)    (1  + a;^ y  +  y - tan-^ai 
(4)   xp+y=y'\Qsx.         (5)   yp'+2a^  =  y. 
(6)   y-jr  +  *(p), 

3.  (l)and{2)g  +  m'j-0.     (3)   «'g  +  (y-='|)'-0. 

6.     (1)    {x-dj'-Hy-h)'-!.  (2)   te - oy - ai (iiy -  I). 

m  2m     ,  wt      j/        2m\ 

P  '       P  P'    ^V       P> 

9.     (y  — c)*=4c'a:. 


I.    (1)  loga3,  +  «-jr-o.        (2)     .,_^       ^^ 


CHAPTER  n. 

:2)  iog|-K±^=c, 

(3)   (!  +  «>)  (1  + J,-). (»■. 

(5)   cosy  =  cc08a:.         (6)   tana!tauy  =  c 

2.    Yes.       3.    (1)  y-ce"'.        (2)  y-«"'"''. 

(3)  «'.c'+2cy.    (4)  a:=ce     *.    (6)  (y+a.)'Cjf+2»)'.c.  ■'''' 
4.     (!)   af-a^+y +»-»-!!.     (2)   (y-a:+l)'(y+a:-l)'=«. 
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5.  ^^c^+^y-., 


6.     (2)  y-ax+cx^(l-3?).      (3)  y=ci  ''»=>'> +  -«iZ^- 

(4)  y=8iii*^l+c«~'^".      (5)   y=taii"':c— l+ce"'*'  .*. 
10.     (1)   !~{c^(l-^)-a]-.     (2)  2'_c«"-£tl-i. 


CHAPTER  m. 
1.    x*+'ex'y'  +  y'=C.      2.    a^'~y*  =  cx.      3.    iE*-y*=C3f*- 

6.     «*(iK'  +  y)=c.        7.     8in(na:  +  my)  +  C08  (wu!  +  ny)  =  c. 
.  9.     V(l+'^+J^+ta"l''-=-C.  8m'VCip'+?')+8m"'-  +  6'  =  c 
10.    Assuming  .Si  =  r,  we  Lave  I -^jT-i  =  — h  (7. 
CHAPTER  IV. 


F-rm- 


Complete  primitive  js  a?  +  sry—y*=c. 
5.     (1)   Integrating fector, — ..  .      _.  Solution, a:'=c'-f2cy. 

(2)    Ilitegmti.gfaclor,^^^g^^^.. 
Solution,  (y  +  ic)'  (y  +  2j;)'  =  c. 

,6;    j  =  ca;  ia  the  complete  primitive.  . 


AssvreaB. 


Chapter  v. 


1.     (1)   <■■         (2)   ^.  2.    y-.         (3)   ?,  and  ^,. 

4.  (2)  y-'^^      (3)  y-V.      (*)  (1  +  y* - "^n 

(5)    (a^'+y)-.      (6)   C^  +  y  +  xj)-.,      (7)   (a;+3^-*. 

5.  €-(a^+y')-»  =  c. 

7.     If  2  +  P  =  1/  the  equation  becomes  t-  +  2P«  =  —  z*, 
which  ia  of  the  general  form  of  6. 

•9.    When  ^(2=;^.:^.    Then/(:B)  =  -~. 

CHAPTER  VI 
Equationa  1  to  5  miist  be  reduced  to  the  form 

x^  —  aff  +  bj/*  =  ke",  of  -Bhich  the  solutioD  is 

according  as  h  and  c  are  like  or  unlike  in  sign.     lu  1  we  find 

V  =  1,  and  the  solution  by  (^4)  is  y  =  a+ — -,  where  y,  is 

given  by  cbangiDg,  in  the  first  of  the  above  solutions,  a  into 
- o,  6  into  1,  c  into  1.    In 2,  »=  2;  apply  (^).    In  3 apply  (/>). 

7.     '^(^  —  iay)  +  n  {i  +  ^)  =  0,  i  being  any  integer,  posi- 
tive, negative,  or  0. 

9.  x/~{2Ab-i-l)y+bjf'  =  caf^,  where  ^  is  a  root  of 
the  equation  6-4'  +  A  —  h'=0. 

10.  Compare  with  p.  95.. 
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CHAPTER  Vn. 
i;    (y-2a!-c)(y-3a;-c)=0. 
2.     (y  -  alogx  -  c)  (1/  +  ahgx  ~  c)  =  0. 
5,     Eliminate  j)  by  means  o{a\ogp  +  2ibp  +  c  =  x. 

i,.    By3,.«|'  +  ?^"H-. 

■'»•    Byy-f+l^/a+yl-Jloglr  +  VCl +;>•)}+«.■ 

12.  Complete  Primitive  y  =  ca;  +  c  —  c". 
Singular  Solution  y  =  ■    '^y  — . 

13.  Complete  Primitive,  y  =  cx+  ^/(i'  — o?c'). 

Singular  Solution,  — i  +  n  =  1-         !*■    a:"  +  y'  =  cai. 

16.     Eliminate  p  by  a;  —  -rrr^ — ir  (e  +  a  sin""  p). 
■'         VCl-i*) 

19.     (>:-«)•+ 1j,-/W1'-1.     21.  <«-j,/{a).a/(»)(^-l). 


CHAPTER  Till. 
4.    Singular  SolutioD  x  =  a. 

1 


Differential  equation,  p  =  5 


10.  (l).y.l.     (2)    g)'±(f)'.l.      (3)y.fe=l>". 

1 1.  Particular  Integral. 

13.     Singular  solution  y=0;  complete  primitive  y=ne*^~*'. 


AKSWEES.'  *wl 

16.  (1).  Envelope  species,  y  =  -j— . 

(2)  Envelope  species,  y'  =■  4a^. 

(3)  Not  of  envelope  specie's,  y  =  ic". 

17.  SingiilarBolution,  v'a+Vy  =  o- 

18.  Singular  solution,  a;'  +  j'  =  a*. 

19.  a!  =  cos->*+(y-y*)*. 

.  CHAPTER  IS. 

I.  y  =  «-  +  o'.-         2.    y=o.'"  +  c'.-  +  i^. 

4.  y  =  (c,  +  c^)  COS  X  +  (c,  +  CjO:)  sin  x. 

5.  y  =  ce"^  +  (Cj  +  c^)  e".  ■ 

6.  y  =  c,  cos  a;  +  c,  sin  a;  +  (c,  +  c,!r)  e"  + 1. 

7.  y  =  (c,  +  ''^)«^  +  ^^^,-        8.    y  =  (c,  +  '^.a;  +  Q^. 
J>.  y  =  ca:'  +  -.         10.    y  =  c (a;  +  a)' +  c' (a; 4  o)'- 

II.  y~e*  [ccoB(arv'5)+c'Bin  (asV^)}- 
12.    y  =  ce"^"'''+C,e"''^~''. 

14.    Add  a^  to  the  previous  value  of  3^ 
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CHAPTER  X. 
1.    y.^-.m.  +  .  +  c'..        3.    «.|'/-^A_H 
4.    J  =  clogaj  +  c'.         6.    y  =  ca^  +  — . 
7.    x  +  c  =  b^-a')K        8.    j/.^+ZW^  +  c'- 


U.    s-'''"'{j''"'C!dx  +  0').        19.    y-<»., 

20.    y  =  -o  +  J(«<^  +  '>«"').       22.    »  +  c  +  («,'-y')'-0. 
23.    y  =  clog{a:  +  c  +  VCa^  +  2M)}  +  c'. 


26. 


!.    (j,-«)._^_o,        33.    3-i    "■ 


CHAPTER  XI 
1.    x  =  ci/'.        2.    a;  +  c  =  -log[ni/  +  V(ny-l)l. 

4.     2<»,  +  c'.j(«VI_33L). 

6.  Let  ^  =  2ex-a?  represent  the  circlwi,  then  tKe  tra- 
jectory ia  a?  =  2c'y  —  y*. 

7.  y  +  a^  —  c  =  2a'  log  a?.    "     8,     An  equiangular  spital 
10.     iat/  +  c  =  2aar  V(*aV  - 1)  -log  {Ux  +  VC^oV  —  1)J. 


CHAPTER  Xir. 
1.     (x-«)[j,-J)(s-(;)-(7. 

5.  =■&+«).(!.        6.  ?  +  *+;-a 
'    y    ' 

7.    ^"'    -"- 


CHAPTER  XIII, 

1.  aT=:ce~*-|,    Jf=(c(  +  C,)e"\ 

2.  y  =  e'*(cco8f +  c'sin  f), 
x-i-{(c  +  cr)Biat  +  (c-c')coal]. 


7" 
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CHAPTEB  XIV, 
2.     «»y8iii-'-  +  iKi/).         3.     ri(a:  +  y  +  2)-^(y). 
5.     «.!  +  *(ay-6:«).         6.    «-«^^{ic-s). 

11.     a?  +  j"  +  «'-«*(j)- 

13.    i  +  VCa^  +  j'  +  O-"^"'*©'       15.   «.cV(«'  +  y')- 

le.   (»-i).  +  ?-.-*(|,0.    . 

18.    Complete  Primitive  2  =  ox +  6y  +  aJ.'     19.   r  =  — jry. 
20.    »-<a  +  ^  +  i.         21.     i-o««'  +  |e'  +  i. 

23.    s  =  ar?+yV(a^-<«')  +  S  ™>i  »-^  +  ;^+»- 
CHAPTER  XV. 

4.    X -/(!/)  + •Hz).        5.    x  =  F{>)+/{x  +  !/  +  i). 
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1.     u-o  +  ^c.  +  e^  +  j).'. 


CHAPTEK  Xyl 


4.     ....g  +  |.  +  D  +  „-  +  .'.". 

.  „  3»»  sin  mx  —  fm'  —  2)  cos  ma;         _         _^ 

10.  w='C08(»log3!)^[-,  -1 +  8iE(nloga!}-^[^,  -J, 

11.  Assume  -i-  +  X=«-. 

CHAPTER  XVn. 

1.     «  =  M"(a!-l)-cV(a;  +  l). 

7     ,  /•  <i  V  e,  -  e,  Ja^-  (1  +  y^l-*  JSc 

9.    ._(«^-l)(^(j  +  x)+f(j,-.)). 

-^S"'--  .., 
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Note  on  Art.  4  of  Chap.  XIV,  page  327. 

[The  langiu^e  here  nsed  is  not  gbite  eatiafaotory.  It  ia  sssertM  that 
Irom  equation  (7)  we  matt  hove  the  two  equfttions  (8)  since  *'(c)  is  atUlnitj. 
But  by  the  same  aigument  it  ooiUd  follow  on  p«^  326  that  we  miut  lUia 


dg     lit  ^  dy     dt^ 

In  fact,  instead  of  Baying  that  the  two  equations  (8)  mmt  ho1<t,  we  otgbt 
to  Bay  that  we  maj  oonsiatentlj  with  (7)  aiiaate  them  both  to  hnld.  Hen 
it  will  follow  that  the  relations  (9)  muet  be  consistent  with  the  relaliiiii 
pdx+qds  =  dz.     This  is  Eoffident  to  enable  us  to  dedace  the  eqaation  (10). 

Trooee  of  the  aatne  inacoorscj  of  language  will  be  found  in  other  paita  of 
tlie  Treatise,  though  not  bo  decided  as  in  the  present  passage :  see  pages  333 
and  363. 

This  Eorrectioii  is  due  to  the  Bev.  H.  W.  Watson,  fonneil;  Fellow  of 
Tnni^  College.] 
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Published  by 

MACMILLAN  AND  CO., 

Bedford    Street,    Strand,   London, 

CLASSICAL. 

^achylus.— ^SCHYLI  EUMENIDES.    The  Greek  Text,  with 

English  Notes  and  English  Verse,  Translation,  and  an  Introduction, 

By  Bbrnard  Drake,    M.A,,  late  Fellow  of    King's    Colleee, 

Cambridj^.     8vo.     y,  6d. 

The  Greek  ttxt  adefiled  in  this  Edition  it  based  uprm  that  of  Wellauer. 

But  advaniag!  has  been  taken  of  the  suggati(ms  of  Hermann.  Palty, 

Liitwoad,    and  other    commentators.     In    the    Translation,    lie    simple 

character  of  the  .^sehyltan  dialogues  has  generalfy  enabled  the  author 

to  render  them  without  any  material  deviation  from  the  construction  and 

idiomj  of  the  original  Greek, 

' '  TSj  //otes  are  judicious,  and,  a  rare  merit  in  Rnglish  Notes,  not  too 
numerous  or  too  long.  A  mast  uie/ul  feature  in  thewotk  is  the  Analysis 
of  Mullet's  celebrated  dissfrlations."—iKniiYi  Quarterly  Review. 

Aristotle.  —  an    introduction    to    aristotle's 

RHETORIC,     With  Analysis,   Notes,  and  Appendices.     By  E, 

M.   Cope,   Senior  Fellow  and   Tutor  of  Trinity  College,   Cam* 

bridge,     Svo.     13^, 

The  author  has  aimed  to  illustrate  Ihe  general  bearings  and  relations 

of  the  Art  of  Rhetoric  in  itielf,  as  well  as  the  special  mode  of  treating  it 
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3  EDUCATIONAL  BOOKS. 

Bdnpttd  by  AristotU  in  Ail  tiailiar  sysitm.  The  ruidence  upon  ohscvre 
or  deublfttt  quistions  lonnatid  ■with  the  subject  is  examined;  and 
fhi  relations  ■uikiik  RketBric  bears,  in  Jriilotlis  view,  to  tie  kindred  art 
cf  Logic  art  considered.  A  connctlid  Analysis  of  Ike  treatise  is  giotn, 
somitimet  in  the  ferm  of  paraphrase ;  and  a  few  important  matters  are 
separately  discussed  in  Appendices.  There  is  added,  as  a  genera!  Appenduc, 
by  leay  of  spaimtn  of  the  antagonistic  system  of  Isocrates  and  others,  a 
complete  analysis  of  the  treatise  called  "Pirropix^  "P^i  'AXi^aripor,  vrith  a 
discitsiion  of  its  authorship  and  of  the  probable  results  of  its  teaching. 

ARISTOTLE     ON    FALLACIES  ;      OR,     THE    SOPHISTICI 

ELENCHI.     With  a  Translation  and  Notes  by  EDWARD  FosTB, 

M.A.,  Fellow  of  Oriel  ColI<^,  Oxford,     8vo,    8j.  6<f. 

Besides  the  doctrine  of  FaUaetes,  Aristotle  offers,  either  in  this  treatise 

or  in  other  passages   of  his  viarts  quoted  in  the  commentary,  various 

glances  cmer  the  world  of  science  and  opinion,  various  suggestions  or 

problems  Tshieh  are  still  agitated,  and  a  tmnd  pictuA  of  the  ancient  system 

of  dialectics.      "It    is    not    only    scholarlikc  and    careful,    it    is  also 

perspicuous." — GUARDIAN.    "//  is  indeed  a  work  of  great  skill." — 

Saturday  Review, 

Blackie— GREEK  AND  ENGLISH  DIALOGUES  FOR  USE 
IN  SCHOOLS  AND  COLLEGES.  By  John  Stuart  Blackie,  ■ 

Professor  of  Greek  in  the  University  of  Edinbui^h.     Fcap.  StO. 
2S.bd. 

"  Why  should  the  old  practice  of  conversing  in  Latin  and  Greek  be 
altogether  discarded?  " — Pkofessok  Jowett. 
Professor  Blackie  has  been  in  the  habit,  as  part  of  the  regular 
training  of  his  class  in  Edinburgh  University,  of  accustoming  (he  students 
to  converse  in  Greek.  This  method  he  has  found  to  be  eminently 
successful  as  a  means  offumishing  the  students  viith  a  copious  vocabulary, 
training  them  to  $iseit promptly,  confidently,  and'oniA  correct  articttlatian, 
and  inslilliag  into  them  an  accurate  and  intelligent  hnowledgt  of  Greek 
Grammar,  which  he  hopes  may  aid  other  teachers  in  realising  the  same 
ends.  The  present  little  volume  furnishts  a  series  of  twenty-fivs  gradu- 
ated dialogues  in  pan^lel  columns  of  Greek  and  English  on  a  great  variety 
of  interesting  subjects.  Tie  author  has  had  the  advantage  of  suhmitlittg 
his  iBork  to  the  judgment  of  saieral  scholars  of  repute,  bath  English  and 
Scotch.  Ike  Globe  says:  "Professor  BlackUs  system  is  sensiile;  his 
dook  is  likely  to  be  useful  to  teachers  of  Gre^ ;  and  his  suggestions 
-  valuable  to  the  learners  of  any  language." 
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Cicero. — the  second  philippic   oration.      WitU  an 

Introdacrion  and  Notes,   translated  from  the  German  of  Kafl 

Halm.      Edited,  with  Cotteclions  and  Additions,  by  John  E.  U. 

Mayor,    M,A.,   Fellow  and   Classical   Lecturer   of   St.   John's 

College,  Cambridge.    Fourth  Edition,  revised.     Fcap.  8to.      5j. 

7S«  Tielttme  opens  with  a  List  oj  Books  useful  to  the  Studtnt  of  Cicero, 

and  tomt  account  oj  variims  tditions,    mostly  German,   of  the  v/orkt  of 

Cicfre.      The  IntrodHCtion  is  based  on  Halm.      The  English  editor  has 

further    illiistraltd  the   work   br  additions  dramn,  for  the   most  far!, 

(l)  from  the  ancient  authorities;  (i)  from   his   own  frivali   marginal 

r^erences,    and  from   eoUections ;  (3)  from   the   nates  of  previous  com  ■ 

maitaton.     A  copictts    'ergument'    is  also  ^en.      "On  tie  whole  ve 

have  rarely  met  with  an  nation  of  a  ilassical  author  ■aiiich  so  thoroughly 

fulfill  the  requirements  of  a  good  school-booi." — EDUCATIONAL  TlMES. 

"  A  valuable  edition,"  says  the  Athen.«UM. 

THE  ORATIONS  OF  CICERO  AGAINST  CATILINA.  With 
Notes  and  an  lotrodnction.  Translated  from  the  German  of  Kari, 
Halm,  with  many  additions  by  A.  S.  Wilkins,  M.A.  ProfeEsor 
of  Latin  in  Owens  College,  Manchester.  New  Edition.  Fcap.  8vo. 

77ie  historical  introdactien  of  Mr,  Wiliats  brings  toother  all  the 
details  which  are  known  respecting  Catiline  and  his  relations  with 
the  great  orator.  A  list  of  passages  where  eonjectttra  have  been 
admitted  into  the  text,  and  also  of  all  variations  front  the  text  cf 
Xdyier  (1862],  it  added  at  the  end.  Fimdly,  the  English  editor  h-is 
subjoined  a  large  number  of  notes,  both  original  and  selected,  from 
Curtius,  Sehldscher,  Corssen,  and  other  will-inaiiM  critics,  an  analyses 
of  the  orations,  andan  index. 

Demosthenes,— DEMOSTHENES  ONTHE  CROWN.     Tlie 

Greek  Text  with  English  Notes.    By  B.  Drake,  M.A.,  late  Felloiv 

of   King's   College,    Caribridse.      Fifth    Edition,   to    which    is 

prefixed  -«:SCHINES   AGAINST  CTESIPHON,  with  English 

Notes.      Fcap.  Svo,      51. 

An  Introduction  discusses  the  immediate  causes  of  the  two  orations,  and 

their  general  character.      The  Notes  contain  frequent  references  to  the  best 

authorities.     Among  the  appendices  at  the  end  is  a  chronological  table  of 

the  life  and  public  career  of  Mschines  and  Demosthenes.     "  A  neat  and 

useful  edition." — Athbn^uh. 
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Greenwood. — the  elements  of  greek  grammar, 

including  Accidence,  Irregular  Verbs,  and  Principles  of  Derivition 

and  Composition ;  adapted  to  the  S)-slem  of  Crude  Fonns.    By 

J.G.Greenwood,  Principal  of  Owens  College,  Manchester.  Fourth 

Edition.     Crown  8»o.     ^s.  dd. 

THs  Grammar  i!  inttndtd  to  do  for  Grakwhat  thi  Grammars  of  Key 

andethert  have  done  fir  LaHn,     UntU  this  work  vias  published,  no  Greek 

Grammar  had  appearid  based  on  the  systim  of  crude  firms,  though  the 

system  is  perhaps  still  better  adapted  to  Greek  than  to  Latin. 

Hodgson.— MYTHOLOGY  FOR  LATIN  VERSIFICATION. 
A  brief  Sltelch  of  the  Fables  of  the  Ancients,  prepared  to  be 
rendered  into  Latin  Verse  for  Schools.  By  F.  HoDGSOK,  B.D., 
kte  ProTost  of  Eton.  New  Edition,  revised  by  F.  C.  Hodgson, 
M.A.  iSmo.  3  J. 
TTie  late  Provost  of  Eton  hat  here  supplied  a  help  to  the  composition  of 

Latin  Verse,  combined  teith  a  brief  introduction  to  Classical  Mythology. 

In  this  new  edition  a  fiv)  mistakes  have  been  rectified ;  rules  have  been 

added  to  the  Prosody  ;  and  a  more  uniform  system  has  been  adopted  with 

regard  to  the  help  afforded. 

Homer's  Odyssey.— the  NARRATIVE  OF  ODYSSEUS. 
With  a  Commentary  by  John  E.  B.  Mayok,  M.A.,  Kennedy  Pro- 
fessor of  Latin  at  Cambridge.    Parti.  BooklX.— XIL   Fcap.  8vo. 

Horace. — the  works  of  HORACE,  rendered  into  English 
Prose,    with    Introductions,    Running    Analysis,    and    Notes,    by 

James  Lonsdale,  M.A.,  and  Samuel  Lee,  M.A.  Globe  8vo. 
Jr.  (>d.  ;  gilt  edges,  4J.  6d. 
"  The  main  merits  of  this  version  are  its  persistent  fidelity  to  the  sense 
and  spirit  of  the  Latin,  thebe-iuty  of  its  form  of  presentation,  its  freedom, 
nnii  its  force.  To  the  schoolboy  il  laill  be  available  as  a  help,  bxavse  it  is, 
beyond  all  comparison,  the  most  accurate  and  trustworthy  of  alt  transla- 
tions."— English  Churchman. 

Juvenal.— thirteen  satires  of  juvenal.    with  a 

Commentary.  By  John  E.  B.  Mayor,  M.A.,  Kennedy  Professor 
of  Latin  at  Cambridge.  Second  Edition,  entailed.  Vol.1.  Crown 
8vo.     71.  dd.     Or  Parts  I.  and  II.     Crown  8vo.     3i.  fiu".  each. 
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Baida  the  author's  own,  tlure  are  varu>%is  athtr  nota,  for  tukUh 
the  author  a  tnJtited  to  Prefasors  Munra  and  ConingtflH.  Ail  the 
titatiani  haiie  ban  taktn  anra/rvnithi  original  autkers.  ' '  A  painstaking 
and  critieai  «/iAi«."— Spectator.  "For  really  rife  scholarsMp, 
extensive  acquamtance  with  Latin  literature,  and  familiar  knewledge 
of  amtintHtal  critiasm,    ancient  and  modern,  it  is  unsurpassed  among 

SnglisA  fi/iVioHi."— Edinburgh  Review. 

Marshall.— A  table  of  irregular  greek  verbs, 

classified  according  to  the  arrangement  of  Cuitius'  Greek  Grammar. 
By  J.  M.  Marshall,  M.A., FeUow  and  late  Lecturer  of  Brasenose 
College,  Oxford  ;  one  of  the  Masters  in  Clifton  College.  8vo, 
cloth.  New  Edition,  is. 
7hi  system  of  this  table  has  dten  borrowed  from  the  excellent  Greek 
Grammar  of  Dr.  Curlius. 

Mayor  (John  E.   B.)— FIRST  GREEK  READER.    Edited 

after  Karl  Halm,  with  Corrections  and  large  Additions  by  John 

E,  B.  Mayor,  M.A.,  FeUow  and  Classical  Lecturer  of  St.  John's 

College,  Cambridge.    Third  Edition,  revised.    Fcap.  Svo.   41.  6d. 

A  selection  of  short  passages,  serving  to  illustrate  especially  the  Greek 

Aeddenee.     A  good  deal  of  syntax  is  incidentally  taught,  and  Madvigaad 

other  books  are  cited,  for  the  use  of  masters  :  but  no  learner  is  expected  to 

iruna  more  of  syntax  than  is  contained  in  the  Notes  and  Vocabulary. 

A  preface  "  To  the  Reader,"  not  only  explains  the  aim  and  methoH  of 

the  volume,    but  also   deals  tin'lh   classical  instruction  generally.      The 

extracts  are  uniformly  in  the  Atlic  dialect.     This  book  may  be  used  in 

connection    with  Mayor's  "Greek  for  Beginners."     "After  a  careful 

exandnation  tee  are  inelin^  to  consider  this  volume  unrivalled  in  the 

hold  which  its  pithy  sentences  are  likely  to  take  on  the  memory,  and 

for  the  amount  of  true   scholarship  embodied  in  the  annotations." — 

Educational  Times. 

Mayor  (Joseph  B.)— GREEK  FOR  BEGINNERS.  By  the 
RcY.  J.  B.  Mavor,  M.A.,  Professor  of  Classical  Literatm^  in 
King's  College,  London.  Part  I.,  with  Vocabulary,  11.  6d.  Parts 
II.  and  III.,  with  Vocabulary  and  Index,  y.  6d.,  complete  in  one 
vol.  Fourth  Edition.  Fcap.  8vo.  cloth,  4J.  6d. 
The  distinctive  method  of  this  book  consists  in  building  up  a  boy's 

knoteledge  of  Greek  upon  the  foundation  of  his  krvrwl^ge  of  English  and 
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LiilLi,  insliad  of  IrusliHg  tvtrylhing  to  the  unasiisted  mtmory.  Greei 
■uordi  have  betn  used  in  the  earlier  pari  of  the  book  exctpt  sinh  as  have 
coHmctioiu  either  in  English  or  Latin.  Eaeh  step  leads  naturally  en 
la  its  iiiccestor ;  grammaiicai  firrms  and  rules  are  at  once  applied 
i:^  a  series  of  graduated  exercises,  aeconipastied  by  ample  vocabularits. 

Thus  the  book  serves  as  Grammar,  Exercise  book,  and  Vocabulary.  The 
antinary  ten  declensions  are  reduced  to  three,  which  correspond  to  the 
first  three  in  Latin ;  and  the  systaa  of  stems  is  adopted.     A  general 

Vocabulary,  and  Index  of  Greek  words,  completes  the  ■mark.  "  We  kmns 
./  no  book  of  the  same  scope  so  complete  in  itself,  or  so  well  calculated  to 
make   the  study  of  Cr^    interesting  at  the  very  commencement^^ — . 

tJ'l-ANDAKD. 

Peile  (John,  M.A.)— an  introduction  to  greek 

AND  LATIN  ETYMOLOGY.     By  John  Peile,  M.A.,  Fellow 

and   Assistant   Tutor  of  Christ's   College,  Cambridge,  fotinerly 

Teachei  of  Sanslrit  in  the  University  of  Cambridge,     New  and 

Revised  Edition.     Crown  8vo.     loi.  W. 

These  Philological  Lectures  are  the  result  of  Notes  made  during  the 

author's  reading  for  several  years.     These  Notes  were  put  into  the  shape  of 

Lectures,  delivered  at  Christ's  College,  as  one  set  in  the  "  Intercolltgiate" 

list.      They  are  notB  printed  with  some  addHions   and    tnodi/ieatians. 

"  The  book  may  be  accepted  as  a  very  valuable  contribution  to  the  scieitce 

of  language." — SATt;RDAY  Review. 

Plato.— THE  REPUBLIC  OF  PLATO.     Translated  into  English, 

with  an  Analysis  and  Notes,  by  J.  Ll.  DaVIes,  M.  A.,  and  D.  J. 

Vaugiian,  M.A,    Third  Edition,  with  Vignelte  Portraits  o/  Plato 

and  Socrates,  engraved  by  Jeens  from  an  Aotiqiie  Gem.     iSmo. 

4J.  6d. 

Ah  introductory  notice  supplies  some  account  of  the  life  of  Plato,  and 

the  translation  is  preceded  by  an  elaborate  analysis.     "  The  translators 

have,"  ill  the  Judgment  of  the  Satijedav  Review,  "produced  a  book 

which  any  reader,  whether  acquainted  with  the  original  or  not,  can  peruse 

with  pleasure  as  well  as  profit. ' ' 

Plautus  (Ramsay) — THE  MOSTELLARIA  of  PLAU- 
TUS.  With  Notes  Critical  and  Explanatory,  Prolegomena,  and 
Eiciirsns.'  By  William  Ramsav,  M.A.,  formerly  Professor  of 
Humanity  in  the  University  of  Glasgow.  Edited  by  Professor 
George   G.    Ramsay,   M.A.,   of  the  University  of    Glasgow, 
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"  TAejruita  of  that  exhaiulrne  ratank  and  that  rife  and  wdl-digishd 
lekelarsAip  ivAich  iit  auilmr  breit^ht  te  bear  apott  merylAmf  thai  he 
Undtrleok  are  visible  thiaagkiiul.  It  is  furntshcd  with  a  comftiti 
afpoTBhis  gf proltgotnena,  tata,  and  txcursta  ;  and  for  the  usi  of  vOtran 
scholars  it  probably  Itaves  nothing  to  if  i/iwerf."~PALLMALL  Gazette. 

Potts    (Alex.    W.,    M.A.)— HINTS  TOWARDS   LATIN 

PROSE  COMPOSITION.     By  Alex.   W.   Potts,  M.A..  iale 

Fellow  of  St.  John's  College,   Cambridge ;  Assistant  Master  in 

Rugby  School ;  and  Head  Master  of  the  Fettes  Collie,  Edinbui^h. 

Third  Edition,  enlarged.     Extra  fcap.  Svo.  cloth.     31. 

Alt  attempt  it  here  made  to  gwe  students,  after  they  have  mastered 

ordinary  syntactical  ndei,  tome  idea  of  the  characteristics  of  Latin  Prost 

and  tie  means  la  be  employed  to  reproduce  them.      Some  notion  of  Ihi 

treatment  of  the  subject  may  be  gathered  from  the  '  Contents'    Chaf.  I. — 

Characteristics  of  Classical  Latin,  Hints  oa  turning  English  into  Latin  : 

Chaf,  11.— Arrangement  0/ Words  in  a  Sentence;  Ckap.  UL—Unil^- 

in  Latin  Prose,   Subject  and  Object;   Chap.   IV.— 0«  the  Period  in 

Latin  Prose  ;   Chap.  V. —  On  the  position  of  the  Relative  and  Relative 

.  Clauses.     The  Globe  characterises  U  as  "  an  admirable  little  booh  taliich 

teachers  of  Latin  ■will find  of  nery  great  sen/ice" 

Roby. — A  GRAMMAR  OF  THE  LATIN   LANGUAGE,  from 

Plantns  to  Suetonius.      By  H.  J.  RoBY,  M.A.,  late  Fellow  of  St. 

John's  College,  Cambridge.     Part  I.  containing  ;^Book  I.  Sounds. 

Bool  II.  Inflexions.      Book  III.  Word-fonnation.      Appendices. 

Second  Edition.  Crown  Svo.  %s.  dd. 
This .  taori  is  the  result  of  an  independent  and  careful  study  of  Ike 
■writers  of  the  strictly  classical  period,  the  period  embraced  between  the 
timeofHautas  and  that  of  Suetonius.  The  author' s  aim  has  been  to  give 
thefacts  of  tht  languagiin  as  few  words  as  possible.  This  is  a  Grammar 
strictly  of  the  Latin  language;  not  a  Universal  Grammar  illustrated  from 
Latin,  nor  the  Latin  section  of  a  Comparative  Grammar  if  the  Indo- 
European  languages,  nor  a  Grammar  of  the  group  of  Italian  dialals,  of 
johich  Latin  is  one.  Itwill  bejaund  that  the  arrangement  of  the  book  and 
Ike  treatment  of  tke  ■various  divisions  differ  in  many  respects  from  those  of 
previous  grammars.  Mr.  Poby  has  given  special  prominence  to  the  tr^tment 
of  Sounds  and  Word  formation  ;  and  in  the  First  Book  he  has  done  much 
towards  settling  a  discussion  which  is  at  present  largely  engaging  the 
of  scholars,  ■vis.,  the  pronunciation  of  the  classical  languages. 
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Rust.— FIRST  STEPS  TO  LATIN  PROSE  COMPOSITION. 
Bythe  Rev.  Gkorge  Rust,  M.A.  of  Pembroke  College,  Oxford, 

Master  of  the   Lower  School,   King's  College,  Ixmdon,      New 

Editbn.     i8mo.     i^.  (uf. 

This   mill  work   consists  of  carefully  graduaifd  vocabutarUs  and 

txtrcisis,   so  arranged  as  gradually  to  familiarise  the  pa^l  ■with   the 

elements  of  Latin  Prose  ComfoiHian,  and  fit  him  to  cammenee  a  more 


Sallust.— CAII  SALLUSTII  CRISPI  CATILINA  ET  JUGUR- 

THA.     For   Use   in   Schools.      With  copions    Notts.     By  C. 

Mekivale,  B.D.    (Id  the  present  Edition  the  Notes  have  been 

carefully  revised,  and  a  few  remarks  and  explanations  added.) 

New  Edition.     Fcap.  8vo.     4J.  bd. 

This  edition  o/Sallusl,  prepared  by  the  distinguished  Aiitoriait  of  Rome, 

contains  an  Introduction,  conetrning  the  life  and  works  of  Sallust,  lists 

of  the  Consuls,  and  elaborate  Notes.     "A  -very  good  edition,  to  which  the 

Editor  has  not  only  brought  scholarship  but  independatt  judgment  and 

historical  criticism." — Spectator. 


Tacitus.— THE   HISTORY  OF  TACITUS    TRANSLATED 

INTO   ENGLISH.      By  A.  J.    Church,   M.A.,   and  W.   J. 

Brodrisb,  M.A.    With  Notes  and  a  Map.     New  and  Cheaper 

Edition.     Crown  Svo.     6i. 

The  translators  have  endecwoured  to  adhere  as  closely  to  the  original  as 

was  thought  consistent  with  a  proper  observarue  of  English  idiom.     At 

the  same  lime,  it  has  been  their  aim  to  reproduce  the  precise  expressions  of 

the  avthor.    The  campaign  of  Ckiilis  is  elucidated  in  a  note  of  some  length, 

vihich  is  illustrated  by  a  map,  containing  thi  names  of  places  and  of  tribes 

occurring  in  the  work.  There  is  also  a  comfkte  account  of  the  Roman  army 

at  it  was  constituted  in  the  time  of  Tacitus.     This  work  is  characterised 

(Jyrt^  Spectator  as  "  a  scholarly  and faitkfiil  translation." 

THE  AGRICOLA  AND  GERMANIA  OF  TACITUS.  A  Revised 
Text,  English  Notes,  and  Maps.  By  A.  J.  CUURCH,  M.A., 
and  W,  J,  Brodkibb,  M.A.    New  Edition.    Fcap.  Svo.     y.  6d. 
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Tacitu  s — contittued. 

"  Wi  havt  mdarvsurtd,  tvilh  the  aid  of  raent  tdiliens,  thonnigkly  w 
duadait  the  tixt,  explaiiiiiig  tht  i/arious  difficultia,  criiical  ami  gramma- 
tital,  whkh  cccur  to  the  student.  We  have  consulttd  throughout,  besides 
the  older  commentators,  the  editions  of  Ritter  and  Orelli,  iml'  vn  are 
under  special  obligaHens  to  the  labours  of  the  recent  German  editors,  Wex 
and  Kritt."  Tvm  Indexes  are  appended,  (i)  of  Proper  Names,  (a)  ej 
Words  and  Phrases  explained.  ' '  A  model  of  careful  editing, "  says  the 
AtheNiCUM,  "  ieing  at  once  compact,  complete,  and  correct,  as  wdl  as 
nettlly  printed  and  deganl  in  style." 


THE  AGRICOLA   AND   GERMANIA.      Translaled  into  English 

by  A.  J.  Chueck,   M.A.,   and  W.  J.  Brodribb,  M.A.     With 

Maps  and  Notes.     Extra  fcap.  8vo.     zi.&Z. 

73^  translators  have  sought  to  produce  such  a  version  as  may  satisfy 

scholars  who  demand  a  faiihfUl  rendering  of  the  original,  and  English 

readers  ■mho  are  offended  hy  the  baldness  and  frigidity  vihich  commonly 

disfigure  translations.      The  treatises  are  accompanied  by  Introductions, 

Notes,  Maps,  and  a  chronological  Summary.    The  Athen^UM  says  of 

(his  TBorh  that  it  is"  a  version  at  once  readable  and  exact,  which  may  be 

perused  with  pleasure  by  ail,  and  consulted  with  advantage  by  the  classical 

Theophrastus.  —  the  characters  OF  tHEO- 
PHRASTUS.  An  English  Translation  from  a  Revised  Text. 
With  Introduction  and  Notes.  By  R.  C.  Jsbb,  M.A.,  Public 
Orator  in  the  University  of  Cambridge.     Extra  fcap.  8vo.     6;.  td. 

The  first  object  of  this  book  is  to  make  these  lisdy  pictures  of  old  Greek 
manners  better  known  to  English  readers.  But  as  the  Editor  and  Trans- 
lator has  been  at  considerable  pains  to  procure  a  trustworthy  text,  and 
has  recorded  Ike  results  of  his  critical  labours  in  an  Introduction,  Notes, 
and  Appendices,  it  is  hoped  that  the  work  wUl  prove  of  value  even  to 
the  scholar.  "  We  must  not  omit  to  give  due  honour  to  Mr.  ^bb's  trans- 
lotion, -whick  is  as  good  as  translation  can  be  .  .  .  .  Not  less  commendable 
are  the  execution  of  the  Nates  and  the  critical  handling  of  the  Text. " — 
Spectator.     The  Saturday  Rbvisw  speaks  o;  it  as  "a  very  handy 
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and  sihelarly  ediiion  of  a  -.eark  '.uhkk  till  tune  has  ban  bcut  wSh 
Mndrances  and  diffiatltia,  but  -^-kick  Mr.  JM's  critkal  ikiH  and 
judgmatt  havt  at  length  placid  ■withm  Iht  graif  and  comprtkataoa  cf 
ordinary  readtri." 

Thring. — Works  by  the  Rev,  E,  THRING,  M.A.,  Head  Master 

of  Uppingham  School 
A    LATIN    GRADUAL.     A    First    Lilin    Coitttnibg   Book    for 

Beginners.    New  Edition,  enlarged, with  Coloured  Senlence  Maps. 

Fcap,  Svo.  21.  bd. 
The  Head  Master  of  Uppingham  has  here  sought  to  supply  by  easy  steps 
a  kn^aledge  of  grammar,  combined  with  a  goad  Vocabulary.  Passages 
have  teen  selected  from  the  best  Latin  authors  in  prose  and  verse.  T^ese 
passages  art  gradually  built  up  in  Iheir  grammatieal  structure,  and 
finally  printed  in  full.  A  short  practical  manual  of  common  mood  eon- 
structiens,  toilh  their  English  equivalents,  forms  a  second  part.  To  the 
Neto  Edition  a  circle  of  grammatical  Constructions  luith  a  Glossary  has 
been  added  ;  as  also  some  coloured  Sentence  Map,  by  means  of  tohich  the 
different  parti  of  a  sentence  can  easily  be  distinguished,  and  the  practice  of 
dissecting  phrases  carried  out  with  the  greatest  benefit  to  the  student. 

A  MANUALOF  MOOD  CONSTRUCTIONS.  Fcap.8vo.  ij.&/. 

Treats  of  the  ordinary  mood  constructions,  as  found  in  the  Latin,  Greek, 
and  English  languages.     The  Educational  Times  thinks  it  "very 
TBcll  suited  to  young  students. " 
A  CONSTRUING  BOOK.    Fcap.  Svo.     ss.  6d. 

Thucydides. — the  SICILIAN  EXPEDITION.    Being  Boolu 

VI  and  VII.  of  Thucydides,  with  Notes.     A  New  Edition,  rerised 

and  enlarged,  with  a  Map.     By  the  Rev.  PkhCIVaL  FROST,  M.A, 

late  FeEow  of  St.  John's  College,  Cambridge.    Fcap.  Svo.    Sj. 

This  edition  is  mainly  a  grammatical  one.     Attention  is  called  to  the 

force  of  compound  verbs,  and  the  exact  meaning  ef  the  various  tenses 

employed.     "  The  notes  are  excellent  of  their  kind.     Mr.   Frost  seldom 

passes  over  a  difficulty,  and  what  he  says  is  always  to  the  point." — 

Educational  Times. 

Virgil.— THE    WORKS     OF    VIRGIL    RENDERED    INTO 

ENGLISH  PROSE,  with  Notes,Introductions,  Running  Analysis, 
and  an  Index,  by  jAMES  LoNSDAi-E,  M.A.  and  Samuel  Leb, 
M.A.     Second  Edition.     Globe  Svo.     31.  611.  ;  gUi  edges,  41. 61^ 
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T^e  original  ktu  ban  failkfidly  Tindtrtd,  and  paraphrase  oUog^her 
avoidtd.  At  the  same  lime,  the  translators  have  endeavoured  to  adapt 
the  book  to  the  use  of  the  English  render.  Some  anwunt  of  rhythm  in 
the  structure  of  the  sentina  has  been  generally  maintained;  and,  when  in 
the  Latin  tht  sound  of  the  ivords  is  an  eehc  to  the  sense  [as  so  frequently 
happens  in  Virgil),  an  attempt  has  been  made  to  produce  the  same  result 
in  English.  The  general  introduetiou  contains  whateuer  is  known  if 
the  po^s  life,  an  estimate  of  his  genius,  an  account  of  the  principal 
editions  and  translations  of  his  works,  and  a  brief  vieai  of  the  influence 
he  has  had  on  modem  poets ;  special  introductory  essays  are  prefixed 
to  tht  "Eclogues,"  "  Gtotgics,"  and  "jSneid."  The  text  is  diiiided  into 
sections,  each  of  which  is  headed  by  a  concise  analysis  of  the  subject ; 
the  Index  contains  references  to  all  the  characters  and  eaents  of  any 
importance.  "  A  more  complete  idition  of  Virgil  in  English  it  is  scarcely 
possible  to  conceiee  than  the  scholarly  work  before  ai."— GlObk. 

Wright. — Worts  by  J.  WRIGHT,  M.A.,  late  Head  Maater  of 
Sutton  Coldfield  SchooL 

HELLENICA  ;  OK,  A  HISTORY  OF  GREECE  IN  GREEK,  ai 
related  by  Diodonis  and  T^ucydides  ;  being  a  First  Greek  Reading 
Book,  with  eipianatory  Notes,  Critical  and  Historical  Third 
Edition,  with  a  Vocabulary,     umo.    3^.  6d. 

In  the  last  tti/enty  chapters  of  this  volume,  Thucydides  sketches  the  rise 
and  progress  of  the  Athenian  Empire  in  so  clear  a  style  and  in  such  simple 
language,  that  the  editor  has  doubts  vrhelhcr  any  easier  or  more  instruc- 
tive passages  can  it  selected  for  the  use  of  the  pupil  who  is  commencing 
Greet.  This  book  includes  a  chronological  tahlt  of  the  events  recorded. 
The  Guardian  sp^ks  of  the  work  as  "a  ^oodplan  well  executed." 

A  HELP  TO  LATIN  GRAMMAR ;  or,  The  Form  and  Use  of  Words 
in  Latin,  wiA  Prt^essive  Exercises,     Crown  8vo.    4J.  6d. 

This  book  is  not  intended  as  a  rival  to  any  of  the  excellent  Grammars 
now  in  use  ;  but  as  a  help  to  enable  the  beginner  to  understand  them. 

THE  SEVEN  KINGS  OF  ROME.  An  Easy  Nanatire,  abridged 
from  the  First  Book  of  Livy  by  the  omission  of  Difficult  Passages  j 
being  a  First  Latin  Reading  Book,  with  Grammatical  Notes. 
Fifth  Edition.     Fcap.  8yo.  jr.      With  Vocabulary,  31.  dd. 
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Wright — centinutd. 

Has  work  is  intended  tg  supply  Ike  pupil  Toilh  an  easy  construing  hot, 
which  may  at  the  same  time  be  made  the  vehicle  for  instructing  Aim  in  lie 
rules  cf  grammar  and  principles  of  eomposiiian.  The  rates  prsfess  to 
teath  uihat  is  coaiBicnly  taught  in  grammar].  It  is  coneeeved  that  lie 
pupil  will  learn  the  rules  af  constructien  of  the  language  much  van 
easily  /rem  separate  txamples,  which  are  pointed  out  to  him  in  the  courii 
of  his  reading,  and  which  he  may  himself  set  down  in  his  nole-boBi  ^a 
same  scheme  of  his  awn,  than  from  a  heap  of  quotations  amassed  for  kun 
by  others.  "  The  Notes  are  abundant,  explicit,  and  full  of  such  grammoticiil 
and  other  information  as  boys  require." — Athen^um.  "  THi  is 
really,"  the  Morning  Post  says,  "-what  its  title  imports,  and  wi 
bdieve  that  its  general  introduction  into  Grammar  Schools  would  net 
only  facilitate  the  progress  of  the  boys  beginning  to  learn  Latin,  but 
also  relieve  the  Masters  from  a  very  considerable  amount  of  irhsome  labour 
.  .  .  .  a  really  vaiuaile  addition  to  our  school  libraries." 

FIRST  LATIN  STEPS;  OR,  AN  INTRODUCTION  BY  A 
SEKIES  OF  EXAMPLES  TO  THE  STUDY  OF  THE 
LATIN  LANGUAGE.  Ctown  8vo.  Sj. 
The  following  points  in  the  plan  of  the  work  may  be  noted: — 1. 
The  pupil  has  to  deal  teith  only  one  construction  at  a  lime.  2.  This 
construction  is  made  clear  to  him  by  an  accumulation  of  inslantes. 
3.  As  all  the  constructions  are  elass^ed  as  they  occur,  the  eonstrueiiaa 
in  each  sentence  can  be  easily  referred  to  its  class.  4.  jis  the  author 
thinks  the  pupil  ought  to  be  thoroughly  familiariied,  by  a  repttitiot 
of  instances,  with  a  construction  in  a  fi/reign  language,  be/ore  hi  at- 
tempts himself  to  render  it  in  that  language,  the  present  volume  contains 
only  Latin  sentences.  5.  72«  author  has  added  to  the  liules  on  Prssody 
iH  the  last  chapter,  a  frw  familiar  lines  from  Ovid's  Fasti  by  nay 
of  illustration.  In  a  brief  Introduction  the  author  states  the  rationale 
of  the  principal  points  of  Latin  Grammar.  Copious  Notes  are  appended, 
to  which  reference  is  made  in  the  text,  from  the  clear  and  rational 
method  adoptal  in  tie  arrangement  of  this  elementary  work,  from  the 
simple  way  in  which  the  various  rules  are  conveyed,  and  from  the  abun- 
dance of  examples  gizvn,  both  teachers  and  pupils  will  Jinii  it  a  vaiuob/e 
help  to  the  learning  of  Latiit. 
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CLASSIC  VERSIONS  OP  ENGLISH  BOOKS 
AND  LATIN  HYMNS. 

The  following  works  are,  as  the  heading  indicates,  classic 
renderings  of  English  Books.  For  scholars,  and  parti- 
cularly for  writers  of  Latin  Verse,  the  series  has  a  special 
value.  The  Hymni  Ecclesije  are  here  inserted,  as  partly 
falling  under  the  same  class. 

Church  (A.  J.,   A.M.)— HOR^  TENNYSONIAN^,   sive 
Ecl<^e  e  Tennysono.      Laline  redditie.       Cnra  A.  J.  CkURCH, 
A.M.     Eitra.fcap.Svi>.     61. 
Laiin  vcrsiens  of  S/iicHD»s  from  ToHtyson.     Among  tht  aulhers  are 

the  Editor,  the  laU  Professor  Coningtoit,  Professor  Seelty,  Dr.  Hlssiy, 

Mr.  Kebhel,  and  other  gentlemen. 

Latham — SERTUM   SHAKSPERIANUM,    Subnexia   aliquot 

alinode  eicerptis  floribns.     Latine  reddidit  Rev.  H.  Latham,  M.  A. 

Extra  fcap.  8vo.     51. 

Besides  versions  of  Shakespeare  this  volume  contains,  among  other  pises, 

Gra/s  "Elegy,"    CampbeU'i  " H^henlinden,"    IVolfifs" Burial  of  Sir 

ybhn  Moore,"  and  selections  from  Cewper  and  George  Herbert. 

Lyttelton. — the  COMUS  of  MILTON,  rendered  into  Greek 
Verse.    By  LORD  Lvttelton.    Extra  fcap.  8vo.    y. 

THE  SAMSON  AGONISTES  OF  MILTON,  rendered  into  Greek 
Verse.     By  Lord  Lyttelton.     Extra  fcap.  8vo.     bs.  6d. 
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Mcrivale. — KEATS'   HYPERION,  rendered  into  Latin  Verse. 
ByC.  Merivale,  B.D.     Second  Edit.     Extra  fcap.  8vo.    31.  W. 

Newman HYMNI  ECCLESl^.     Edited  by  the  Rev.   Dr. 

Nkwman,     Eitra  fcap.  8vo.     li.  6d. 

Hymns  of  Ike  Medixoai  Church.  Thi  first  Part  eontaUu  selectioiu 
from  the  Parisian  Breviary  ;  the  sicond /rem  those  of  Rome,  Salisbury, 
atid  York. 

Trench  (Archbishop).  —  sacred  latin  poetry, 

chiefly  Lyrical,   selected  and  ananged  for  Use  ;  with  Notes  and 

Introduction.     Fcap.  Svo.     "]!. 
In   this  work  the  editor  has  lelectid  hymns  0/  a  caikolic  rdigimu 
sentiment  that  tire  common  to   Christendom,  while  rejecting  tiose  0/  m 
distaicta/dy  /famish  eharatttr. 
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Airy.— Works  by  Sir  G.  B.  AIRV,  K.C.B.,  Astronomer  Royal  :— 

ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL 
EQUATIONS.     Designed  for  the  Use  of  Students  in  the  Univer- 
sities.    WLlh  Diagrams.     Crown  8vo.  clolh.     Sj.  W. 
Jt  is  hoped  that  the  nulhods  of  st/lulinn  here  explaitud,  and  the  inslancis 
exhibiled,  -oiUlbe  found  sufficient  for  applicoHonts  nearly  all  the  importnnt 
problems  ofPhyskai  Sciime,  whiih  require  for  their  complete  investigation 
the  aid  of  Partial  Differential  Equations. 

ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY  OF 
ERRORS  OF  OBSERVATIONS  AND  THE  COMBINA- 
TION OF  OBSERVATIONS.     Crown  8va  doth.     6s.  U. 

In  order  to  spare  astronomers  and  observers  in  natural  philosophy  the 
confusum  and  loss  of  time  it/hich  are  produced  by  referriitg  to  the  ordinary 
treatises  embracing  both  branches  of  prohabilities  (the  first  relating  to 
chances  vrhich  can  it  altered  only  by  the  changes  of  entire  units  or  in- 
tegral multiples  of  units  in  the  fundamental  conditions  of  the  problem  ; 
the  other  concerning  those  chances  which  have  respert  to  insensible  grada- 
tions in  the  value  of  the  dement  mcasur^),  the  present  tract  has  been  drojoii 
up.  It  relates  only  to  errors  of  obscn/ntion,  and  to  the  rules,  derivable 
from  the  considiratioa  of  these  errors,  for  the  combination  of  the  results 
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Airy  (G.  B.) — contmued. 

UNDULATORY  THEORY  OF  OPTICS.    Designed  for  the  Use  of 

Students  in  Ihe  University.     New  Edition.     Crown  Svo.   cloth. 

6i.  6rf. 
Thi  tmdalalory  theory  ef  optks  is  pristntid  to  tht  reader  as  having  the 
soBtetlaims  to  hit  atttntion  as  thtthtery  a/ gravilaliim  :  namely,  thai  itis 
certainly  true,  and  that,  ly  mathematical  operations  of  general  degance,  it 
leads  to  results  of  great  interest.  This  theory  explains  trilh  accuracy  a 
vast  variety  of  phenomena  of  the  most  complicated  kind.  The  f/lan  of  this 
tract  has  been  to  include  those  phenomena  only  which  admit  of  calculation, 
and  the  investigations  are  applied  only  to  phenomena  -which  actually  have 
ieen  observed. 

ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.     'Willi  the 
Mathematical  Elements  of  Music.  Designed  forthe  Use  of  Students 
of    the    University.      Second    Edition,    Revised    and   Enlarged, 
Crown  Svo.     gj. 
This  volume  consists  of  sections,  which  again  are  divided  into  numbered 
articles,  on  Ihe  following  topics : — General  recognition  of  the  air  as  the 
medium  which  conveys  sound ;  Properties  of  Ihe  air  onvikich  the  for  ma- 
Hon  and  transmission  of  sound  depend ;  Theory  of  undulations  as  applied 
lo  sound,  Gfc. ;  lavestigaHon  of  Ihe  motion  of  a  wave  of  air  through  the 
atmosphere;  Transmission  of  leaves  of  soniferous  vibrations  through  dif- 
ferent gases,  solids,  and  fluids ;  Experiments  on  the  vdocity  of  sound, 
&'c,  ;  On  musical  sounds,  and  the  manner  of  predueing  them  ;  On  tht 
dements  of  musical  harmony  and  melody,  and  of  simple  musical  eomposi- 
Hon ;  On  instrumental  music ;    On  the  human  organs  of  speech  and 
hearing. 

A  TREATISE  OF  MAGNETISM.  Designed  for  the  use  of 
Students  in  the  University.  Crown  Svo.  gj.  6d. 
As  the  laws  of  Magnetic  Force  have  been  experimentally  examined  with 
philosophical  accuracy,  only  in  ils  connection  with  iron  and  steel,  and  in 
the  influences  excited  by  the  earth  as  a  whole,  the  accurate  portions  of  this 
wort  are  confined  lo  the  investigations  connected  with  these  metals  and  the 
earth.  The  latter  part  of  the  work,  however,  treats  in  a  more  general  way 
of  tht  laws  of  the  connection  between  Magnetism  on  the  other  hand  and  Gaf. 
vanism  and  Thernio-elielricity  on  the  other.     The  work  is  divided  info 

Twihie  Sections,  and  each  section  into  numbered  articles,  each  of  which 
slates  concisely  Ihi  subject  of  the  folloming paragraphs. 
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Airy  (Osmund).  —  a  treatise   on   geometrical 

OPTICS.     Adapted  for  (he  use  of  tlie  Higher  Classes  in  Schools. 

B^  OsuuND  AiRV,  B.A.,  one  of  the  Mathematical  Masters  in 

Weltii^on  College.     ExUi  fcap.  8vo.     y.  6d, 

"  TTiis  is,  I  imagjiu,  lie  first  lime  that  any  aUempi  has  httn  made  to 

adapt  the  sttbjat  of  GromttrKoI  Optics  la  the  rtading    of  the  higher 

classes  in  our  gsed  uhoo/s.      Thai  this  should  bt  soil  Ike  more  a  mailer 

for  remark,  lirue  the  suijee/  mould  appear  to  he  peadiarly  fitted  for  such 

an  adaptation /  have  endeavoured,  as  much  as  possible,  lo  avoid 

Iht  example  of  those  popular  lecturers  ■mho  explain  di^tidties  by  ignoring 
than.  But  as  the  nature  of  my  design  necessitated  brrsity,  I  have  otniited 
entirely  one  or  two  portions  of  the  subject  luhich  I  considered  unnecessary 
te  a  clear  understanding  of  the  rest,  and  which  appear  lo  me  belter  learnt 
at  a  more  advanced  stage." — AwTHOR's  PRKFACB.  "  This  book,"  the 
AtheNjCUM  says,  "is  carefully  and  lucidly  loritten,  and  Trndered  as 
simple  as  possible  by  the  use  in  all  cases  of  the  most  demtntary  form  of 
inBestigatien. " 

Bayma.— THE  ELEMENTS  OF  MOLECULAR  MECHA- 
NICS. By  Joseph  Bavma,  S.J,,  Profeswr  of  Philosophy. 
Stonyhnrst  College.     Demy  Svo.  cloth.     loi.  6d 

Of  the  Tmelve  Boots  into  tvhich  the  present  treatise  is  dividid,  the  first 
and  second  give  the  demonstration  of  the  principles  which  bar  directly  oh 
the  constitution  and  the  properties  of  matter.  The  next  lArte  bonis  contain 
a  series  of  theorems  and  of  problems  on  the  laws  of  motion  of  elementary 
substances.  In  the  sixth  and  seventh,  the  mechanical  constitution  of  mole- 
cules is  investigated  and  ddermined :  and  by  it  the  general  properties  of 
todies  are  explained.  The  eighth  booh  treat]  of  luminiferous  ather.  The 
ninth  explains  some  special  properties  of  bodies.  The  tenth  and  eleventh 
contain  a  radical  and  lengthy  imiestigation  of  chemical  principles  and 
relations,  vihieh  may  lead  to  practical  results  of  high  importance.  The 
twelfth  and  last  book  treats  of  molecular  masses,  dittances,  and  pBuurs. 

BeaSley.— AN  ELEMENTARY  TREATISE  ON  PLANK 
TRIGONOMETRY.  With  Exaraplefc  By  R.  D.  Beaslzy, 
M.A.,  Head  Master  of  Grantham  Grammar  School.  Fourth 
Edition,  revised  and  enlarged.    Crown  Smi.  doth.     31.  6rf. 

TlUs  treatise  is  specially  intended  for  use  in  Khools.  The  chotceof  mailer 
has  been  chiefly  guidtd  by  the  repiirtmenli  of  ike  three  aSsju"  elimination 


ogle 


i8  EDUCATIONAL  BOOKS. 

at  Camhridp.  Alout  Jour  hundred  examples  Toere  added  to  the  mond 
edilien,  mainly  eoUeeted  from  the  Exaininatioa  Pafiri  of  the  last  tat 
years.  In  this  edition  several  new  articles  have  been  added,  the  examples 
hxve  been  largely  increased,  and  a  series  of  Examination  Papers  appended. 

Blackburn     (Hugh).— elements     of     plane 

TRIGONOMETRY,  for  the  use  of  the  Junior  Class  of  Mathematics 

in  the   Universitr  of  Glasgow.      By  Hugh  Blackbukh,  M.A., 

Professor  of  Mathematics  in  the  University  of  Glasgow.     Globe 

8vo.     IJ.  kd. 

The  author  having  felt  the  want  of  a  short  treatise  to  ie  used  as  a 

Text-Book  afler  the  Sixth  Booh  Bj  Euclid  had  been  learned  and  some 

knowledge  of  Algebra  acquired,  vihich   should  contain  satisfactory  de- 

monstra&ms  of  the  propositions  to  be  used  in  teaching  yunior  Students 

the  solution  of  Trian^es,   and  should  at  the  same  time  lay  a  solid 

foundation  for  the  study  of  Analytical   Trigonomdry,   thinking  thai 

others  may  have  felt  the  same  want,  has  attempted  to  supply  it  by  the 

puUieation  of  this  little  viorh. 

Boole. — Worts  by  G.  BOOLE,  D.C.L.,  F.K.S.,  Professor  of 
Mathematics  in  the  Queen's  Univcisity,  Ireland. 

A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.  New  and 
Revised  Edition.  Edited  by  I.  Todhuhtbk.  Crown  8vo.  doth, 
i+i. 

Professor  Boole  has  tndeoBour^  in  this  treatise  to  convey  as  compute  an 
acevunt  of  the  present  state  of  hurwledge  on  the  subject  of  Differential  Egtioi- 
lions  as  VMS  consistent  with  the  idea  of  a  work  intended,  primariiy,  for 
elementary  iaitruction.  The  earlier  sections  of  each  chapter  contain  that 
kind  of  matter  which  has  usually  been  thought  suitable  for  the  banner, 
while  the  latter  ones  are  devoted  either  to  an  account  of  recent  discovery,  or 
Ihe  discussion  of  such  deeper  questions  of  principle  as  are  lihely  to  present 
themselves  to  the  rejleciive  student  in  connection  with  the  methods  and 
processes  of  his  previous  course.  "  A  treatise  incomparably  superior  to 
any  other  denientory  book  on  the  same  subfecl  with  vihich  vie  are 
Oi-yttfllB/a/."— riilLOSOPUiCAL  MaGaZINK. 

A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.  Supple- 
mentaiy  Volmne.  Edited  by  L  ToDHUNi'BK.  Crown  Sto.  dodu 
&s.6d. 
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Boole — continued. 

This  volumt  iOTttains  all  that  Professor  BooU  viroU  for  the  purposi  of 
ettlar^ng  kis  treaHsi  9H  Difftretitia!  Equaltens, 

THE  CALCULUS  OF  FINITE  DIFFERENCES.  Crown  Svo. 
cloth,     loj.  bd.     New  Edition,  revised  by  J.  F.  MouLTON. 

In  this  ixpositUin  oj  the  Calculus  of  Finite  Differmces,  farficulcr 
aiimlion  has  ban  paid  to  the  connection  of  Us  mitkodt  with  those  of  tkc 
ZHfftrmlial  Calculus — a  connection  te&icA  in  lomt  instances  involves  far 
tnore  than  a  merely  formal  analogy.  The  -aiork  is  in  some  measure 
designed  as  a  sequel  to  Professor  Bool/i  Treatise  on  Differential  Equa- 
tions. "  As  an  original  book  by  one  of  the  first  mathematidans  of  the 
age,  it  is  out  of  all  comparison  ivith  the  mere  srtond-hand  compilations 
lohi^k  have  hitherto  been  alone  accessible  to  the  student." —fUlLOSOFKiCAl, 

Magazine, 

"BrooTi  -  Smith  (J.)— ARITHMETIC  m  THEORY  ANb 
PRACTICE.  By  J.  Brook-Smith,  M.A.,  LL.B.,  St.  John's 
College,  Cambrit^;  Barrister-at-Law ;  one  of  the  Masters  of 
Cheltenham  College.  Complete,  Crown  Svo.  us.  6d.  Part  I 
y.6d. 

Writers  on  ArUhmelic  at  thepreseniday fed  the  necessity  ef explaining  the 
principles  on  which  the  rules  of  the  subject  are  based,  butfno  as  yet  feel  the 
necessity  of  making  these  explanations  strict  and  complete.  If  the  science 
of  Arithmetic  is  to  -be  made  an  effecHve  instrument  in  developing  and 
strengthening  the  mental pe-aiers,  it  ought  to  be  ivoried  out  rationally  and 
conclusively  ;  and  in  this  wort  the  author  has  endeavoured  to  reason  out 
in  a  clear  and  accurate  manner  the  leading  propositions  of  the  science,  and 
to  illustrate  and  apply  those  propositions  in  practice.  In  the  practical 
part  of  the  subject  he  has  advanced  somewhat  beyond  the  majority  of 
preceding  writers;  particularly  in  Division,  in  Greatest  Common 
Measure,  in  Cube  Root,  in  the  Chapters  on  Decimal  Money  and  the 
Metric  System,  and  mere  especially  in  the  application  of  Decimals  to 
Percentages  and  cognate  subjects.  Copious  examples,  original  and  selected, 
art  given.  "  This  strikes  us  as  a  valuable  Manual  of  Arithmetic  of  the 
Scientific  kind.  Indeed,  this  really  appears  to  us  the  best  we  have  seen." 
—Literary  Churchman.  "This  is  an  essentially  practical  book, 
protMding  very  d'fimte  help  to  candidates  for  almost  every  kind  of  com- 
petitwe  examination." — BSIxiSU  OUARTBRLY. 


ogle 


20  EDUCATIONAL  BOOKS, 

Cambridge  Senate-House  Problems  and  Riders, 

WITH  SOLUTIONS  :— 

1848-1851,— PROBLEMS.     By  Fbkreks  and  Jackson.     8to. 

doth.     151.  f>d. 
1848-1851.— RIDERS.    By  Jameson.    8w.  doth.    ft.  6rf. 
1854.  — PROBLEMS    AND    RIDERS.       By   Walton    and 

Mackenzie.    8»a  doth,     loi.  td. 
,857. —  PROBLEMS    AND    RIDERS.       By    Campion   and 

Walton.    Svo,  doih.     8j.  bd. 
i86a— PROBLEMS  AND  RIDERS.    By  Watson  and  Rovth. 

Ctown  Svo.  cloth,    ^s.  6d. 
1864.— PROBLEMS  AND  RIDERS.     By  Walton  and  Wil- 
kinson.    Svo.  doth.     10s.  td. 
Tkat  veluma  viU!  hefinaid  e/ great  value  to  Taiehert  and  Sttidentt,  ai 
indicating  tie  ifylt  and  range  ef  mathimaticai  ttudy  in  the  Unweraly  oj 
Camiridge. 

CAMBRIDGE     COURSE     OF     ELEMENTARY     NATURAL 
PHILOSOPHY,  for  the  Degree  of  B.A.     Originally  compiled  by 
J.   C.    Snowball,   M.A.,   late    Fellow  of   St  John's  Collie. 
Fifth  Edition,  revised  and  enlarged,  and  adapted  for  the  Middle- 
Class  EiaminatioDt  by  Thoua£  Lund,  B.D.,  La(e  Fellow  and 
Lecturer  of  St  John's  Collie,  Editor  of  Wood's  Algebra,  &c 
Crown  Svo.  doth.     5j. 
This  viork  will  be  found  adafted  to  the  viantt,  not  only  of  University 
Students,  but  also  of  many  others  who  require  a  short  course  of  Mechanist 
and  Hydrostatics,   and  especially  of  the  candidates  at  our  Middle  Clasi 
Examinations.     At  the  end  of  each  chapter  a  series  of  easy  fuestiont  is 
added  for  the  exercise  of  the  student. 

CAMBRIDGE  AND  DUBLIN  MATHEMATICAL  JOURNAL. 

The  Complete  Work,  in  Nine  Vols.    Svo.  doth.     7/.  41. 
Only  a  few  copies  remain  on  hand.    Among  Contributors  to  this 
mori  will  be  finaid  Sir  W.  Thomson,  Stokes,  Adams,  Boole,  Sir  H^.  X. 
Hamilton,  De  Morgan,  Cayley,  Sylvester,  fdldt,  and  other  distinguished 
wathematicians. 

Candler.— HELP  to  arithmetic.  Designed  for  the  use  of 
Sdiools.  By  H.  Candlbr,  M.A.,  MathemsticBl  Master  of 
Uppingham  School.    Extra  fcap.  Sro.    Bi,  6d, 
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?3u  work  it  intaided  m  a  compatiicn  to  any  ttxtbait  that  may  tt 
iHua.  "Tie  main  digitus  which  boys  apmoKt  in  the  Afferent 
rula  an  sHIfiilly  dealt  with  and  remind." — MUSEUM. 

Cheyne Work»  by  C.  H.  H.  CHEYNE,  M.A.,  F.R.A.S. 

AN    ELEMENTARY    TREATISE    ON    THE   PLANETARY 

THEORY.     With  a   CoUecton  of  Problems.     Second  Edition. 

Crown  8to.  cloth,  hs.  6d. 
In  this  velumt  an  attempt  has  bent  madt  to  produce  a  treatise  en  the 
Plandary  theory,  -aihieh,  being  elementary  in  character,  should  be  so  far 
eamfiiete  as  to  contain  all  that  it  tuually  required  by  students  in  the 
Utanerafy  of  Cambridge,  In  the  New  Edition  the  teork  has  been  carefully 
revued.  The  stability  of  the  Planetary  System  has  been  more  Jidty  treated, 
and  an  el^ant  gtemOrieal  explanation  of  the  formula  for  the  temlar 
variation  of  the  node  and  incHnatian  has  been  introduced. 

THE     EARTH'S     MOTION     OF    ROTATION.     Crown  8to. 
3/.  W. 

The  first  part  of  this  work  consists  of  an  applUation  of  the  method  of  the 
variation  of  elements  to  the  general  problem  of  rotation.  In  the  second 
part  the  general  rotation  formula  are  applied  to  the  particular  case  of 
tieearih, 

Childe.— THE  SINGULAR  PROPERTIES  OF  THE  ELLIP- 
SOID AND  ASSOCIATED  SURFACES    OF    THE    Nth 
DEGREE.     Br  the  Rev.  G.  F.  Childe,  M.A.,  Authoi    of 
"Ra;  Sur&ces,"  "Related  Caustics,"  &c    Sto.     ku.  6d. 
The  object  of  this  velume  is  to  develop  peculiarities  in  the  £llipsaid; 

and,  fiirther,  to  establish  analogous  properties  in  the  unlimited  congeneric 

series  of  which  this  remarkable  surface  is  a  constituent, 

Christie.— A  collection  of  elementary  test- 
questions  IN  PURE  AND  MIXED  MATHEMATICS ; 

with  Answers  tnd  Appendices  on  Synthetic  Division,  and  on  the 
Solation  of  Nmnerical  Equations  by  Horner'a  Method,  ByjAHIS 
R.  Chkistie,  F.R.S.,  kte  First  Mathematical  Maste.  at  th« 
Roytl  Military  Academy,  Woolwich.  Crown  8to.  doth.  &s.  6d, 
This  series,  of  Mathematical  Exercises  is  collected  from  these  which  the 
auther  has,  from  time  to  time,  proposed  for  soltUien  by  his  pupils  during 
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a  long  career  at  tie  Royal  Alililary  Academy.  A  student  ■Biho  finds 
that  he  is  able  to  solve  the  larger  portion  of  these  Extrcisa,  may  consider 
that  he  is  thoroughly  veil  grounded  in  tie  elementary  principles  of  pure 
and  mixed  Mathematics, 

Dalton.— ARITHMETICAL  EXAMPLES.  Progressivdy 
arranged,  with  Exercises  and  Enaminatioo  Papers.  By  Ihe  Rev. 
T.  Dalton,  M.A,,  Assistant  Master  of  Eton  College.  New 
Edition.  iSmo.  cloth.  3t.  dd.  Annners  to  the  Examples  are 
appended. 

Day. —  PROPERTIES    OF    CONIC     SECTIONS     PROVED 
GEOMETRICALLY.        Part    I.,      THE    ELLIPSE,    witli 
Problems.      By  the  Rct.  H.  G.   Day,   M.A.,   Head  Master  of 
Sedburgh  Grammiu-  School     Crown  Svo.      3/.  fd. 
.    Tie  object  of  this  booh  is  the  introduction  of  a  treatment  of  Conie   , 
Sections  Tehilh  should  be  simple  and  natural,  and  lead  by  an  easy  transi- 
tion to  the  analytical  methods,  ■without  departing  from  the  strict  geometry 
afSuclid. 

Dodgson — AN    ELEMENTARY  TREATISE  ON   DETER. 

MINANTS,    with   their    Application    to    Simultaneous    Linear 

Ei^uations  and  Algebraical  Geometry.    By  Chaillbs  L.  DodGsok, 

M.A.,   Student  and   Mathematical   Lecturer  of  Christ  Church, 

Oifotd.     Small  4to,  doth,     loj.  Sd. 

77u  object  of  the  author  is  to  present  the  subject  as  a  continuous  chain  0/ 

argtanent,  separated  from  all  accessories  of  explanation  or  iiluslration. 

All  such  explanation  and  illustration  as  seemed  necessary  for  a  ieginner 

are  introdaeal,  either  in  Ihe  form  of  fool-notes,  or,  where  that  would  have 

occupied  loo   much    room,    of  Appendices.        "  The  worh,"    says    the 

Educational  Times,  "farms  a  valuable  addition  to  the  treatises  we 

possess  on  Modern  Algebra." 

Urew — GEOMETRICAL  TREATISE  ON  CONIC  SEC- 
TIONS. ByW.  H.  Drew,  M.A.,  St.  John's  Collie,  Cambridge. 
Fourth  Edition.     Crown  Svo.  cloth.     4^.  6d. 

tt  has  been  placed  before  the  student 
astering  the  elemcJils  of  Euclid,  he 
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Drew — continued. 

may  find  it  an  lasy  and  inltroHng  conlinuation  of  AU  geomilHial  studies. 
IVilA  a  tiiew,  also,  of  rendering  Ihe  work  a  complete  manual  of  vihat  is 
required  at  the  Universities,  there  havi  other  been  embodied  into  the  text  or 
inserted  among  the  examples,  every  hook-workquestion.proMem, and  rider, 
liiMek  has  ieen  proposed  in  the  Cambridge  examinations  up  to  the  frtseni 


SOLUTIONS    TO    THE    PROBLEMS    IN    DREWS    CONIC 
SECTIONS,     Crown  8to.  cloth.     +1.  td. 

Earnshaw      (S.)  —  PARTIAL     DIFFERENTIAL    EQUA- 

TIONS.      An  Essay  towards  an   entirely  New  Method  of   Inte- 

^ting   them.       By    S.    Earnshaw,  M.A.,    St.   John's    College, 

Cambridge.     Crown  8vo.     5^. 

The  feeuliarity  of  the  system  expounded  in  this  work  is,  that  in  every 

egtioiian,  whatever  be  the  numier  of  original  independent  variahles,  tkework 

of  integration  is  at  once  reduced  to  the  use  of  one  independent  ■variable 

only.     The  author's  object  is  merely  to  render  his  method  thoroughly  intel- 

U^ible.      The  various  steps  of  the  imiestigation  are  all  obedient  to  one 

general  principle,  and  though  in  some  degree  none!,  are  Tiot  really  difficult, 

but  on  the  contrary  easy  when  the  eye  has  become  accustomed  to  the  nooellies 

ef  the  notation.    Many  of  the  results  of  the  integrations  are  far  more 

general  than  they  were  in  the  shape  in  which  they  have  appeared  in  former 

treatises,  and  many  Equations  will  be  found  in  this  Essay  int^ated 

■with  ease  in  finite  terms  iiihich  were  never  so  integrated  before. 

Edgar  (J.  H.)  and  Pritchard  (G.  S.) — NOTE-BOOK  ON 

PRACTICAL   SOLID    OR    DESCRIPTIVE   GEOMETRY. 

Containing  Problems  with  help  for  Solutions.     By  J.  H.  Edgar, 

M.A.,  Lecturer  on  Mechanical  Drawing  at   the  Royal  School  of 

Mines,    and  G.   S.    Pritchard,   late    Master    for    Descriptive 

Geometry,  Royal  Military  Academy,  Woolwich.     Second  Edition, 

revised  and  enlarged.     Globe  Svo.     y. 

In  teaching  a  large  class,  if  the  method  of  lecturing  and  demonstrating 

from  the  black  board  only  is  pursued,  the  more  intelligent  students  have 

generally  to  be  kept  back,  from  the  necessity  of  frequent  repetition,  for  the 

sake  of  the  less  promising ;  if  the  plan  of  setting  problems  to  each  pupil  is 

adopted,  the  teacher  finds  a  di^culty  in  giving  to  each  sudden!  attention. 
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A  jtidkuiH]  (ombiitalioH  of  both  methods  is  deuitless  tht  best;  and  I'l  ti 
in/ft/  tiat  tfa!  result  may  be  arrived  at  in  ssnu  degree  by  the  use  of  this 
book,  -wkich  is  simply  a  eolleclion  of  examples,  ■adtk  kdfs  [or  soliUum, 
arranged  in  progressive  seetions.  The  new  eiUtiott  has  been  enlarged  by  Ike 
addiHea  of  chapters  on  the  straight  line  and  pane,  Jidik  explanatory  dia- 
grams and  ixercises  on  tangent  planes,  and  en  the  eases  of  the  spherical 
triangle. 

Ferrers.— AN  elementary  treatise  on  trilinear 

CO-ORDINATES,   the  Method  of  Reciprocal  Polais,  and 
Theory  of  Projectors.    By  the  Rev.  N.  M.  FerreKs,  M.  A.,  Fellow 
and  Tutor  of  Gonville  and  Csjus  CoU^e,   Cambridge.     Second 
Edition.     Crown  Svo.      6s.  dd. 

Tie  object  of  the  author  in  v/riting  on  this  subject  has  matniy  beat  to 
place  a  on  a  basis  altogether  independent  of  the  ordinary  Cartesian  system, 
instead  of  regarding  it  as  only  a  special  farm  of  Abridged  Nbtatieii. 
A  short  chapter  on  Determinants  has  been  introduced. 

Frost.— Works  b/  PERCIVAL  FROST.  M.A.,  formerly  Fellow 
of   St  John's   College,    Cambridge;    Mathematical   Lecturer  a 
.     King's  Coll^je. 


7lu  author  has  written  this  book  under  Ike  conviction  that  the  stiU 
aitd  power  of  the  young  malhemaJieal  student,  in  order  to  be  Ihorou^ly 
available  aftemiards,  ought  to  be  developed  in  all  fossilile  directions.  The 
subject  which  he  has  chosen  presents  so  many  faces,  that  il  would  it 
difficult  to  find  another  which,  with  a  very  limited  extent  of  reading, 
combines,  to  the  same  extent,  so  many  valuable  hints  of  methods  of  cal- 
culations to  be  employed  hereafter,  with  so  much  pleasure  in  its  present 
use.  In  order  to  understand  the  work  it  is  not  necessary  to  have  much 
kmnvledge  of  what  is  called  Higher  Algebra,  nor  of  Algebraical  CeomOry 
of  a  higher  kind  than  that  which  simply  relates  to  the  Conic  Sections. 
From  the  study  of  a  work  like  this,  it  is  bdieved  that  the  student  mi 
derive  many  advantages,  Especially  he  will  become  skilled  in  maMng 
correct  approximations  to  the  values  of  quantities,  which  cannot  be  found 
exactly,  to  any  degree  of  accuracy  which  may  be  required. 
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Frost — contin  ued. 

THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRINCIPIA. 
With  Notes  and  lUuslrations.  Also  a  collection  of  ProblemB, 
principally  intended  as  Examples  of  Newton's  Methoda.  By 
PbrCIvai,  Fhost,  M.A.     Second  Edition.     8vo.  clolh.     lOj.  W. 

Thi  aulhar's  pri»dpal  inttntion  is  to  explain  diffisultUs  wkich  may  bi 
tncounto'td  by  tht  student  on  Jirsl  reading  the  Principia,  and  to  illtutrale 
the  advoHlages  of  a  careful  study  of  the  methods  employed  by  Nemton,  by 
shmeing  the  extent  to  which  they  may  be  applied  in  the  solution  ofprcblemi ; 
he  has  also  endeavoured  to  give  assistance  to  the  student  Tuko  is  engaged  in 
the  study  of  the  higher  branches  of  mathematics,  by  representing  in  a 
geometrieid  fi>rm  several  of  the  processes  employed  in  the  Differentia  and 
Integral  CaUuiui,  and  in  tht  analyticai  investigations  of  Dynamics. 

Frost  and  'Wolstenholme. — A  TREATISE  ON  SOLID 
GEOMETRY.  By  Pbrcival  Frost,  M.A.,  and  iKe  Rev,  J. 
WoLSTENHOLKE,  M.A.,  Fellow  and  Assbtint  Tutor  of  Chiisl's 
College.     8vo,  dotli.     i&t. 

The  authors  have  endeavoured  to  present  before  students  as  comprehaitit/e 
a  view  of  tht  subject  as  fosstile.  Intending  to  maie  the  subject  accessible, 
at  least  in  the  earlier  portion,  to  all  elaises  of  students,  they  kame  endm- 
vowed  to  explain  completely  all  the  processes  which  are  most  us^iU  in 
dealing  with  ordinary  theorems  and  probletni,  thus  directing  the  student 
to  the  selection  of  methods  which  are  best  adapted  to  the  exigeneies  of  each 
problem.  In  the  more  digicull  portions  of  the  subject,  they  have  considered 
themselves  to  be  addressing  a  higher  class  of  students  ;  and  they  have  there 
tried  to  lay  a  good  foundation  on  wkich  to  build,  if  any  reader  should 
iirish  to  pursue  the  science  beyond  the  limits  to  which  the  loork  extends. 

Godfray.— Works  b/  HUGH  GODFRAY,  M.A.,  Mathematical 

Lecturer  at  Pembroke  College,  Cambridge. 


Tlui  book  embraces  all  those  branches  of  Astronomy  which  have,  front 
time  to  time,  been  recommended  by  the  Cambridge  Board  of  Mathematical 
Studies:  but  by  far  the  larger  and  easier  portion,  adapted  to  the  Jirsl  three 
days  of  the  Examination  for  '  Honours,   may  be  read   by  the  more 
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Godfray — mntimted. 

advanctd  pupils  in  many  of  our  ichools.  The  author's  aim  has  hen  to 
cotroey  diar  and  distinct  ideai  ef  the  cdestiat  phmpmtna,  "  It  is  a 
working  book,"  says  the  GUARDIAN,  "laMng  Astronomy  in  its  proper 
plaee  in  mathematical  scienees.  ,  .  ,  /lis  a  beok  •which  is  not  likdy  to 
il got  up  umnlelligen^y." 

AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY, 

with  a.  Brief  Sketch  of  the  Problem  np  to  the  time  of  Newton. 

Second  Edition,  revised.      Crown  Svo.  doth.     51.  6d. 

These  pages  tbUI,  it  is  hoped,  form  an  introduction  to  more  recondite 

works.      Difficulties   have  been   discussed  at  considirahle  length.       The 

sdatieH   of  the  method  followed  with  regard  to  analytical  solutions, 

which  is  the  same  as  that  of  Airy,  Hersehel,  &•!.  was  made  on  account 

of  its  simplicity ;  it  is,  moreover,  the  method  which  has  obtained  in  tie 

Unk'ersity  of  (Cambridge.     "As  an  elementary  treatise  and  introduction 

to  the  subject,  we  think  il  may  justly  claim  to  supersede  all  farmer  ones." — 

London,  Edin,  and  Dublin  Phil.  Magazine. 

Hemming.— AN    ELEMENTARY    TREATISE    ON    THE 

DIFFERENTIAL  AND  INTEGRAL  CALCULUS,  for  the 
Use  of  Colleges  and  Schools.  By  G.  W.  Hemming,  M.A., 
Fellow  of  SL  John's  College,  Cambridge.  Second  Edition,  with 
Corrections  and  Additions.      Svo.  cloth.     3s. 

"  There  is  no  book  in  common  use  from  which  so  clear  and  exact  a 
knowledge  of  the  principles  of  the  Calculus  can  be  so  readily  obtained." — 
Literary  Gazette. 

Jackson.— GEOMETRICAL  CONIC  SECTIONS.  An  Elemen- 
tary Treatise  in  which  the  Conic  Sections  are  defined  as  the  Plane 
Sections  of  a  Cone,  and  treated  by  the  Method  of  Projection. 
By  J.  Stuart  Jackson,  M.A.,  late  Fellow  otGonville  and  Cains 
College,  Cambridge.    4!.  6/1, 

This  work  has  been  written  with  a  view  to  give  the  student  the  benefit  of 
the  Method  of  Projections  as  applied  to  the  Ellipse  and  Nyferbola. 
When  this  Method  is  admitted  into  the  treatment  of  the  Conic  Sections, 
there  are  many  reasons  why  they  should  he  defined,  net  with  reference  to 
the  focus  and  direction,  bat  according  to  the  original  definition  from  which 


D,g,l,7?<lT,GOOglC 


JUA  THEM  A  TICS.  2  7 

Ihey  kaui  their  name  as  plane  uxtions  of  a  cone.  This  method  is  calcu- 
lattd  to  produce  a  material  limflification  in  these  curves,  and  to  mail  t!ie 
proof  of  their  p-oferUes  irwre  easily  understood  and  remembered.  Itis  also 
a  powerful  instrument  in  the  solution  of  a  large  class  of  frobloits  relating 
to  thisecMrvis. 


Jellct  (John  H.)— A  TREATISE  ON  THE  THEORY  OF 
FRICTION.  B7  John  H.  Jellet,  B.D.,  Senior  Fellow  of 
Trinity  College,  Dublin;  President  of  the  Royal  Irish  Academy. 
8vo.    81,  dd. 

The  theory  of  friction  is  as  truly  a  part  of  Rational  Mechanics  as  the 
theory  of  gravitation.  This  book  is  taken  up  with  a  special  investigation 
of  the  lams  of  friction ;  and  some  of  the  principles  contained  in  it  are 
believed  to  he  here  enunciated  for  the  first  time.  Theteork  consists  of  eight 
Chapters  as  folltmis  :—I.  Definitions  and  Principles.  II.  Equil&rium 
with  Friction.  .III.  Extreme  Positions  of  Equilibrium.  IV.  M<rvement 
of  a  Particle  or  System  of  Particles.  V.  Motion  of  a  Solid  Body.  VI. 
JVecessary  and  Possible  EquUiirium.  VII.  Determination  of  the  Actual 
Value  of  the  Acting  Force  of  Friction.  VJIl.  Misedlaneous  Problems — 
r.  Problem  of  the  Top.  2.  Friction  ffhcels  and  locomotives.  3. 
Questions  for  Exercise.  "  The  ivorh  is  one  of  great  research,  andvnll 
add  much  lo  the  already  great  reputation  of  its  author." — Scotsman. 


Jones  and  Cheyne. — ALGEBRAICAI.  exercises.  Pro- 
gressively arranged.  By  the  Rev.  C.  A.  Jones,  M.A.,  and  C.  H. 
Cheyne,  M.A.,  F.R.  A. S,,  MathematicalMasters  of  Westminster 
School.     New  Edition.     iSmo.  cloth,    zs.  6d. 

This  little  book  is  intended  to  meet  a  difficulty  which  is  probably  felt  more 
or  less  by  all  engaged  in  teaching  Algebra  lo  beginners.  It  is,  that  vihile 
new  ideas  are  being  acquired,  old  ones  are  fitrgotten.  In  the  bdief  that 
constant  practice  is  the  only  remedy  for  this,  the  present  series  of  miscel- 
laneous exercises  has  been  prepared.  Their  peculiarity  consists  in  this, 
that  though  miscellaneous  they  are  yet  progressive,  and  m<^  be  used  by 
the  pupil  almost  from  the  commencement  of  his  studies.  The  book 
being  intended  chieffy  for  Schools  and  Junior  Students,  the  higher  parts 
of  Algebra  have  not  been  included. 
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Kitchener.— A  GEOMETRICAL  NOTE-BOOK,  contaming 
Easy  Problems  in  Geometrical  Drawing  preparatory  to  the  Study 
of  Geometry.  For  the  Use  of  Schools.  By  F.  E.  Kitchener, 
M.A.,  Malhemadcal  Master  at  Rugby.  New  Edition.     4I0.    21. 

It  u  thtobjat  oflhis  book  tomaktsomtiBayin  mierioming  the  diffiatUiet 
of  Geomarieai  ceiucplion,  befirri  tie  mind  £1  lattid  to  the  attack  of 
GamitrkiU  thtarans.  A  frm  limpli  mtthadt  of  (Bnstmttion  art  grven  ; 
and  space  is  left  on  eaek  page,  in  order  that  the  Itarner  may  draai  in  tie 
Mures. 

Morgan.— A  COLLECTION  OF  PROBLEMS  AND  EXAM- 
PLES   IN    MATHEMATICS.      With  Answera.      By  H.   A. 

Morgan,  M.A.,  Saxilerian  and  Mathematical  Lecturer  of  Jesiu 
College,  Cambridge.     Crown  8vo,  cloth,    fo.  W. 

This  booi  contains  a  number  ef  problems,  ihttfiy  elementary,  in  the 
Mathematical  si^jects  usually  read  at  Cambridge.  They  have  been 
sdecled  from  the  papers  set  during  late  years  at  yesus  CoUege,  Very  frm 
of  them  are  to  be  met  initk  in  other  collections,  and  by  Jar  the  larger 
number  are  due  to  some  of  the  most  distinguished  MalhemaHdant  in  tie 
University, 

Newton's  PRINCIPIA.  Edited  by  Professor  Sir  W.  Thomsom 
and  Professor  Blackburn.    410.  cloth.    311.  6d. 

It  is  a  svffieient  guarantee  of  the  excellence  of  this  complete  eUlion  of 
Newton' sYAaa^K^  that  it  has  been  printed  for  atid^nder  the  care  of  Pro- 
fessor Sir  William  Thomson  and  Professor  Blackburn,  of  Glasgow  Uni- 
versity. The  following  notice  is  prefixed : — "  Finding  that  all  the  editions 
of  the  Principia  are  now  out  of  print,  -me  have  been  induced  to  reprint 
Newton's  last  edition  \of  lTi(>\  without  note  or  comment,  only  introducing 
the  '  Corrigenda'  of  the  old  copy  and  correcting  typographical  errors." 
The  book  is  of  a  handsome  size,  wUh  large  type,  fine  thick  paper,  and  cleanly 
cut  figures,  and  is  the  only  modern  edition  containing  the  whole  of  Nrmton's 
great  work.  "  Undoubtedly  the  finest  edition  of  the  text  of  the  'Principia' 
■which  has  hitherto  appeared."— Educatwuxl  Times. 

Parkinson. — Worka  by  S.  Parkinson,  D.D.,  F.R.S.,  Fellow  and 
Tutor  of  St.  Joha's  College,  Cambridge. 
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Parkinson — continued. 

AN  ELEMENTARY  TREATISE   ON  MECHANICS.     For  the 

Use  of  the  Junior  Classes  at  the  University  and  the  Higher  Classes 

in  Schools.  With  a  Collection  of  Examples.  Fourth  edition,  revised. 

Crown  Svo.  cloth,     gj.  hd. 

In  preparing  this  work  tht  author's  objeil  has  bun  to  includt  in  it 

sut^h  portions  of  Theoretical  Mechanics  as  can  he  convenientiy  investigated 

■without  tit  uit  of  the  Differenlial  Calculus,  and  so  rendtr  it  suitable  as 

a  manual  for  the  junior  classes  in  the  University  and  Ike  higher  classes 

in  Schools.     With  one  or  two  short  exce^iens,  the  rtudeni  is  not  presumed 

to  require  a  knowledge  of  any  branches  of  Moihematics  beyond  the  elements 

of  Algebra,  Geometry,  and  Trigonometry.    Several  addititmal  propositiens 

have  been  incorporated  in  Ike  work  for  the  purpose  of  renderittg  it  mere 

campleSi ;  and  the  collection  of  Examples  and  Pralrlems  has  ieen  largely 

increased. 

A  TREATISE  ON  OPTICS.  Third  EdiUon,  revised  and  enlarged. 
Crown  Svo,  cloth.  loj.  ftd. 
A  cettection  oj  examples  and  problems  has  been  appended  to  this  viort, 
which  are  su^ienlly  numerous  and  varied  in  character  to  afford  useful 
exercise  for  the  student.  For  the  greater  part  of  them,  ruourse  has  been 
had  to  the  Examination  Papers  set  in  tie  Umveriity  and  the  severiti 
Colleges  during  the  las!  twenty  years. 

Phear.— ELEMENTARY  HYDROSTATICS.     With  Numerous 

Examples.      By  J,  B.  Fheak,   M.A,   Fellow  and  late  Assistant 

Tutor  of  Clare  Collie,   Cambridge.     Fourth  Edition.      Crown 

8vo.  cloth.     51.  6d. 

This    edition  has  been  carefully  revised  throughout,  and  many  new 

Itlusirations  and  examples  added,  which  it  is  hoped  will  increase  its 

usefulness  to  students  at  the  UntuersUies  and  in  Schools.     In  accordance 

■with  suggestions  from   many  engaged  in  tuiiiim,   answers  to  all  the 

Examples  have  been  given  at  tie  end  of  the  book. 

Pratt.— A  TREATISE  ON  ATTRACTIONS.  LAPLACE'S 
FUNCTIONS,  AND  THE  FIGURE  OF  THE  EARTH. 
By  John  H.  Pkatt,  M.A.,  Archdeacon  of  Calcutta,  Author  of 
"The  Mathematical  Prindples  of  Mechanical  Philosophy."  Forath 
Edition.    Crown  8tro.  cloth.     61.  fid. 
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Tht  author's  chitf  disign  it  this  trmtist  is  Is  give  an  ansvier  ta  the 
question,  "  Has  the  Earth  acquired  ill  present  form  from  being  originally 
in  aflitidstaU?  "     TTiis  Edition  is  a  complete  revision  of  the  former  ones. 

Puckle.— AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 
TIONS AND  ALGEBRAIC  GEOMETRY.  With  Numerous 
Examples  and  Hints  for  their  Solution  ;  especially  designed  for  the 
Use  of  Beginners.  By  G.  H.  PucKLB,  M.A.  New  Edition, 
revised  and  ealarged.     Crown  Svo.  cloth,     ^s.  6d, 

This  work  is  recommended  by  the  Syndiiate  of  the  Cambridge  Local 
Examinations.  Tht  Athem^vm  says  the  author  "  displays  an  intimate 
acquaintance -with  tie  diffUulties  likdy  to  be  felt,  together  with  a  singalar 
aptitude  in  removing  tSicm." 

Rawlin son.— ELEMENTARY  STATICS,  by  the  Rev.  George 
RaWLINSON,  M.A.  Edited  by  the  Rev.  EdWAsd  Stujges,  M.A., 
of  Emmanuel  College,  Cambridge,  and  late  Professor  of  the  Applied 
Sciences,  Elphinstone  College,  Bombay.    Crown  Svo.  cloth.    4J.  itd. 

Publishid  under  the  authority  of  Her  Majesty's  Secretary  of  Slate  /or 
India,  for  use  in  the  Cmitrnment  Schools  and  Colleges  in  India. 

Reynolds.— MODERN     METHODS     IN      ELEMENTARY 

GEOMETRY.      By    E.   M.   Reynolds,   M.A.,   Mathemaacal 
Master  in  Clifton  College.     Crown  Svo.     y.6d. 

This  little  book  has  been  constructed  on  one  plan  throughout,  that  of 
almays  giving  in  the  sitaplest  possible  form  tht  direct  proof  from  the  nature 
of  the  case.  The  axioms  necessary  to  this  simplicity  have  been  assumed 
without  hesitation,  and  no  scruple  has  been  felt  as  to  the  increase  of 
their  number,  or  the  acceptance  of  as  many  elementary  notions  as 
eammon  experience  places  past  all  doubt.  Tht  booh  differs  most  from  estab- 
lished teaching  in  its  coiistraclisns,  and  in  its  early  application  of  Arith- 
metic ta  Geometry. 

Routh.— AN  ELEMENTARY  TREATISE  ON  THE  DYNA- 
MICS OF  THE  SYSTEM  OF  RIGID  BODIES.  Witt 
Numerous  Examples.    By  Ebward  John  Routh,  M.A.,   late 
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Fellow  and  Assistant  Tutor  of  SI.  Peter's  College,  Cambridge; 
Examiner  io  the  University  of  London.  Second  Edition,  enlarged. 
Ctown  8vo.  cloth.     14J. 

In  this  tditiDti  the  author  has  madt  laiiral  additions  to  each  chc^ltr. 
Ht  has  trird  to  make  each  chapter,  as  far  as  possible,  complete  in  itself, 
so  that  all  that  rdatis  to  any  one  part  oj  the  subject  may  be  found  in  the 
same  place.  This  arrangement  will  enable  every  student  to  select  his 
own  order  in  which  to  read  the  subject.  The  Examples  vihich  will  be 
found  at  the  end  of  each  chapter  have  been  chiefly  selected  from  the 
Examination  Papers  which  have  ieen  set  in  the  Uiitversify  and  Iks 
Colleges  in  the  last  few  years. 
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By   the   REV.  BARNARD   SMITH,   H.A., 

Rector  of  Glaston,  Rutland,  late  Fellow  and  Senior  Buisai 
of  St.  Peter's  Collie,  Cambridge,    ■ 

ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  AppU- 
Cltion  ;  with  numerous  systematically  arranged  Examples  taken 
from  the  Cambridge  Examination  Papers,  with  especial  reference 
to  the    Ordinary  Examination  for    the   B.A.    Degree.      Twelfth 

Edition.  Crown  Svo.  cloth.  lOf.  6if. 
T%ii  mataiBl  is  now  extauivdy  used  in  Schools  and  CoUega,  both  in 
Enf^and  and  in  Ike  Cdeni^.  It  has  also  ban  found  of  great  serviie  for 
itudenWfreparing  for  the  Middle  Class  and  CiuU  and  MUilary  Sermce 
Examinations,  front  the  care  that  has  been  taken  toelucidale  the  principles 
of  all  the  rules.  The  present  edition  has  been  earefally  revised.  ' '  To 
all  those  vihose  minds  are  suffteitnily  developed  to  comprehend  (he  simplest 
mathematical  reasoning,  and  who  have  not  yet  thomughly  mastered  the 
principles  of  Arithmetic  and  Algebra,  it  is  calculated  to  bi  of  great 
advantage." — Athkn-sum.  Of  this  ■work,  also,  one  of  the  highest  possible 
autharitiei,  the  late  Dean  Peacock,  ■writes:  "Mr.  Smith's  wori  is  a  most 
us^l  publication.  The  rules  are  slated  ■milh  great  clearness.  Tie 
example!  are  ■wdl  selected,  and  -worked  out  laith  fust  sufficient  detail, 
■without  being  enetemhered  by  too  minute  explanations  ;  and  there  prevails 
throughout  it  that  just  proportion  of  theory  and  practice  ■which  is  the 
cruwning  exceUenee  of  an  elementary  work." 

ARITHMETIC  FOR  SCHOOLS.  New  Edition.  Crown  Svo. 
cloth.  4F.  6d. 
Adapted  from  the  author's  work  on  "  Arithmetic  and  Algebra,"  iy  the 
omission  of  the  alg^aa portion,  and  by  the  introduetion  of  nrw  exercises. 
The  reason  of  each  arithmeiical process  is  fully  exhibited.  The  system  oj 
Decimal  Coinage  is  explained ;  and  answers  to  the  exercises  are  appet%ded 
at  the  end.  The  Arithmetic  is  characterised  as  "  admirahly  adapted  for 
instruction,  combining  just  tuj^cient  theory  vrith  a  large  and  -weU-sdected 
collection  efexctreitet  fiir practice."— JoviitiAL  OP  Education. 
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EXERCISES  IN  ARITHMETIC.  With  Answers.  Crown  8»o. 
imp  cloth,    21.  (>d. 

Or  sold  separately,  Part  I.  Is.  ;  Part  H.  u. ;  Answers,  W. 

Tkest  Exa-cises  have  ban  publUked  in  order  to  givi  the  pupil  examplrs 
in  evrry  mil  of  Arilhmetii.  The  ^Biter  BUmier  have  ban  cartfidly 
(omfilidfrom  the  latest  University  and  School  Examination  Papers. 

SCHOOL  CLASS-BOOK  OF  ARITHMETIC.     i8mo.  cloth.     3^. 

Or  sold  separately.  Parts  I.  and  U.  \od.  each;  Part  III.  is. 

This  manual,  published  at  the  request  of  many  schoolmasters,  and 
chiefly  intended  for  National  and  Elementary  Schools,  has  been  pr^ared 
on  the  same  plan  as  that  adopted  in  the  author's  School  Arithmetic,  which 
is  in  extensive  circulation  in  England  and  airoad  The  Metrical  Tables 
have  been  introduced,  from  the  conviction  en  thtparl  of  the  author  that 
the  knowledge  of  such  tables,  and  the  mode  of  applying  them,  -will  be  of 
great  use  to  the  rising  generation. 

KEYS  TO  SCHOOL  CLASS-BOOK  OF  ARITHMETIC.  Com- 
plete in  one  volume,  iSmo.  cloth,  61.  6d.;  or  Parts  I.,  II.,  and 
III.,  2J.  6d.  each. 

SHILLING  BOOK  OF  ARITHMETIC  FOR  NATIONAL  AND 
ELEMENTARY  SCHOOLS.  i8mo.  cloth.  Or  separately. 
Part  I.  3d. ;  Part  II.  ^d. ;  Part  III.  yd.     Answers,  6d. 

THE  SAME,  with  Answers  complete.     i8mo.  cloth,     is.  td. 

This  Shilling  Book  of  Arithmetic  has  been  prepared  for  the  use  of 
National  and  other  schools  at  the  urgent  request  of  numerous  Masters  of 
schools  both  at  home  and  abroad.  The  Explanations  of  the  Rules  and 
the  Examples  ■will,  it  is  hoped,  be  found  suited  to  the  most  elementary 

KEY  TO  SHILUNG  BOOK  OF  ARITHMETIC.  iSmo.  cloth. 
4*.  M. 
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Barnard  Smith — continued. 

EXAMINATION  PAPERS  IN  ARITHMETIC.  iSmo.  doth. 
II.  6rf.  The  same,  with  Answers,  iSmo.  is.  <jd. 
The  object  of  these  Examination  Papers  is  to  test  studtnls  both  in  the 
theory  and  praaicc  of  Arithmetic.  It  is  hoped  that  the  method  adopted 
will  lead  students  to  deduce  results  from  grnerai  principles  rather  than 
to  apply  slated  rules.  Tht  author  believes  that  tie  practice  of  graiu^ 
examples  aiuier  partirular  rules  makes  the  working  of  Arithmetic  quite 
mechanical,  and  lends  to  throw  all  but  very  clever  boys  off  t/ieir  balance 
when  a  general  paper  on  the  subject  is  put  before  them. 

KEY    TO    EXAMINATION     PAPERS     IN     ARITHMETIC. 
iSmo.  cloth.     4J.  6d. 

THE  METRIC  SYSTEM  OF  ARITHMETIC,  ITS  PRINCIPLES 

AND    APPLICATION,    with    numerous     Examples,     written 

eipressly  for  Standard  V.  in  National  Schools.     Fourth  Edition. 

iSmo.   clotli,  sewed,     30! 

In  the  NeiB  Cade  of  Regulatieni  istuid  by  the  Council  of  EducatioH  it 

is  stated  "  that  in  all  schools  children  in  Standards  V.  and  VI.  should 

know  the  principles  of  the  Mdrie  System,  and  be  able  to  explain  the 

advantages  to  be  gained  from  uniformity  in  the  method  of  forming  multiples 

and  sub-multipies  of  the  unit."    In  this  little  book,  Mr.  Smith  clearly 

and  simply  explains  the  princi^e  of  the  Metric  System,  and  in  can- 

siderable  detail  expounds   the  French   syslesi,    and  its   rdalioM   to  tht 

ordinary   English   method,  taking  the  pupil  on   as  far  as    Cotnpoundi 

Division.    The  book  contains  numerous  Examples,  and  two  weod-euti 

illustrating  the  Metric  Tables  of  Surface  and  SoUdHy.     AmsVltri  to  Mt 

'^am^let  are  o^JfSfw^ 

A  CHART  OF  THE  METRIC   SYSTEM,  on  a.  Sheet,  sta:  42  iK- 

bf  34  in.  on  Roller,  mounted  and  varnished,  price  y.  6d.     Fourih 

Edition. 

By  the  Mew  Educational  Code  it  is  ordained  thai  a  Chart  of  the  Afetric 

System  be  conspicuously  hung  up  on  the  walls  of  every  school  under 

Government  inspection.     The  publishers  hdieue  that  the  present  Chart  will 

be  found  to  answer  all  the  requirements  of  the  Code,  and  afford  a  full  and 

perfectly  intdHgible  view  of  tht  principles  of  the  Metric  System.      The 

principle  of  the  system  is  clearly  stated  and  illustrated  by  exantples  ;  the 
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Barnard  Smith — continued. 

Mahod  of  Forming  Iht  Tables  is  sd forth  ;  Tables  fbll<rm,  clearly  sJiowing 
the  English  rquivalenl  of  the  French  meaairts  of^x.  Length;  2.  Surface; 
3.  Solidity;  4.  Weight;  5.  Capacity.  At  the  bottom  of  the  Chartisdranan 
a  fitll-length  Metric  Measure,  subdivided  distinctly  and  intelligibly  into 
Decim^res,  Centimdres,  and  MUlimdres.  "  tVe  da  not  remeaiber  that 
ever  we  have  seen  teaching  by  a  chart  morehafpily  carried  oat." — School 
Board  Ckr 


Alan  3.  Small  Chart  on  a  Card,  price  id. 

EASY  LESSONS  IN  ARITHMETIC,  combining'  Exerdsea  in 
Reading,  Writing,  Spelling,  and  Dictation.  Part  I.  for  Standard 
I.  in  National  Schools.     Crown  8vo.     i^d. 

Diagrams  for  School-room  walls  in  preparation. 

From  the  novd  method  and  the  illustrations  used  this  little  book  cannot 
but  tend  to  make  the  teaching  of  Arithmetic  even  to  very  young  children 
interesting  and  successful.  If  the  book  be  used  according  to  the  directions  oj 
the  author,  the  method  of  instruction  cannot  but  prove  sound  and  easy,  and 
acceptable  to  teacher  and  child.  The  Standard  of  Examination  fixed  by 
the  Education  Department  for  1873  has  been  adhered  to.  The  West- 
minster Review  iflj'j.- — "  IVe  should  strongly  advise  everyone  to  study 
carefully  Mr.  Barnard  Smith's  Lessons  in  Arithmetic,  Writing,  and 
Spelling.  A  more  excellent  little  loork  for  a  first  tntraductioH  to  knoTn- 
l/dge  cannot  well  be  written.  Mr.  Smith's  larger  Text-boohs  on  Arithmetic 
and  Algebra  are  already  most  favourably  known,  and  he  has  proved  now 
that  the  MfficuUy  of  writing  a  text-book  which  begins  ab  ovo  is  really  sttr- 
viountable  ;  iut  we  shcdl  he  much  mistaken  if  this  little  book  has  not  cost 
its  author  more  thought  and  menial  labour  than  any  of  his  more  elaborate 
lext-books.  The  plan  to  combine  arithmetical  lessons  with  those  in  reading 
and  spelling  is  prrfatly  novel,  and  it  is  luorked  out  in  accordance  viith  the 
aims  of  our  National  Schools  ;  and  we  are  convinced  that  its  general  in- 
troduction in  all  elemeniary  schools  throughout  the  country  will  produce 
great  educational  advantages" 

THE  METRIC  ARITHMETIC. 

This  book  will  go  thoroughly  into  the  principles  of  the  System,  intro- 
ducing the  money  tables  of  the  various  countries  which  have  adopted  it, 
and  containing  a  very  large  number  of  Examples  and  Examination 
Papers.  INearly  ready. 
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Snowball.— THE  elements  of  plane  a-nd  SPHERI- 

CAL  TRIGONOMETRY;   with  the  Construction  and  Use  of 

Tables  of  Logarithms.    By  J.  C.  SNOWBALL,  M.A.  Tenth  Edition. 

Crown  Svo.  cloth,     "js.  6d. 

In   preparing  the  fresoit  edilion    for  the  press,   the  text  hat   been 

subjected  le  a  careful  revision ;  Ike  froefi  of  some  of  the  mare  impor- 

trtnt  propcsiiions  have  been  rendered  more  strict  and  general ;  and  mare 

than  two  hundred  examples,  taken  prineipaHy  from  the  questions  set  of 

I  ait  years  in  Ike  public  Examinations  of  the  University  and  of  individual 

Colleges,  have  been  added  to  the  collection  of  Examples  and  Problems  for 

practice, 

Tait  and  Steele.— a  treatise  on  dynamics  of  a 

PARTICLE.  With  numerous  Examples,  By  Professor  Tait  and 
Mr.  Steele.  New  Edition,  enlarged.  Crown  Svo.  cloth,  loi.  6d, 
In  this  treatise  wiU  be  found  all  ike  ordinary  propositions,  connected 
Tuith  the  Dynamics  of  Particles,  which  can  be  conveniently  deduced  -aiUkout 
Iheuse  of  D'Alembert's  Principle,  Throughout  the  booh  will  be  found  a 
number  of  illustrative  examples  introduced  in  the  text,  and  for  the  most 
pari  completely  laoried  out;  others  viith  occasional  solutions  or  hints  to 
assist  the  student  are  appended  to  each  chapter.  For  by  far  the  greater 
portion  of  these,  the  Cambridge  Senate- House  and  College  Examination 
Papers  have  been  applied  to.  In  the  nau  edition  numerous  trivial  errors, 
and  a  few  of  a  more  serious  cAaracler,  have  been  corrected,  lahUe  many 
new  examples  have  been  added, 

Taylor. — geometrical   CONICS  ;    including   Anharmonic 

Ratio  and  Projection,  with  numerous  Examples.     By  C,  TayiOr, 

B.A.,ScholarofSl.John'sCol].Camb.    Crown  8to.  cloth.    Js.ej. 

This  viori  contains  elementary  proof s  of  the  principal  properties  of  Come 

Sections,  together  with  chapters  on  Projection  and  Anharmonic  Ratio. 

Tebay.— ELEMENTARY  MENSURATION  FOR  SCHOOLS. 

With  numerous  Examples.     By  Septimus  Tbbay,  B,A.,  Head 

Master  of  Queen  Elizabeth's  Grammar  School,  Rivington.     Eitia 

fcap.  Svo.    3^.  6d. 

The  object  of  the  present  work  is  to  enable  beys  to  acquire  a  moderate 

intKoledge  of  Mensuration  in  a  reasonable  lime.     All  di^cu/l  and  useless 

matter  has  been  avoided.      The  examples  for  the  most  pari  are  easy,  and 

the  rules  are  concise.     "A  very  fompact  ustfid  mctnual." — Spectator. 
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WORKS 
By  I.  TODHUNTER,  M.A.,  F.R.S., 

Of  St  John's  College,  Cambridge. : 

"  TXiTf  art  all  good,  and  each  vohinuadds  to  tht  liaiiie  of  the  rest." 

TrkeMaN.  '^Perspicuous  language,  vigorous  investigations,  scrutiny  0/ 
difficulties,  and  methodical  treatment,  characterise  Mr.  Todh^nter' s -works." 
— Civil  Engine ek. 

THE   ELEMENTS   OF   EUCLID.     For  the  Use  of  CoCeges  and 
Schools.     New  Edition.   .  iSmo.  cloth.     3^'.  (>d. 

No  method  of  overcoming  the  digiculties  experiemed  by  young  students  of 
Euclid  appears  to  be  so  useful  as  that  of  breaking  up  the  demonstrations 
into  their  constihtetil  parts ;  a  plan  strongly  recommended  by  Professor 
De  Morgan.  In  the  present  Edition  each  distinct  assertion  in  the  argu- 
ment hegins  a  new  line ;  and  at  the  ends  of  the  lines  are  placed  the 
necessary  references  to  the  preceding  principles  on  which  the  assertions 
depend.  The  longer  pmpesilions  are  distributed  into  subordinate  parts, 
which  are  distinguished  by  breaks  at  the  beginning  of  the  lines.  Notes, 
Appendix,  and  a  collection  of  Exercises  are  added. 


The  subjects  included  in  the  present  ■work  are  those  which  have  usually 
found  a  plate  in  Elementary  7i-ealises  on  Mensuration.  The  mode  of 
treatment  has  been  determined  by  the  fact  that  the  work  is  intended  for  the 
use  of  beginners.  Accordin^y  it  is  divided  into  short  independent  chapters, 
which  are  followed  by  appropriate  examples.  A  knowledge  of  the  elements 
of  Arithmetic  is  all  that  is  assumed;  and  in  connection  -with  most  of  Ike 
Kales  of  Mensuration  it  has  been  found  practicable  to  give  such  explana- 
tions and  illustrationi  as  will  supply  the  place  af  formal  mathematical 
demonstrations,  which  would  have  been  unsuitable  lo  the  character  of  the 
work.  "  For  simplicity  and  clearness  of  arrangement  it  is  unsurpassed 
by  any  text-book  on  the  subject  which  has  come  under  our  notice." — 
Educational  Tiues. 
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Examples.     New 

Crtol  fains  havt  ban  taim  le  Tender  this  inert  iittelligiiU  la  young 
sludails,  iy  the  tut  of  simple  language  and  by  copious  explanations.  In 
determining  the  subjects  to  be  included  and  the  space  to  be  assigned  to  tack, 
the  author  has  been  guided  by  tie  Papers  given  at  the  various  examinations 
in  Hemenlary  Algebra  which  are  now  carried  on  in  this  country.  The 
book  may  be  said  to  consist  of  three  parts.  The  first  part  contains  the 
elementary  operations  in  integral  and  fractional  expressions ;  the  second 
the  solution  of  equatieiis  and  problems  ;  the  third  treats  of  various  subjects 
■which  are  introduced  bitt  rarely  into  Examination  Papers,  and  are  more 
briefly  disaused.  Provision  has  at  the  same  time  been  made  for  the 
introduction  of  easy  ei/aations  and  problems  at  an  early  stage^or  those 
loho  prefer  such  a  course. 

Crown  Svo.   cloth. 


TRIGONOMETRY  FOR  BEGINNERS.   With  nnmerous  Examples. 
New  EdidoB.     iSmo.  doth.     2s.  6d 
Intended  to  seme  as  an  introduction  to  the  larger  treatise  on  Plant 

Ti'igonametry,  published  by  the  author.  The  same  plan  has  been  adopted 
3J  IB  tti  Algebra  for  Beginners  !  He  subject  is  discussed  in  short  chapters, 
and  a  collection  of  examples  is  attached  to  each  chapter.  The  first  fourteen 
chapters  present  the  geometrical  part  of  Plane  Trigonometry;  and  contain 
alllhctlis  necessary  fiir  practical  purposes.  The  range  0/  matter  included 
is  such  as  seems  required  by  the  various  examinations  in  elementary  Tri- 
gonometry which  are  naai  carried  an  in  this  country.  Ansiaers  are 
appended, 

MECHANICS  FOR  BEGINNERS.  With  Qumerous  Examples. 
New  Edition.  i8mo.  cloth.  41.  6d. 
Intended  as  a  companion  to  the  two  preceding  boois.  Theinork  forms  an 
elementary  treatise  on  demonstrative  mechanics.  A  knowledge  of  the  elements 
at  least  of  the  theory  of  the  subject  is  extremely  valuable  even  for  those  who 
are  mainly  concerned  with  practical  results.  The  author  has  accordin^y 
endeavoured  to  provide  a  suitable  introduction  to  the  study  of  applied  as 
well  as  of  theoretical  mechanics.  Tie  work  consists  of  two  parts,  namely. 
Statics  and  Dynamics.  It  will  be  found  to  contain  all  that  is  usuaUy 
comprisedindementarytreatiseson  Mechanics,  togetherwilhsomeadditioni. 
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ALGEBRA.  For  the  Use  of  Colleges  and  Schools.  Fifth  Edition. 
Crown  8vo.  cloth.  71,  6rf. 
72«  ■work  contains  all  Ike  frofositkfis  which  are  usually  incltided  in 
elementary  treatises  sn  Algebra,  and  a  large  number  of  Examples  for 
Exercise.  The  author  has  sought  to  render  the  work  easily  intelligible  to 
students,  without  impairing  the  accuracy  oj  the  demonstrations,  or  con- 
tracting the  limits  of  the  subject.  The  Examples,  about.  Sixteen  hundred 
and  fifty  in  ratmher,  have  been  selected  with  a  view  to  Ulustrali  every  fart 
of  the  suiiect.  Each  chapter  is  comply  in  itself;  and  the  -aiork  laill  be 
found  peculiarly  adapted  to  the  wants  of  students  who  are  without  the  aid 
of  a  teacher.  The  AnsTeers  to  the  Examples,  with  hints  for  the  solution  of 
some  in  which  assistance  may  be  needed,  are  given  at  the  end  of  the  book. 
In  the  present  edition  two  New  Chapters  and  Three  hundred  miscellanams 
Examples  have  been  added.  The  latter  are  arranged  in  sets,  each  set 
containing  ten  Examples.  "  It  has  merits  which  unquestionably  place 
it  first  in  the  class  to  which  it  belongs."— 'S.WQh.10&. 


AN  ELEMENTARY  TREATISE  ON  THE  THEORY  OF 
EQUATIONS.  Second  Edition,  revised.  Crown  Svo.  cloth. 
71.  W. 
This  treatise  contains  all  the  propositions  which  are  usually  included 
in  elementary  treatises  on  the  theory  of  Equations,  together  with  Examples 
for  exercise.  These  have  been  sdected  from  the  College  and  University 
Examination  Papers,  and  the  results  have  been  given  when  it  appeared 
necessary.  In  order  to  exhibU  a  comprehensive  view  of  the  subject,  the 
treatise  includes  invesligations  which  are  not  found  in  all  the  preceding 
elementary  treatises,  and  also  some  investigations  which  are  not  to  be  found 
in  any  of  them.  For  the  Second  Edition  the  wori  has  been  revised  and 
some  additions  have  been  made,  the  most  important  being  an  account  of 
the  researches  of  Professor  Sylvester  respecting  Newton's  Sule.  "A 
thoroughly  trustworthy,  complae,  and  yet  not  too  daborate  treatise." 
Philosophical  Magazinb. 

Fourth 

The  design  of  this  work  has  hem  to  render  the  suifeet  intelligible  to 
beginners,  and  at  the  same  time  to  afford  the  student  the  opportunity  of 
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obtaining  all  tie  infomtatien  which  Ae  wUl  ripiire  en  this  bmneh  of 
Malhtmalici,  Eath  ihafla-  is  foUmeed  by  a  sit  vf  Exampla :  those 
-jihick  arc  entitltd  Miscellaneous  Examples,  together  viith  a  fea  in  some 
of  the  slhcr  sets,  may  bi  advantageously  reserved  by  the  student  farixercist 
afUr  ht  has  made  same  progress  tn  the  subject.  In  the  Second  Edition 
the  hints  for  the  solution  0/  the  Examples  haivt  been  considerably  increased. 

A  TREATISE  ON  SPHERICAL  TRIGONOMETRY.  New- 
Edition,  enlarged.  Crown  Svo.  cloth.  +1.  6d. 
The  present  work  is  constructed  on  the  tame  plan  as  th^  treatise  on 
Plane  Trigonometry,  to  vihich  it  is  intended  ry  a  sequel.  In  the  acamnt 
of  Napier's  Rules  of  Circular  Parts,  an  explanation  has  been  giuen  of  a 
method  of  proof  devised  by  Napier,  which  seems  to  have  been  overlooked 
by  most  modern  writers  on  the  subject.  Considerable  labour  has  been 
bestowed  on  the  text  in  order  to  render  il  comprehensive  and  accurate,  and 
the  Examples  (selected  chiefly  from  College  Examination  Papers)  have 
all  been  carefully  -verified.  "For  educational  purposes  this  work  seems 
to  be  superior  to  any  others  on  the  subject." — Critic. 

PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Sttaieht 
Line  and  the  Conic  Sections.    With  numerous  Examples.     Fourth 
Edition,  revised  and  enlai^ed.     Crown  8vo.  cloth,     "js.  itd. 
The  author  has  here  endeavoured  to  exhibit  the  subject  in  a  simple 
manner  for  the  benefit  of  beginners,  and  at  the  same  time  to  include  in  one 
volume  all  that  sntdents  usually  require.     In  addition,  therefore,  to  the 
propositions  which  have  always  appeared  in  such  treatises,  hi  has  intro- 
duced the  methods  of  abridged  notation,  which  are  of  more  recent  origin  ; 
these  methods,  which  are  of  a  less  elementary  character  than  the  rest  of  the 
wori,  an  placed  in  separate  chapters,  and  may  be  omitted  by  the  student 
atfirst. 

A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.  With 
numerous  Eicampies.  Sixth  Edition.  Cronu  Svo.  cloth.  iQs.  6d. 
The  author  has  endeavoured  in  'the  present  work  to  exhibit  a  compre- 
hensive view  of  the  Differential  Calculus  on  the  method  of  limits.  In  the 
more  elementary  portions  he  has  entered  into  considerable  ddail  in  the 
explanations,  with  the  hope  that  a  reader  who  is  without  the  assistance  of  a 
tutor  may  be  enabled  to  acquire  a  competent  acquaintance  viith  the  subject. 
The  method  adopted  is  that  of  Differential  Coefficients.     To  the  different 
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chafttrs  an  appendtd  txamples  suffidtntly  nvmtrous  to  render  ancther 
book  utineceisary  ;  these  exatnpUt  being  mostly  selected  from  College  Ex- 
amination Papers.  "  It  has  already  taken  its  place  as  the  lext-iook 
an  thai  subject." ^-Vhu,osovhv:\\.  Magazine. 

A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 
APPLICATIONS.  With  numerous  Eiamples,  Thiid  Edition, 
rensed  and  enlarged.  Crown  8vo.  cloth.  ICW.  dd. 
This  is  designed  as  a  work  at  onie  elementary  and  complete,  adapted 
for  the  use  of  beginners,  and  sufficient  fir  the  wants  of  advaneed  students. 
In  the  selection  of  the  propositions,  and  in  the  mode  of  establishing  them, 
U  has  been  sought  to  exhibit  the  principles  clearly,  and  to  illustrate 
all  their  most  important  results.  The  process  of  summation  has  been 
repeatedly  brought  forward,  with  the  view  of  securing  the  attention  of 
the  student  to  the  notions  lohichfbrm  the  true  foundcttion  of  the  Calculus 
iisclf,  as  well  as  of  its  most  valuable  applications.  Every  attempt  has  been 
made  to  explain  those  difficulties  which  usually  perplex  beginners,  especially 
with  reference  to  the  Umita  of  integrations.  A  new  method  has  ieeri  adopted 
in  regard  to  the  transformation  of  multiple  integrals.  The  last  chapter 
deals  with  the  Calculus  of  Variations.  A  large  collection  of  exercises, 
selected  from  College  Examination  Papers,  hat  been  appended  lo  the  several 
thapters. 

EXAMPLES    OF    ANALYTICAL    GEOMETRY    OF    THREE 
DIMENSIONS,     Third  Edition,  revised.      Crown  8vo.     cloth. 


A  TREATISE  ON  ANALYTICAL  STATICS.     With  t 

Examples.  Third  Edition,  revised  and  enlarged.  Crown  Svo. 
doth.  loi.  dd. 
In  this  work  on  statics  [treating  of  the  laws  of  the  equilibrium  of  bodies) 
will  be  found  all  the  propositions  which  usually  appear  in  treatises  on 
Theoretical  Statics.  To  the  different  chapters  examples  are  appended, 
which  have  been  principally  selected  from  University  Examination  Papers. 
In  the  Third  Edition  many  additions  have  been  made,  in  order  to  illus- 
trate the  application  of  the  principles  of  the  subjat  to  the  solution  ej 
problems. 

A    HISTORY    OF    THE    MATHEMATICAL    THEORY    OF 
PROBABILITY,   from  the  time  of  Pascal  to  that  of  Laplace. 
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The  subjal  of  this  volame  has  ki^  claims  to  consideration  on  CKcmaii  oj 
thi  subtit problems  vrhieh  it  iitvolva,  the  valuable  cotUributions  to  analysis 
vihick  U  has  produced,  its  ititporfant  practical  applieatiifni,  and  the  emi- 
nence of  those  who  hiaie  cultivated  it.  The  subjal  claims  all  Ike  interest 
tuhich  illustrious  names  can  confer :  nearly  every  great  raat&ematician 
wUhin  the  range  of  a  century  and  a  half  comes  up  in  the  coarse  of  the 
history.  The  present  viork,  though  principally  a  history,  may  claim  the 
title  of  a  comprehensiTie  treatise  on  the  Theory  of  Probability,  for  it  assumes 
in  the  reader  only  so  much  krioudedge  as  can  be  gained  from  an  eletiieniary 
book  on  Algebra,  and  introduces  him  to  almost  every  process  and  every 
species  of  problem  which  the  literature  of  the  subject  can  furnish.  The 
author  has  been  careful  to  reproduce  the  essential  elements  of  the  original 
worts  which  he  has  analysed,  and  to  corroborate  his  statements  by  exact 
quotations  from  the  originals,  in  the  languages  in  ivkich  they  were 
published. 

RESEARCHES    IN    THE     CALCULUS     OF    VARIATIONS, 
principally  on  the  Theoiy  of  Discontinuous  Solutions ;  an  Essay 
to  which  the  Adams  Priie  was  awarded  in  the  University  of  Cam- 
bridge in  1871.     Syo.     61. 
The  subject  of  this  Essay  ■was  prescribed  in  the  follomn^  terms  by  the 
Examiners: — "A  determination  of  the  circumstances  under  which  dis- 
continuity of  any   kind  presents   itself  in  the  solution  of  a  problem  of 
maximum  or  minimum  in  the  Calculus  of  Variations,  and  applications  to 
particular  instances.     It  is  expected  that  the  discussion  of  the  instances 
should  be  exemplified  as  far  as  passible  geometrically,  and  that  attenliott  be 
especially  airected  to  cases  of  real  or  supposed  failure  of  the  Calculus."    TTie 
Essay,  then,  is  mainly  devoted  to  the  consideration  ofdisconiirmous  solutions  ; 
but  incidentally  various  other  questions  in  the  Calculus  of  Vartalions  arm 
examined  and  elucidated.     The  author  hopes  that  he  has  defimtdy  contri- 
buted to  the  extension  and  improvement  of  our  knowledge  of  this  refined 
department  of  analysis. 


^Vil5on  (J.  M.)— ELEMENTARY  GEOMETRY.  Books 
I.  II.  HI.  containing  the  Eubjects  of  Euclid's  First  Four  Books 
following  the  Syllabus  of  Geometry  prepared  by  the  Geometrical 
Assodation.  Third  Edition.  Eitra  fcap.  8vo.  y.  bd.  By  J.  M. 
Wilson,  M.A.,  late  Fellow  of  St  John's  College,  Cambridge, 
and  Mathematical  Master  of  Rugby  School.  \ 
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SOLID  GEOMETRY  AND  CONIC  SECTIONS.  With  Appen- 
dices on  Transversals  and  Harmonic  Division.  For  the  use  of 
Schools.  By  J.  M.  WiisoN,  M.A.  Second  Edition.  Estra  fcap. 
8vo.-   y.  U. 

TkU  vnrri  is  an  indtaveur  to  introduce  into  schools  some  foriions  of 
Solid  Geomitry  Tshich  an  ticai  very  little  read  in  England,  Thf  first 
twinty-one  Propositions  of  Euclid's  EUvenlh  Book  are  usually  all  the 
Solid  Geometry  that  a  boy  reads  till  he  meets  with  the  sui/eci  again  in  the 
course  of  his  analytical  studies.  And  this  is  a  matter  of  re^ct,  because 
this  fart  of  Geometry  is  sfiecially  valuable  and  attractiae.  In  it  the  atten- 
tion of  the  student  is  strongly  called  to  the  suhjat  matter  of  the  reasoning ; 
the  geometrical  imagination  is  exercised ;  the  methods  employed  in  it 
are  more  ingenious  than  those  in  Plane  Geometry,  and  heeue  greater  di£i- 
cutties  to  meet ;  and  the  applications  of  it  in  practice  are  more  varied. 

Wilson  (W.  P.)  —  A  TREATISE  ON  DYNAMICS.  By 
W.  P.  Wilson,  M.A.,  Fellow  of  Si.  John's  College,  Cambridge, 
and  Professor  of  Mathematics  in  Queen's  College,  Belfast     8vo. 

"This  ireatist  supplies  a  great  educational  BiSffi^,"— Educational 
Times. 

Wolstenholme. — a   book   of  mathematical 

PROBLEMS,  on  Subjects  included   in   the  Cambridge  Course. 
By  Joseph  Wolstenholme,  Fellow  of  Christ's  College,  some- 
time Fellow  of  St  John's  College,  and  lately  Lecturer  in  Mathe- 
matics at  Christ's  College.     Crown  8vo.  cloth.     %s.  dd. 
Cowrzmt:— Geometry     {Euclid) — Algebra — Plane     Trigonometry — 
Geometrical  Conic  Sections — Analytical  Conic  Sections— Theory  of  Equa- 
tions— Diffcroiiial  Calculus^ Integral  Calci^us— Solid  Geometry — Statics 
— Elementary  Dynamics — Neuiton— Dynamics  of  a  Pomt— Dynamics  of 
a  Pigid  Body— /fydrottatics— Geometrical  Optics — Spherical  Trigonometry 
and  Plane  Astronomy,     '^  Judicious,  symmetrical,  and  vidl  arranged." — 
Guardian. 
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SCIENCE. 

ELEMENTARY  CLASS-BOOKS. 

The  importance  of  Science  as  an  element  of  sound  educa- 
tion is  now  generally  acknowledged  j  and  accordingly  it 
is  obtaining  a  prominent  place  in  the  ordinary  course  of 
school  instruction.  It  is  the  intention  of  the  Publishers  to 
produce  a  complete  series  of  Scientific  Manuals,  affording 
full  and  accurate  elementary  information,  conveyed  in  clear 
and  lucid  English.  The  authors  are  well  known  as  among 
the  foremost  men  of  their  several  departments ;  and  their 
names  form  a  ready  guarantee  for  the  high  character  of  the 
books.  Subjoined  is  a  list  of  those  Manuals  that  have 
already  appeared,  with  a  short  account  of  each.  Others 
are  in  active  preparation ;  and  the  whole  will  constitute  a 
standard  series  specially  adapted  to  the  requirements  of  be- 
ginners, whether  for  private  study  or  for  school  instruction. 

ASTRONOMY,  by  the  Astronomer  Royal. 

POPULAR  ASTRONOMY.    With  lUustrations.     BySiaG.B. 

Amy,    K.C.B.,    Astronomer    Royal.       Nen   Edition.      iSmo. 

cloth.  4J.  bd. 
This  ■work  consists  of  six  lectures,  ■mhtck  are  attended  "  ts  explain  to 
inldligmt  persons  the  principles  on  which  the  instnanents  of  an  Obserua- 
lory  are  constructed  (omitting  all  details,  so  far  as  Huy  are  merely  Ibh- 
sidiaiy),  and  the  principles  en  which  the  oiservalions  made  with  these 
instruments  are  treated  for  deduetion  oj  the  distances  and  weights  of  tie 
indies  of  the  Solar  System,  and  of  a  few  stars,  omitting  all  minatia  of 
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Elementary  Class-Books — emtinaed. 
formula,  and  all  trouUaome  details  of  cakalaHon."    Tht  spaiality  of  this 
volume  is  the  dirst  reference  of  every  step  io  the  Observatory,  and  the  full 
description  of  the  methods  and  instruments  of  observation. 

ASTRONOMY. 

MR.  LOCKVER'S  ELEMENTARY  LESSONS  IN  ASTRO- 
NOMY.    With  Coloured  Diaeram  of  the   Spectra  of  the   Sun, 
Stars,  and  Nebulx,  and  numerous  UJustrattons.     By  J.  Norman 
LocKVER,  F.R.S.     New  Edition,     i8mo.     5^.  bd. 
Tie  author  has  here  nimed  to  give  a  connected  vina  of  the  whole  subject, 
and  to  supply  facts,  and  ideas  founded  on  the  facts,  to  serve  as  a  basis  tor 
subsequent  study  and  discussion.     The  chapters  treat  of  the  Stars  and 
Nebula;  the  Sun;  the  Solar  System ;  Apparent  Movements  of  the  Heavenly 
Bodies;  the  Measurement  of  Time;  Light;  the  Telescope  and  Spectroscope; 
Apparent  Places  of  the  Heavenly  Bodies ;  the  Seal  Distances  and  Dimen- 
sions; Universal  Gravitation.     The  most  recent  astronomical  discaveriei 
art  incorporated.   Mr.  Locket's  leork  supplements  that  of  the  Astronomer 
Royal  mentioned  in  the  previous  article.      "  The  hook  is  full,  clear,  sound, 
and  worthy  of  nttention,not  only  as  a  popular  exposition,  but  as  a  scientific 
'  Index."' — Atkbn*:um.     "  The  most  fascinating  of  dementary  books 
on  the  Sciences." — Nonconformist. 

QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS 
IN  ASTRONOMY.  For  the  Use  of  Schools.  By  John  Forbes- 
Robertson,     iSmo.  cloth  limp.     Ij.  6d. 

PHYSIOLOGY. 

PROFESSOR  HUXLEY'S  LESSONS   IN  ELEMENTARY 

PHYSIOLOGY.      With    numerous    Illustratioiis.      By    T.    H. 

Huxr.EV,  F.R.S.,  Professor  of  Natural  History  in  the  Royal  School 

of  Mines.     New  Edition.     iSmo.  cloth.     \s.  dd. 

This  book  describes  and  explains,  in  a  series  of  graduated  lessons,  the 

principles  of  ffuman  Physiology  ;  or  the  Structure  and  Functions  of  the 

Human  Body.      The  first  lesson  supplies  a  general  vieai  of  the  subject. 

This  is  follovicd  by  sections  on  the  Vascular  or  Venous  System,  and  the 

Circulation;    the  Blood  and  the  Lymph;  Respiration;  Sources  of  loss 

and  of  Gain  to  the  Blood;  the  Function  of  Alimentation  ;  Motion  and 

Locomotion;  Sensations  and  Sensory  Organs;  the  Organ  of  Sight ;  the 
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Elementary  Class-Books — continued. 

Caaltictnet  sf  Setuaiiens  wilh  one  another  and  imlh  atker  Slalei  of  Con- 
icimisnejs ;  tie  Ntrvota  System  and  Innervation  i  Histology,  or  the 
Minute  Structure  of  the  Tissues.  A  Table  of  Anatomical  and  Physio- 
logical Constants  is  appended.  The  lessons  are  fully  illustrated  by 
numerous  engravings.  The  nrai  edition  has  been  thoroughly  revised,  and 
a  considerable  number  of  new  illustrations  added,  several  of  these  having 
been  taken  from  the  rabbit,  the  sheep,  the  dog,  and  the  frog,  in  order  to  aid 
those  tv&o  attempt  to  make  their  intraile^e  real  by  acquiring  some  practical 
aiquainiance  wilk  the  facts  of  Anatomy  and  Physiology,  ' '  Pure  geld 
throughout." — Gqardian.  "  Unquestionably  the  clearest  and  most 
complete  elementary  treatise  on  this  subject  that  we  possess  in  any  Ian- 
guage." — Westminster  Review, 


s  aids  to  the  instruction  of  a  class  of 
'hysiolbgy. 

BOTANY. 

PROFESSOR    OLIVER'S    LESSONS   IN   ELEMENTARY 
BOTANY.      With  nearly    Two    Hundred    lUustradoDs.      New 
Edition.     tEmo.  cloth.     4s.  6d. 
This  book  is  designed  to  teach  lie  Elements    of  Botany  en  Professor 
Henslow' s  plan  of  selected  Types  and  by  the  use  of  Schedules.    The  earlier 
chapters,  embracing  the  elements  of  Structural  and  Physiological  Botany, 
introduce   us  to  the  methodical  study  of  the  Ordinal  Types.      The  con- 
cluding   chapters   are  entitled,  "Haw   to  dry   Plants"  and  " Hma    to 
describe  Plants,"     A  valuable  Glossary  is  appended  to  the  volume.     In 
the  f/reparation  of  this  loork  free  use  has  ban  made  of  the  manuscripf 
materials  of  the  late  Professor  ffenslatii. 

CHEMISTRY. 

PROFESSOR  ROSCOE'S  LESSONS  IN  ELEMENTARY 
CHEMISTRY.  INORGANIC  AND  ORGANIC.  By  Hbnry 
K  RoscoE,  F.R.S.,  Professor  of  Chewislry  in  Owens  College, 
Manchester.  With  numerous  Illusttations  and  Chramo-Litho  of 
the  Sotar  Spectnun,  and  of  the  Alkalies  and  Alkaline  Earths, 
New  Edition.     iSmo.  clotb.     4s.  6d. 
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Elementary  Class-Books — conlinued. 

It  has  been  the  mdeavaur  of  the  author  la  arrange  the  most  impurianl 
facts  and  priiieifles  of  Modern  Chemistry  in  a  plain  but  concise  and 
scienlific  form,  suited  la  the  present  requirements  of  elementary  instruction. 
For  the  purpose  of  facilitating  the  attainment  of  exactitude  in  the  kniwltdge 
of  the  subject,  a  series  of  exertises  and  questions  upon  the  lessons  have  bteit 
added.  The  metric  system  of  -weights  and  measures,  and  the  centigrade 
thermometrie  seale,  are  used  throughout  the  work.  The  New  Edition, 
besides  new  wood-cuts,  contains  many  additions  and  improvements,  an,! 
iitctudes  the  most  important  of  the  latest  discoveries.  "  As  a  standard 
general  text-book  U  daervrs  to  take  a  leading  place.'" — SPECTATOR.  "  We 
unhesitatingly  pronounce  it  the  best  of  all  our  dimentary  treatises  on 
Chemistry." — Medical  Times. 

In  ordering,  please  specify  MacmUlatCs  Edition. 

POLITICAL   ECONOMY. 

POLITICAL  ECONOMY  FOR  BEGINNERS.   By  Millicekt 

G.  Fawcett.  New  Edition.  i8mo.  zs.  dd. 
This  work  has  ban  virilten  mainly  oath  the  hope  that  a  short  and 
elementary  book  might  help  to  make  Policial  Economy  a  more  popular 
study  in  hoyf  and  girli  schools.  In  order  to  adapt  the  book  espsially  for 
school  use,  questions  have  been  added  at  the  end  of  each  chapter.  In  the 
New  Edition  each  page  has  ban  carefully  revised,  and  at  the  end  of  each 
chapter  after  the  questions  a  few  little  puziles  have  been  added,  which  will 
add  interest  ta  the  book  and  teach  the  learner  to  think  for  himself.  "  Clear, 
compact,  and  comprehensive." — Daily  News.  "  The  relations  of  capital 
and  labour  have  never  been  more  simply  or  more  clearly  expounded. " — 
CONTBMPORAXr   REVIEW, 

LOGIC. 

ELEMENTARY  LESSONS  IN  LOGIC  ;  Deductive  and  Induc- 
tive, with  copious  Questions  and  Examples,   and  a  VocaWary  of 
LogicalTenns.  By  W,  Stanley  Jevons,  M.A.,  Professor  of  Logic 
in  Owens  College,  Manchester.     New  Edition.     i8mo.     3J.  dd. 
In  preparing  these  Lessens  the  author  has  attempted  to  show  that  Logic, 
even  in  its  traditional  form,  can  be  made  a  highly  useful  subjiit  of  study, 
and  a  poioerful  means  of  menial  exercise.      With  this  view  he  has  avoided 
the  use  of  superfluous  technics  terms,  and  has  abstained  from  entering 
into  questions  of  a  purely  speculative  or  metaphysical  character.     For  the 
puerile  illustrations  loo  often  found  in  worts  on  Logic,  examples  drawn 
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from  the  distinct  objids  and  ideal  tnaltd  in  tit  natural  and  exfa-imtatal 
sciatcis  havi  bttn  gmtraUy  ruislituted.  At  the  end  of  almost  every 
Lesson  ■will  be  found  refirtnees  to  the  toorks  in  ii'hick  the  student  loill  aosl 
froStably  lontinue  his  reading  of  the  subject  treated,  so  that  this  little 
volume  mayserveai  a  guidita  a  more  extended  course  of  study.  The 
Guardian  thinks  "nothing  can  be  better  for-  a  school-book"  and  the 
Athbn,«UM  calls  it  "o  manual  alike  simfle,  interesting,  and  scientific." 

PHYSICS. 

LESSONS   IN   ELEMENTARY   PHYSICS.      By  Baltod* 
Stewart,  F.K.S.,  Professor  of  Natural   Philosophy  in  Owens 
College,  Manchester.     With  numerous  Illustrations  and  Chromo- 
liths  of  the  Spectra  of  the  Sun,  Stars,  and  Nebula.    New  Edilion. 
iSmo.     4i'.  6a'. 
A  description,  in  an  eUmentary  manner,  of  the  most  important  of  those 
taws  ■which  rigulalc  the  phenomena  of  nature.      The  active  agents,  heal, 
light,  electricity,  etc.,  are  regarded  as  varieties  of  energy,  and  tkctooriis 
so  arran^  that  their  relation  to  one  another,  looked  at  in  this  light,  and 
the  paramount  imfortanee  of  the  laws  of  energy,  are  clearly  brought  out. 
The  volume  contains  all  the  necessary  illustrations,  and  a  plate  represent- 
ing the  Spectra  of  Sun,  Stars,  and  Nebula,  forms  a  frontispiece.     The 
Educational  Times  calls  this  "  the  beta*  ideal  of  a  scientific  text-leai, 
clear,  accurate,  and  thorough." 

PRACTICAL    CHEMISTRY. 

THE  OWENS  COLLEGE  JUNIOR   COURSE   OF  PRAC- 
TICAL CHEMISTRY.     By  Francis  Johes,  Chemical  Masler 
in  the  Grammar  School,  Manchester.     With  Preface  by  Professor 
RoscoE.    With  Illustrations.    New  Edition.     i8mo.  zj-,  6d. 
This  little  book  contains  a  short  description  of  a  course  of  Practical 
Chemistry,  which  an  experience  of  many  years  has  proved  suitable  fin- 
those  commencing  the  study  of  the  science.     It  is  intended  to  supplement, 
not  to  supplant,  instruction  given  by  the  teacher.      The  subject-matter  has 
been  very  carefully  compiled,  and  many  useful  cuts  are  introduced. 

ANATOMY. 

LESSONS  IN  ELEMENTARY  ANATOMY.  By  St.  George 
MiVART,  F.R.S.,  Lecturer  in  Comparative  Anatomy  at  St  Mary's 
Hospital.    With  upwards  of  400  Illustrations.    iSmo.  6j.  6i'. 
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Thar  Lessons  are  inteudtd  fer  tauhers  and  students  0/  bath  sixts  not 
already  acquaiiitid  niith  Analomy.  The  author  has  endeavoured,  by 
certain  addUiota  and  by  the  mode  oftreaimml,  also  to  Jit  them/or  students 
in  ta^ieine,  and  generally  fir  those  acquainted  witk  human  anatomy,  hut 
desirous  of  learning  its  more  dgmfieant  relations  to  the  structure  of  other 
animals.  The  Lancet  says,  "  It  may  he  questioned  whether  any  other 
'^eork  OH  Anatomy  cantaias  iH  like  compass  so  proportionately  great  a  mfiss 
of  information."  T/ie  Medical  Times  frmiwvfj',  "  The  tiiork  is  excellent, 
and  should  hi  in  the  hands  of  every  student  of  human  anatomy." 

MANUALS  FOR  STUDENTS. 
Flower  (W.  H.)— an  INTRODUCTION  TO  THE  OSTE- 
OLOGY OF  THE  MAMMALIA.  Being  the  substance  of 
the  Course  of  Lectures  delivered  at  the  Royal  College  of  Surgeons 
of  England  in  1870.  By  W.  H.  Flowbk,  F.R.S.,  F.R.C.S., 
Ilunterian  Professor  of  Comparative  Anatomy  and  Physiology. 
With  numerous  Illustrations.     Globe  8vo.    7^.  (td. 

Although  the  present  viotk  containa  tie  substance  of  a  Course  of  Latura, 
the  form  has  been  changed,  so  as  the  better  la  adapt  it  as  a  handbook  for 
students.  Theoretical  views  have  been  almost  entirely  excluded :  andvihile 
It  IS  impossible  in  a  scientific  treatise  to  avoid  the  employment  of  technical 
terms,  it  has  been  the  author's  endeavour  to  use  no  more  than  ahsolutelv 
necessary,  and  to  exercise  due  care  in  selecting  only  those  that  seem  most 
appropriate,  or  which  have  recerzied  the  sanction  0/  general  adoption,  fVith 
a  very  few  exceptions  the  illustraiiani  have  been  drawn  expressly  for  this 
work  from  sp«imtns  in  the  Museum  of  the  Royal  College  of  Surgeons. 

Hooker  (Dr.)— the  STUDENTS  FLORA  OF  THE 
BRITISH  ISLANDS.  By  J.  D.  Hookbr,  C.B..  F.R.S.. 
M.D.,  D.C.L.,  Diiector  of  the  Royal  Gardens,  Kew.  Globe- 
8vo.     iw.  W. 

The  object  of  this  work  is  to  supply  students  and  field-botanists  with  a- 
fuller  account  of  the  Plants  of  the  British  Islands  than  the  manuals 
hitherto  in  use  aim  at  gndng.  The  Ordinal,  Generic,  and  Specific 
characters  have  been  re-written,  and  are  to  a  great  extent  original,  and 
drofwn  from  living  or  dried  spicimens,  orhath,  "  Cannot  fail  to  perjectly  ■ 
fulfil  the  purpose  for  which  it  is  intended."— LAliD  AND  WaTEk. 
' '  Containing  the fuUest  and  most  accurate  manual  of  the  kind  that  hasyit 
appeared."— Vhix  Mall  Gazette. 
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Oliver  {ProfeMor).— first  BOOK  OF  INDIAN  BOTANY, 
By  Daniel  Olivm,  F.R.S.,  F.L-S.,  Keeper  of  die  Herbaiiom 
and  Ijbraiy  of  the  Royal  Gardens,  ICew,  and  Professor  of  Botany 
in  Univenity  College,  London.  With  DDmerons  lilustiations. 
Extra  fcap.  8vo.     £i.  bd. 

This  manual  ii,  in  substanct,  the  author's  "  Lusons  in  Elcmeniary 
Botany,"  adafitid/or  use  in  India.  In  preparing  U  ke  has  had  in  viaa 
the  vmnt,  often  fdt,  of  some  handy  risanii  of  Indian  Botany,  which  might 
hi  servicenlile  not  only  to  residents  of  India,  but  also  to  any  one  about  le 
proceed  thithir,  desirous  af  getting  some  preliminary  idea  of  the  Botany  of 
thai  country.  "  It  contains  a  wdl-digested  lummary  of  all  essentia!  kniriB. 
ledge  pertaining  to  Indian  iotany,  wrought  out  in  accardanee  tnti  the  best 
principles  ofsdenHfic  arrangement." — Allen's  INDIAN  MAIL. 

Othtr  volumes  of  these  Manuals  vallfollmu. 


Ball  (R.  S.,  A.M.) — EXPERIMENTAL  MECHANICS. 
A  Course  of  I.«ctnres  delivered  at  the  Rojal  Coll^je  of  Science 
for  Iceland.  By  Robert  Stawkll  Ball,  A.M.,  Professor  of 
Applied  Mathematics  and  Mechanics  in  the  Royal  College  of 
Science  for  Ireland  (Science  and  Art  Department].  Royal  8vo. 
i6i. 

The  author's  aim  has  been  to  create  in  the  mind  of  the  student  physical 
ideas  corresponding  to  theoretical  lams,  and  thus  to  produce  a  viori  vihich 
may  be  regarded  either  as  a  supplement  or  an  introduction  to  manuals  of 
Iheor^ic  mechanics.  To  realise  this  design,  the  copious  use  of  experimental 
illustrations  tvos  necessary.  The  apparatus  used  in  the  Lectures,  and 
figured  in  the  volume,  has  been  principally  built  up  from  Professor  Wiili^s 
most  admirable  system.  In  the  seltction  of  the  subjects,  the  question  of 
fractiaU  atiUly  has  in  many  cases  been  regarded  its  the  one  of  paramount 
importance.  The  elementary  truths  of  Mechanics  are  toe  well  knevm  to 
admit  of  novelty,  but  il  is  believed  that  the  mode  of  treatment  vihich  is 
adopted  is  more  or  less  original.  This  is  especially  the  case  in  the  Lectures 
relating  to  friction,  to  the  mechanical  perwers,  to  the  strength  of  timber  and 
Structures,  to  the  laws  of  motion,  and  to  the  pendulum.  The  illuttraliens, 
drawn  from  the  apparatus,  are  n^rly  ail  onginai,  and  are  beautifully 
executed. 
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Clodd — THE  CHILDHOOD  OF  THE  WORLD  :  a  Simple 
Account  of  Man  in  Early  Times.  By  Euwakd  Clodd,  F.K.A.S. 
Second  Edition.     Globe  8vo.    Jr. 

pROFESSOk  Max  Muller,  iaa  letlerto  the  Author,  says:  "Ircad 
your  book  iirith  grtat  pleasure.  I  hatie  no  doubt  it  vdll  do  good,  and  I 
hope  you  loill  continue  your  work.  AolMug  spoils  our  temper  so  muth  as 
having  to  unlearn  in  youth,  manhood,  and  even  eld  age,  so  many  things 
which  vie  were  taught  as  children.  A  book  Hie  yours  laill  prepare  a  far 
better  soil  in  the  child's  mind,  and  I  luas  delight^  to  have  it  to  read  to 
my  children.'" 

Cooke  (Josiah  P.,  Jun.)— first  PRINCIPLES  OF 
CHEMICAL  PHILOSOPHY.  By  Josiah  P.  Cookb,  Jun., 
Ervine  Professor  of  diemistry  and  Mineralogy  in  Harvard  College. 
Crown  8vo.     1 21. 

7%r  objett  of  the  author  in  this  book  is  to  present  the  philosophy  of 
Chemistry  in  suck  a  form  thai  it  can  be  made  with  profit  the  subject  of 
College  recitations,  and  furnish  the  teacher  zuith  the  means  of  testing  the 
students  faithfulness  and  ability.  With  this  view  the  subject  has  been 
developed  in  a  logical  order,  and  the  principles  of  the  science  are  taught 
independently  of  the  experimental  evidence  on  which  they  rest. 

Guillemin.— THE  FORCES  OF  NATURE:  a  Popular  Intro- 
duction to  the  study  of  Physical  Phenomena.  ByAMEDEE  Guille- 
min. Translated  from  the  French  by  Mrs.  Kdkvan  Lockvek, 
and  Edited,  with  Additions  and  Notes,  by  J,  NoRMAN  LOCKYER, 
F.R.S-  With  II  Coloured  Plates  and  455  Woodcuts.  Second 
Edition.     Royal  8vo.  cloth,  g\U.     31J.  (td. 

'■  Translator  and  Editor  have  done  Justice  to  Ihar  trust.  The  text  has 
all  the  force  mid  flow  of  anginal  ■airiliag,  combining  faithfulness  to  the 
author's  mining  with  purity  and  independence  in  r^ard  to  idiom  ;  while 
the  historical  precision  and  accuracy  pervading  the  worh  throughout,  speak 
of  the  watchful  editorial  supervision  which  has  been  gintti  to  every  seienlife 
detail.  .  .  .  Altogether,  the  work  may  be  said  to  have  no  parallel,  either  in 
point  of  fulness  or  attraction,  as  a  popular  manual  of  physical  science." — 
Saturday  Review. 
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Lockycr.— THE   spectroscope  and  its    applica- 

TIONS.     By  J,    Norman   Lockyer,    F.R.S.     With  Coloured 
Plate  and  numerous  illustrations.     Second  Edition.     Grown  Evo. 

This  forms  vtilunit  ont  ef  "  Nature  Series"  a  Series  of  Popular 
Scientific  Works  turn  in  course  of  publnatioii,  cousisling  of  popular  and 
instructive  ■works,  on  particular  scientific  subjects — Scientific  Discovery, 
Applications,  History,  Biography — by  some  of  the  most  eminent  scientific 
men  of  the  day.  They  will  be  so  viriiten  as  to  be  iaterestmg  and  intdli- 
^iile  even  to  non-scientific  readers.  Mr.  Lockye/s  mark  in  Spectrum 
Analysis  is  widely  known.  In  the  present  short  treatise  ■wUl  be  found  att 
exposition  ef  the  principles  on  which  Spectrum  Anaiysis  rests,  a  description 
of  the  various  hinds  of  Spectroscopes,  and  an  account  of  what  has  already 
been  done  TOith  the  instrument,  as  well  as  of  what  may  yet  be  done  both  in 
science  and  itt  the  industrial  arts. 

RoSCOe   (H.   E,)— SPECTRUM  ANALYSIS.      Six  Lectures, 

with    Appendices,    Engravings,    Maps,    and    Chromolithographs. 

By  H.   E.   RoscOB,  F.R.S.,   Professor  of  Chemistty  in   Owens 

College,  Manchester.     Third  Edition,  revised  throughont.     Royal 

8vo.     2ls. 

"  In  six  lectures  he  has  given  the  histor)-  of  the  discovery  and  set  forth 

the  facts  relating  to  the  analysis  of  light  in  such  away  that  any  reader  of 

ordinary  intelligence  and  information  will  be  able  to  understand  -what 

'Spectrum  Analysis'  is,  and  what  are  its  claims  Id  rank  anienglhe  most 

signal  triumphs  of  science  of  which  even  this  century  can  boast." — NoM- 

CONFORMIST.      "  The  illustrations — no  unimportant  part  of  a  book  on 

suck   a   subject— are  marvds  of  wood-printing,  and  reflect  the  clearness 

which    is   the  distinguishing  merit  of  Mr.    Roscois    explanations." — 

Saturday   Review.     "  The   lectures  themselves  furnish  a   most  ad- 

miraile  elementary  treatise  on   the  subject,   whilst  by   the  insertion  in 

appendices  to  each  lecture  of  extracts  from   the   most  important  published 

memoir!,    the  author   has    rendered  it  equally  valuable  as   a  text-book 

for  advanced  students." — Westminster  Review. 

Thorpe  (T.  E.)— A  SERIES  OF  CHEMICAL  PROBLEMS, 
for  use  in  Colleges  and  Schools.  Adapted  for  the  preparation  of 
Students  for  the  Government,  Science,  and  Society  of  Arts  Ex- 
aminations. With  a  Preface  by  Professor  ROSCOe.  l8mo. 
cloth.     1.1. 
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In  the  Preface  Dt.  Roscoe  says — "  My  txperiaae  has  led  me  to  feet  more 
and  vit/re  stron^y  that  by  no  method  can  accuracy  in  a  knowledge  of 
chemistry  be  more  surely  secured  than  iy  atttntien  to  the  iBoriing  of  viell- 
selected  problems,  and  Dr.  Tkorpis  thorough  acpiamtanee  with  the  wants 
of  the  student  is  a  sujgicient  guarantee  that  this  selection  has  been  carefully 
Made.  I  intend  largely  to  use  these  questions  in  my  own  classes,  and  lean 
confidently  recommend  them  to  all  teachers  and  students  of  Ihi  science." 

Wurtz.— A  HISTORY  OF  CHEMICAL  THEORY,  from  the 

Age  of  Lavoisier  down  to  the  present  time.      By  Ad.  Wurtz. 

Translated  by  Hbnry  WiTTS,  F.R.S.  Crown  Svo.  ts. 
"  The  treatment  of  the  subject  is  admirable,  and  the  translator  has 
evidently  done  his  duty  most  eminently." — WESTMINSTER  REVIEW. 
"  The  discourse,  as  a  tfouine  of  chemical  theory  and  research,  unites 
singular  laminousness  and  grasp.  A  few  Judicious  notes  art  added  by  the 
translator." -r-VKVL  Mall  GAZETTE. 
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SCIENCE    PRIMERS    FOR    ELEMENTARY 
SCHOOLS. 

The  necMsitj'  of  ccmiinencing  the  teaching  of  Science  in  Schools  at  an 
early  jit^e  of  Ihe  pupil's  coarse  has  now  become  generally  recog- 
nized, and  is  enfotced  in  all  Schools  andet  Government  inspection. 
For  the  purpose  of  facilitating  the  introduction,  of  Science 
Teaching  into  Elementary  Schoola,  Messrs.  Macmillan  are  now 
publiEhing  a  New  Sede;  of  Science  Primers,  uiider  the  joint 
Editorship  of  Professors  Huxlkv,  RosCoE,  and  BaIFOOH 
Stewart.  The  object  of  these  Piimera  is  to  convey  infoimation 
in  such  a  manner  as  to  make  it  both  intelligible  and  interesting  to 
pupils  in  the  most  elementary  classes.  They  are  clearly  printed  on 
good  paper,  and  illustrations  are  given  whenever  they  are  necessary 
to  the  proper  understanding  of  the  text.  The  following  are  just 
published  ;— 

PRIMER  OF  CHEMISTRY.  By  H.  E.  Roscoe,  Professor  of 
Chemistry  in  Owens  College,  Manchester.  iSmo.  ij.  Second 
Edition. 

PRIMER  OF  PHYSICS.  By  Balfour  Stewart,  Professor  of 
Natural  Philosophy  in  Owens  College,  Manchester.  l8mo.  I/. 
Second  Edition. 

PRIMER    OF    PHYSICAL    GEOGRAPHY.       By    Archibald 

GeiKlE,  F.R.S.,  Murchison-Professor  of  Geolt^  and  Mineralogy 

at  Edinburgh.     Second  Edition.     iSmo.     is. 

Evrryont  ought  ts  knirai  somrtking  about  ike  air  we  breathe  and  the 

earth  we  line  upon,  and  ahaxit  the  relations  he/ween  them;  and  in  this 

little  iBori  the  aatlhor  %idshts  to  shoza  what  sort  of  questions  may  be  put 

about  some  of  the  chi^ parts  of  the  book  of  nature,  and  especially  about  two 

of  them— the  Air  and  the  Earth.      The  divisions  of  ihe  book  are  as 

follirws :—The  Shape  of  the  Earth— Day  and  Night—The  Air— The 

Circulation  of  Water  on  the  Land—  The  Sea— The  Inside  of  ihe  Earth. 
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In  Ihesi  Manuals  thi  authors  kave  aimed,  not  so  much  to  give  in/ortiia- 
tion,  as  to  endeavour  la  diseipline  the  mind  in  a  -way  which  has  net 
hitherto  been  customary,  by  bringing  ii  into  immtdiate  contact  -wilk 
Nature  herself.  For  this  purjiose  a  series  of  simple  exferimenls  [lo  be 
performed  by  the  leaf  her)  ^as  been  devised,  laiding  tip  to  the  chief  truths 
of  each  Science.  Thus  the  povier  of  observation  in  the  fupils  will  be 
awakened  and  strengthened.  Each  Manual  is  copiously  illustrated,  and 
appended  are  lists  of  all  the  necessary  apparatus,  lailh  prices,  and 
directions  as  to  how  they  may  be  obtained.  Professor  JIaxley's  introduc- 
tory volume  hat  been  delayed  through  the  illness  of  the  author,  but  it  is 
now  expected  to  appear  very  shortly.  "  They  are  wonderfully  clear  aiid 
lucid  in  their  instruction,  simple  in  style,  and  admirable  in  plan." ^~ 
Educational  Times. 

In  preparation : — 
INTRODUCTORY,    By  Pkofessor  Huxley, 
PRIMER  OF  GEOLOGY,    By  Archibald  Geikie,  F,R,S. 

\yiist  reac'y. 
PRIMER  OF  BOTANY.     By  Dr.  Hooker,  C.B.,  F.R:S. 
PRIMER  OF  ASTRONOMY.     By  J.  NOB  man  Lock  ye»j  F.R.Sj 
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MISCELLANEOUS. 

Abbott— A  SHAKESPEARIAN  GRAMMAR.  AnAtfemptto 
illustiate  some  of  the  Differences  between  Eltzabetban  and  Modem 
English.  By  the  Rev.  E.  A.  Abbott,  M.A.,  Head  Master  of  (he 
City  of  London  School.  For  the  Use  of  Schools.  New  and 
1  Edition.     Extra  fcap.  Svo.     ds. 


The  ohjaf  of  this  loork  is  to  furnish  sludeiit!  of  Shahapeare  and  Bacon 
■siith  a  short  syslanatic  account  of  some  fioitils  af  differtnce  bOwem  Elita- 
btthan  syntax  and  oar  own.  A  section  on  Prosody  is  added,  and  Nota 
and  Questions.  The  success  which  has  attended  the  First  and  Second 
Editions  of  the  "Shakespearian  Grammar,  "  oki/  the  demand  for  a 
Third  EditioniBtthin  ayear  of  the  fubliealiiin  of  the  First,  have  encouraged 
the  author  la  endeavour  to  make  the  work  somfaihai  nmre  useful,  and  to 
render  it,  as  fa-  as  possible,  a  comply  book  of  reference  for  all  difficulties  of 
Shakespearian  syntax  or  prosody.  For  this  purpose  the  whole  of  Shake- 
speare has  been  re-read,  and  an  attempt  has  been  made  to  include  viithiit 
this  Edition  the  explanation  of  every  idiomatic  difficulty  that  comes  witSin 
the  province  of  a  gramme-  as  distinct  from  a  glossaty.  The  great  otfect 
being  to  make  a  useful  book  of  reference  for  students,  and  especially  for 
classes  in  schools,  several  Plays  hajie  been  indexed  so  fully  thai  adtk  the  aid 
of  a  glossary  and  historical  notes  the  references  will  serve  for  a  complete  com- 
mentary. "A  critical  inquiryt  conducted  v/ith  great  skill  and  knat/dedge, 
and  Toith  all  the  appliances  of  modem  philology  .  .  .  .  We  venture  to  belietie 
that  those  who  consider  themselves  most  proficient  as  Shakespearians  "unJl 
find  sometMng  to  learn  from  its  pages." — Pall  Mall  Gazettk. 
"  Valuable  not  only  as  an  aid  to  the  critical  study  of  Shakespeare,  but 
as  tending  to  famitiariu  the  reader  with  Elizabethan  English  in 
general." — Athbn^um. 

Berners. — first  lessons  on  health.    Bj  j,  Bkr- 
NERS.    iSmo.     If.    Third  Edition. 
This  little  took  consists  of  the  notes  of  a  number  af  simple  lessons  an 
sanitary  subjects  given  to  a  class  in  a  National  School,  and  listened  to 
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■with  griat  interest  and  intclliZ'«ci.  TJiey  have  ban  made  as  any  and 
familiar  as  possible,  and  as  Jar  as  they  go  may  be  domed  perfectly  trust - 
•aerthy.  One  of  the  author's  main  attempts  has  been,  to  translate  the 
eoneist  and  accurate  language  of  science  inia  the  colloquial  nursery 
dialect  comprehensible  to  children.  The  book  will  be  found  of  the  highest 
value  to  all  who  have  the  trainingof  children,  "oiho,  for  want  of  knowing 
what  this  little  book  teaches,  too  often  grmo  up  to  be  unhealthy,  defective 
men  and  wopien.  The  Contents  are — I.  Introductory.  II.  Fresh  Air, 
III.  Food  and  Drink.  IV.  Warmth.  V.  Cleanliness.  VI.  Light. 
VII.  Exercise.     VIII.  Rtst. 

Besant. — studies  in  early  French  poetry.    By 
Walter  Besant,  M.A.    Crown  Svo.    8j.  &/. 

A  sort  of  impressian  rests  on  most  tninds  that  French  literature  begins 
■with  the  "siiete  de  Louis  Quatorze ;"  any  previous  literature  being  for 
the  most  part  unknoum  or  ignored.  Few  know  anything  of  the  enormous 
literary  aelivity  that  began  in  the  thirteenth  century,  was  carried  on  by 
Xulebeuf,  Marie  de  France,  Gaston  de  Foix,  Tkibault  de  Champagne, 
and  Lorris  ;  was  fostered  by  Charles  of  Orleans,  by  Margaret  of  Valois, 
by  Francis  tie  First ;  that  gave  a  crowd  of  versifiers  to  France,  enriched, 
strengthened,  developed,  and  fixed  the  French  language,  and  prepared  the 
way  for  C<n-neille  and  for  Racine.  The  present  inori  aims  to  afford 
informoHon  and  direction  touching  these  early  efforts  of  France  in  poetical 
literature.  ' '  In  one  moderately  sized  volume  he  has  contrived  to  introduce 
us  to  the  very  best,  if  not  to  all  of  the  early  Freneh  ^inslt."— Athbn^UM. 
' '  Industry,  the  insight  of  a  scholar,  and  a  genuine  enthusiasm  far  his 
subject,  combine  to  maheii  of  very  considerable  value." — Spectator. 

Calderwood.— HANDBOOK  of  moral  philosophy. 

By  the  Rev.  Hbnry  Calderwood,  LL.D.,  Professor  of  Moral 
Philosophy,  University  of  Edinburgh,     Second  Edition.     Crown 
Svo.     6s. 
While  in  this  wort  the  interests  of  University  Students  have  been  con- 
stantly considered,  the  author  has  endeavoured  to  produce  a  book  suitable 
to  those  Toko  wish  to  prosecute  privately  the  study  of  Ethical  questions. 
The  author  has  aimed  to  present  the  chief  problems  of  Ethical  Science,  to 
give  an  outline  of  discussion  under  each,  and  to  afford  a  guide  for  private 
study  by  references  to  the  Literature  of  the  Science,     The  uniform  object 
has  been  to gkie  a  careful  representation  of  the  conflicting tluBries,  supplying 
the  reader  with  materials  for  independent  judgment. 
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Cameos  from  English  History. — See  Vongb  (C.  m.) 

Delamotte. — a  BEGINNER'S  drawing  book.    By  P.  H. 
Delamotte,   F.S.A.      Progressively  arranged,  with  upwards   of 
Fifty  Plates.     Crown  Svo.     StiiT  covers,     is.  bd. 
Thit  iiHrriis  inttttd^ le givt  nuh  iiutructien  te Beginitrrs in  Dnaxing, 
and  to  pliue  be  fart  thtm  cafui  to  easy,  that  Ihty  may  not  find  any  obstaclt 
in   making  the  first  step.      Thenceforward  the  Ussons   are  graduaUy 
frogressh/e.   Mechanical  improvements,  too,  ham  lent  their  aid.    The  whole 
of  the  PlaUs  have  been  engraved  by  a  new  process,  by  means  of  which  a 
varying  d^h  of  lent — tip  to  Ike  present  time  the  dislingttishing  character- 
istic of  fencii  draaiing — has  been  imparled  In  woodcuis.      'f  fVe  have  seen 
and  examined  agreal  many  drawing-books,  but  Ike  one  nimi  before  us  strikes 
us  as  being  the  best  of  them  ail," — ILLUSTRATED  TIMES.      "A  concise,' 
simple,  ami  thoroughly  practical  work.      The  letter-press  is  throughout 
intelligible  and  to  the  point." — Guardian. 

D'Oursy   and   Feillet. — a   FRENCH   GRAMMAR   AT 
SIGHT,   on  an  entirely  new  method.      By  A.  D'OuKSY   and 
A.  Feillet,      EqieciaJly  adapted  for  Pupils  preparing  for  Ex- 
amination.    Fqap.  Svo.  cloth  extra.     2j.  td. 
The  method  follojoed  in  Ihis  volume  consists  in  presenting  the  grammar 
as  much  as  possible  by  synoptical  tables,  which,  striking  the  eye  al  once,  <aid 
fallowing  throughout  the  same  order — "used — not  used;"  "changes — 
does  not  change  " — are  easily  remembered.     The  parsing  tctbles  will  enaile 
the  pupil  lo  parse  easily  from  the  t/ginniitg.     The  exercises  consist  of 
translations  from  French  into  £nglisA,  and  from  EttgiisA  into  French  ; 
and  of  a  number  of  grammatical  questient. 

Green.— A  HISTORY  OF  THE  ENGLISH' people;  Bythe 
Rev.  J.  R.  Green,  M.A.  For  the  use  of  Collies  and  Schools. 
Crown  Svo.     is.  6d. 

Hales.^LONGER.  ENGLISH  POEMS,  with  Notes,  Philolt^ical 
and  Explanatory,  and  an  Introduction  on  the  TeacMng  of  English. 
Chiefly  for  us«  in  Schools.  Edited  by-  J.  W.  Halbs,  M.A.,  late 
Fellow  and  As^stant-  Tutor  of  Christ's  Cidlege^  Cambridge, 
Lecturer  in  English  Literature  and  Clasaioal  Composition  at  King's 
College  School,  London,  &c.  &c     Extra  fcap.  3vo,    4s.  dd. 
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TMs  iBork  has  hien  in  prtparation  for  somt  years,  and  part  af  it  has 
been  used  as  a  clais-beok  by  the  Editor.  Jt  is  intended  as  an  aid  to  the 
Critical  study  0/  En^h  LUeraiure,  and  contains  one  or  more  of  the 
larger  poems,  tack  complete,  of  prominent  English  authors,  from  Spenser 
to  Shelley,  including  Burn^  "Colter's  Saturday  Night"  and  "  Twa 
£>Bgs."  In  all  eases  the  original  spelling  and  the  text  of  the  best  editions 
home  been  given  :  only  in  one  or  two  poems  has  it  been  deemed  necessary 
to  make  slight  omissions  and  changes,  "that  the  reverence  due  to  boys 
might  be  viell  observed."  The  Introduction  consists  of  Suggestions  on 
Teaching  of  English.  The  latter  half  of  the  volume  is  occupied  with 
copious  notes,  critical,  etymological,  and  explanatory,  calculated  to  give 
the  learner  much  insight  into  the  structure  and  connection  of  the  English 
tongue.     An  Index  to  the  A'oles  is  appended. 

Helfenstein  (James) — a  comparative  GRAMMAR 
OF  THE  TEUTONIC  I^NGUAGES.  Being  at  the  same 
lime  a  Hislorical  Grammar  of  the  English  Language,  and  comprising 
Gothic,  Anglo-Saxon,  Early  English,  Modem  English,  Icelandic 
(Old  NorseJ,  Danish,  Swedish,  Ol*  High  German,  Middle  High 
German,  Modem  German,  Old  Saxon,  Old  Frisian,  and  Dutch. 
By  James  Helfenstein,  Ph.D.    8vo.     i8j. 

This  ■work  traces  the  different  stages  of  development  throi^h  which 
Ike  various  Teutonic  languages  have  passed,  and  the  laws  which  have 
regulated  their  growth.  The  reader  is  thus  enabled  to  study  the  relation 
which  these  languages  iear  to  one  another,  and  to  the  English  language  in 
particular,  to  which  special  attention  is  devoted  throughout.  In  the 
chapters  on  Ancient  and  Middle  Teutonic  Languages  no  grammatical  form 
is  omitted  the  kncwledge  ofvihich  is  required  for  the  study  of  ancient 
lileratare,  whethir  Gothic,  or  Anglo-Saxon,  or  Early  English.  To  each 
chapter  it  prefixed  a  sketch  showing  the  relation  of  the  Teutonic  to  the 
cognate  languages.  Greet,  Latin,  and  Sanskrit.  Those  who  have  mastered 
the  book  will  be  in  a  position  to  proceed  with  infeHigence  to  tht  more 
elaborate  works  of  Grimm,  Bapp,  Poti,  Schleicha;  and.elitrs. 

Hole A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 

ENGLAND   AND   PRANCE.      By  the  Rev.  C.   Holb.      On 
Sheet.     I^. 

r   printed   in  distinguishing  colours,  thus 
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Jephaon. — SHAKESPEARE'S  "TEMPEST."   With  Glossarial 

and  Ezptanitor]'  Notes.     By  tlie  Rev.  J.  M.  Jbfhsoh.     Second 

Edition,     iSmo.     Is. 

It  is  important  to  find  soml  lutitittitt  for  classical  study,  and  it  is 

hdievid  that  sulk  a  substUuti  may  be  found  in  the  Mays  of  Shahespian. 

For  this  purpose  the  present  edition  of  the  "  Tempest"   has  ieen  prepared. 

The  introduction  treats  briefy  of  the  ■value  of  the  study  of  language,  the 

fable  of  the  play,  and  other  points.      The  notes  are  intended  to  teach  the 

student  to  analyse  every  obscure  sentence  and  trace  out  the  logical  sequence 

of  the  poeCs  thoughts  ;  to  point  out  the  rules  of  Shakespearif  s  vers! ficalim  ; 

to  explain  obsolete  aiards  and  meanings  ;  and  to  guide  tht  studenfs  taste  by 

directing  Ms  attention  to  such  passages  as  seem  especially  worthy  of  note  for 

thof  poetiaU  beauty  or  truth  to  nature.     The  text  is  in  Ike  main  founded 

upon  thai  of  the  first  collicted  edition  of  Shakespearis  Plays. 

Kington -Oliphant.— THE    SOURCES    OF    STANDARD 
ENGLISH.     By  J.  Kington -Oliphant.     Globe  8vo.     ts. 

Martin.— THE  POETS  HOUR:  Poeliy  Selected  and  AmnBed 
for  Children,     By  Frances  Martin.     Second  Edition.     jBmo. 

21,   6i/. 

This  volume  consists  of  nearly  200  Poems  selected  from  the  best  Pods, 
ancient  and  modern,  a'ld  is  intended  mainly  for  children  between  the  ages 
of  tight  and  tvielve. 

SPRING-TIME  WITH  THE  POETS.    Poetry  selected  by  Frances 
Martin.     Second  Edition.     i8mo.     31.  bd. 


Masson  (Gustavc). — a  french-english  and  eng- 

LISH-FRENCH  DICTIONARY.    ByGusTAVE  Masson,  B,A., 
Assistant  Master  in  Harrow  School.     Small  4(0.     6^. 

M'Cosh    (Rev.    Principal) For  other  Wodcs  by  the  same 

Author,  see  Philosophical  Catalogue. 
THE  LAWS  OF  DISCURSIVE  THOUGHT.     Being  a  Text-Book 
of  Formal  Logic     By  James  M'Cosh,  D.D.,  LL.D.     gvo.     jj. 
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In  this  triatisi  ikc  Notion  {viUh  the  Term  and  tki  Relation  of  Thought 
tB  language,)  will  be  found  to  oceujy  a  larger  relative  place  than  ia  any 
legUalwork  written  since  the  time  of  the  famous  "Art  of  Thinking." 
"  We  heartily  welcome  his  hook  as  ene  which  is  likdy  to  be  sf  great  value 
in  Colleges  and  Sckiiols."^A.TKS.li/E.VM. 

Morris.— HISTORICAL  OUTLINES   OF  ENGLISH   ACCI- 
DENCE, comprismg  Cliapters  on  the  History  and  Development 
of  the  Language,  and  on  Word-formation.    By  the  Rev.  Richard 
MOKRIS,   LL.D.,.  Member   of  the  Council    of  the    Philol.   Soc, 
Lecturer  on  English  Language  and  Literature  in  King's  College 
School,  Editor  of  "  Specimens  of  Early  English,"  &c.  Slc.    Third 
Edition.     Extra  fcap.  8vo.     6j. 
Dr.  Morris  has  endeavoured  to  write  a  work  which  can  be  profitably 
used  by  students  and  by  the  upper  forms  in  our  public  schools.     English 
Grammar,  he  believes,  without  a  reference  to  the  older  forms,  must  appear 
altogether  anomalous,  inconsistent,  and  unintelligible.     His  almost  un- 
equailed  knowledge  of  early  English  Literature  renders   him  peculiarly 
qualified  to  write  a  work  of  this  kind.     In  the  viriting  of  this  volume, 
moreover,   he  has  taken  advantage  of  the  researches  into  our  language 
made  by  all  the  most  eminent  scholars  in  England,  America,  and  oh  the 
Continent.      The  author  shows  the  place  of  EngiisA  among  the  languages 
of  the  world,  expounds  clearly  and  with  great  minuteness  "  Grimm's 
Law,"  gives  a  brief  history  of  the  English  language  and  an  account  of 
the  various  dialects,  investigates  the  history  and  principles  of  Phonology, 
Orthography,  Accent,  and  Etymology,  and  devotes  several  chapters  to  the 
consideration  of  the  various  Parts  of  Speech,  and  the  final  one  to  Deri, 
vaiion  and  Word-formation.      "  //  makes  an  era  in  the  study  of  the 
English  tongue." — Saturday  Review.     '^  He  has  done  his  work  with 
a  fulness  and  completeness   that   leave  nothing  to  be  desired."~'tiO!l- 
cotJFOXMlST.     "A  genuine  and  sound  boot." — Athen.«um. 

Oppen. — FRENCH    READER.     For  the   Use  of  Colleges   and 

Schools.     Containing  a.  graduated  Selection  from  modem  Authors 
in  Prose  and  Verse ;  and  copious  Notes,  chiefly  Etymological.   By 
Ebward  a.  Oppen.     Fcap.  Svo.  cloth.     41.  6d. 
This  is  a  Selection  from  the  best  modern  authors  of  France.     Its  dis- 
tinctive feature  consists  in  Us  etymological  nates,  connecting  French  with 
the  classical  and  modem  languages,  including  the  Celtic.     This  subject 
has  hitherto  been  little  discussed  even  by  the  best-educated  teachers. 
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Pylodet.— NEW  GUIDE  TO  GERMAN  CONVERSATION; 
containing  an  Alphabetical  List  of  nearly  Soo  Familiar  Words 
simitar  in  Orthography  or  Sound  and  the  same  Meaning  in  both 
Linguages,  followed  by  Exercises,  Vocabulary  of  Words  in 
frequent  use,  Familiar  Phrases  and  Dialogues ;  a  Sketch  of  German 
Literature,  Idiomatic  Expressions,  &c.  ;  and  a  Synopsis  of  German 
Grammar.     By  L.  Pylodet.     iSmo.  cloth  limp.     ai.  (td. 

Sonnenschein  and  Meiklejohn.  —  the  English 
METHOD  OF  TEACHING  TO  READ.  By  A.  Sonnenschein 
and  J.  M.  D.  Meiklejohn,  M.A.     Fcap.  8vo. 

Comprising  -. 
The  Nursery  Book,  containing  all  the  Two-Letter  Words  in 
the; Language.      \d.      (Also  in   Luge  Type  on  Sheets  for 
School  Walls.     5j.) 
The   First  Course,  consisting  of   Short  Vowels  with  Single 

Consonants,     ■^d. 
The  Second   Course,  with  Combina,tioDs    and   Bridges,   con- 
sisting of  Short  Vowels  with  Double  Consonants.      41/. 
The    Third    and    Foukth     Courses,    consisting    of    Long 
Vowels,  and  all  the  Double  Vowels  in  (he  Language.    f>d. 
A  SerUs  of  Baeki  in  ■which  an  attimp  is  made  ta  plact  the  process  cf 
learning  to  read  English  on  a  seisntijic  basis.     This  has  been  done  by 
separating  the  perfectly  regular  parts  of  the  language  from  the  irregular, 
and  by  giving  the  re^lar  parts  to  the  learner  in  the  exact  order  of  their 
difficulty.     The  child  begins  with  the  smallest possHle  element,  and  adds  to 
that  dement  one  lettet — in  only  one  of  its  funcHsns — at  one  time.       Thus 
the  leguenc!  is  natural  and  complete.     "  These  are  admirable  books,  because 
th^  are  constructed  on  a  principle,  and  that  the  simplest  principle  on  vikteh 
it  it  passible  to  learn  to  read  English." — Spectator, 

Taylor.— WORDS    and     PLACES  :    or.   Etymological    Illus- 
trations of  History,  Ethnology,  and  Geography.     By  the  Rev. 
Isaac  Taylor,  M.A.     Third  and  cheaper  Edition,  revised  and 
compressed.    With  Maps.     Globe  8vo.     &. 
In  this  edition  the  weri  has  been  recast  tviih  the  inlmtion  of  fitting  it 

for  the  use  of  slitdents  and  general  mdert,  rather  than,  as  b^ort,  to 
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appeal  la  ihi  judgnicnt  of  pMLlogers.  Tht  book  has  already  bem  adopted 
by  many  teachers,  and  is  prescribed  as  a  text-book  in  the  Cambridge  Higher 
RxaminaHons  for  Women :  and  it  is  hoped  that  the  recced  size  and  price, 
and  the  other  changes  now  introduced,  tnay  make  it  more  generally  useful 
than  heretofore  for  Educational  purposes. 

Thring. — Works  by  Edwarh  Thring,   M.A,,   Head  Master  of 

Uppingham. 
THE  ELEMENTS  OF  GRAMMAR  TAUGHT  IN  ENGLISH. 

with  Questions,  Fourth  Edition,  l8nio.  is. 
This  little  work  is  ehiefiy  intended  for  teachers  and  learners.  It  look  its 
rise  from  questionings  in  National  Schools,  and  the  ■whole  of  the  first  part 
is  merely  the  vfrHing  out  in  order  the  answers  to  questions  v/hich  have  bee?i 
used  already  with  success.  A  chapter  on  Learning  Language  is  especially 
addressed  to  teachers. 

THE  CHILD'S  GRAMMAR.  Being  the  Substance  of  "The 
Elements  of  Grammar  taught  in  English,"  adapted  for  the  Use  of 
Junior  Classes.    A  New  Edition.     iSmo.     is. 

SCHOOL  SONGS.     A  Collection  of  Songs  for  Schools,     With  the 
Music  arranged  for  four  Voices.     Edited  by  the  B*t.  E.  Thrino 
and  H.  Riccius.     Folio,     ji.  6d. 
There  is  a  tendency  in  schools  to  stereotype  the  forms  of  life.    Any  genial 

solvent  is  valuable.     Games  do  much ;    but  games  do  not  penetrate  to 

domeslit  life,  and  are  much  limited  by  age.     Musit  supplies  the  want. 

Tilt  lollection  includes  the  "Agnus  Dei"  Tennyson's  "Light  Brigade," 

Alaeaulay's  "  Ivry"  Si'c.  among  other  pieces. 

Trench  (Archbishop).— HOUSEHOLD  book  of  ENG- 
LISH   POETRY.       Selected  and   Arranged,   with   Notes,   by 
E.  C.  Trench,  D.D.,  Archbishop  of  Dublin.    Entra  fcap.  Svo. 
51.  &^,    Second  Edition. 
This  volume  is  coiled  a  "  Household  Book,"  by  this  namemplying  that 
it  is  a  book  foT.all— that  there  is  nothing  in  it  to  present  it  frcm  being 
eanfidintly  placed  at  the  hands  of  every  member  of  the  httutheld.     Speci- 
mens of.  all  clasies  of  poetry  are  given,  including  seteettens  from  living 
auJht>rs.      The  Editor  has  aimed  lo  produce  a  booh  "which  the  emigrant, 
finding  room  ^Uttle-uel  aiseUilely  necessary,  m^ht  ytl  find  room  Jar 
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Trench  (Archbishop). — continued. 

in  hit  lrunk,and tki  traveller  in  his  knapsack,  and  that  an  sami  namnii 
shelves  vihtri  there  are  few  books  this  might  be  one"  "  The  Arehkishop 
has  conferred  in  this  delightful  volume  an  important  gift  on  the  whole 
English-speaking  papulation  a/ the  world." — PallMall  GAZETTE. 

ON  THE   STUDY   OF  WORDS.     Lectures  addressed   (originally) 

to    the   Pupils  at    the    Diocesan  Tmining  School,   Winchester. 

Fourteenth  Edition,  revised.     Fcap.  8vo.      47.  6d. 

TTas,  it  is  believed,  araj  probably  the  first  viork  lehUh  drew  general 

attention  in  this  country  to  the  importance  and  interest  of  tht  critical  and 

historical  study  of  English.     It  still  retains  its  place  as  one  0/  the  most 

successful,  if  not  the  only,  exponent  of  those  aspects  of  words  of  whith  it 

treats.      The  subjects  of  the  several  Lectures  are,    (l)  Introduction;    (a) 

On  the  Podry  of  Words ;  (3)  On  tlie  Morality  of    Words;  (4)   On  tA,r 

History  of  Words;    (5)  On  the  Rise  of  New  Words;  (6)  On  the  Bis- 

Hnction  of  Words  ;  (7)    The  Sehodmastet's  Use  of  Words. 

ENGLISH,   PAST   AND   PRESENT.      Eighth    Edition,   revised 
and  improved.     Fcap.  8vo.     41.  bd. 

This  is  a  series  of  Eight  Lectures,  in  the  first  of  which  Archbishop 
Trench  considers  the  English  language  as  it  now  is,  decomposes  some 
specimens  of  it,  and  thus  discovers  of  what  clement  it  is  compact.  In 
the  second  Lecture  he  considers  -uihal  the  language  might  have  teen  if  the 
Norman  Conquest  had  never  taken  place.  In  the  following  six  Lectures 
he  institutes  from  various  points  of  view  a  comparison  between  the  present 
language  and  the  past,  points  out  gains  which  it  has  made,  losses  which  it 
has  endured,  and  generally  calls  attention  to  some  of  the  more  important 
changes  through  which  it  has  passed,  or  is  at  present  passing. 

A  SELECT  GLOSSARY  OF  ENGLISH  WORDS,  used  formerly 
in  Senses  Different  from  their  Present.     Fourth  Edition,  enlarged. 
Fcap.  Svo.     4^.  dd. 
This  alphabetically  arranged  Glossary  contains  many  of  the  most  im- 
portant of  those  EngHsA  words  which  in  the  course  of  time  have  gradually 
(hanged  their  meanings.     The  author's  object  is  to  point  out  some  of  these 
changes,  to  suggest  horn  many  more  there  may  be,  to  show  hew  slight  and 
subtle,  Tiihile  yet  most  real,  these  changes  have  often  been,  ta  trace  here  and 
there  the  pro^essim  si^s  by  whiek  the  old  meaning  has  been  put  off  and  the 
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new  ftit  on, — Ike  exact  toad-aikich  award  has  trwvetttd.  The  author  thus 
hopes  to  render  some  assistance  to  those  who  r^ard  this  as  a  serviceable 
discipline  i«  the  tratning  of  their  own  minds  or  the  minds  of  olAiri, 
Although  the  hook  is  in  the/orm  of  a  Glossary,  it  wilt  be  found  as  inleresi- 
ing  as  a  series  of  brief  wU-told  biographies. 

Vaughan  (C.  M.) — a  shilling  book  of  words 

FROM  THE  POETS  By  C.  M,  Vaughan.  i8mo.  cloth. 
It  has  beetifdt  of  late  years  thai  tht  ckHdrett  of  onr  parochial  schools, 
and  those  classes  of  our  countrymen  which  they  commonly  represent,  are 
capable  of  being  interts/td,  and  ther^ore  benefited  also,  by  something  higher 
in  the  scale  0/  poetical  composition  than  those  brief  and  somewhat  puerile 
fragments  to  which  their  knowledge  was  formerly  restricted.  An  attempt 
■has  b/en  made  to  supply  the  want  by  forming  a  selection  al  once  various 
■and  unambitious  ;  keaitby  in  lone,  just  in  sentiment,  elevating  in  thought, 
and  beauHfiil  in  expression. 

"Whitney.— Works  by  W.  D.  Whitney,  Professor  of  Sanskril, 
and  Instructor  in  Modern  Languages  in  Yale  College. 

A  GERMAN  READER  IN   PROSE  AND  VERSE,  with  Notes 
and  Vocabulary.     Crown  8vo.     is.  dd. 

A  COMPENDIOUS   GERMAN   GRAMMAR.     Ctown  8vo.     5j. 

Yonge  (Charlotte    M.)— the  abridged  book  of 

GOLDEN  DEEDS.     A  Reading  Book  for  Schools  and  General 
Readers,    By  the  Author  of  "The  Heir  of  Redclyffe,"     iSmo. 
cloth.     II. 
A  record  of  some  of  the  good  and  great  deeds  of  all  time,  abridged  from 
■ike  larger  work  of  the  same  author  in  the  Golden  Treasury  Series. 
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Freeman  (Edward  A.) — OLD-ENGLISH  HISTORY. 
By  Edward  A.  Freeman,  D.C.L.,  late  Fellow  of  Trinity 
ColleRe,  Oxford.  With  Five  Coloured  Maps.  Second  Edition. 
Extra  fcap.  Svo.  half-boand.  6j. 
The  rapid  saSeof  the  first  edition  and  the  universal  approval  wUA  wHcH 
it  Am  iecn  received,  shsw  that  the  auth(a''s  coirvietirms  have  ban  tpil! 
founded,  that  his  views  have  been  widdy  atcept/d  both  by  teachers  and 
learners,  and  that  the  werk  is  eminentiv  calcuialai  ts  serve  the  purpose  for 
vhiih  if  wot  intended.  Althou^fiiU  cf  instruction  and  ealculatid  M^Sy 
lo  interest  and  even  fascinate  children,  it  is  a  work  aihieh  may  be  and  has 
been  used  ■oath  profit  and  pleasure  by  all.  "I  have,  I  hope,"  the  author 
says,  "shown  that  it  is  perfectly  easy  to  teach  chilA- it, /rent  the  verr 
firiJ,  to  distingTiish  true  history  alilte  front  legend  and  from  wilpil  inven- 
lien.  and  also  to  understand  Ike  nature  of  historical  authorities  audio  viet^h 
one  statement  against  another,  J  have  throughout  striven  lo  connect  the 
history  of  England  jeiti  the  general  history  of  civilised  Europe,  and 
r  have  especially  tried  to  make  the  book  serve  as  an  incentive  to  a 
mare  accurate  study  of  historical  geography.'''  In  the  present  edition  the 
T/ihole  has  been  carefiilly  revised,  and  such  improvements  as  suggested 
themselves  have  been  introduced.  ' '  Tlie  boat  indeed  is  full  of  instrvction 
and  interest  lo  students  of  all  ages,  and  he  must  be  a  vidl-informed  man 
indeed  who  will  not  rise  from  its  perusal  ■with  clearer  and  more  aceurate 
lileasofa  too  much  neglected  portion  of  En^ish  History." — Spectator. 

Historical  Course  for  Schools. — Edited  by  Edwakd 
A.  Frerman,  D.CL.,  late  Fellow  of  Trinity  College,  Oxford. 
The  object  of  the  present  series  is  to  put  forth  clear  and  correct  views 
of  history  in  simple  language,  and  in  the  smallest  space  and  cheapest 
form  in  which  it  could  he  done.  It  is  meant  in  the  first  place  for 
Schools ;  but  it  is  often  found  that  a  book  for  schools  proves  usefiil 
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foe  other  readers  as  well,  and  it  is  hoped  that  this  may  be  the  caie 
with  the  little  books  the  liist  inslalment  of  which  h  now  given  to 
the  world.     The  General  Sketch  will  be  followed  by  a  series  of 
special  histories  of  particular  countries,  which  will  lake  for  granted 
the  main  principles  laid  down  in  the  General  Sketch.     In  every  case 
the  results  of  the  latest  historical  research  will  be  given  in  as  simple 
s  form  as  may  he,  and  the  several  numbers  of  the  series  will  all  be 
so  fer  under  the  supervision  of  the  Editor  as  to  secure  general  ac- 
curacy of  statement  and  a  general  harmony  of  plan  and  sentiment ; 
but  each  book  will  be  the  original  work  of  its  author,  who  will 
be  respon^ble  for  his  own  treatment  of  smaller  details.       The 
Editor  himself  undertakes  the  histories  of  Rome  and  Switzerland, 
while  the  others  have  been  put  into  the  hands  of  various  competent 
jind  skilful  writers. 
7X^  _firsi  velume  is  mtani  to  he  introductory  to  the  viheU  eouru.     It 
it  jHttnded  to  give,  as  its  naiBl  implies,  a  general  sketch  of  Ike  history  of 
the  eri/Uiaied  Timrld,  that  is,  ef  Europe,  and  ef  the  lands  which  havedraten 
their  ck/ilUatien  from  Europe.     Us  object  is  to  trace  out  the  general  rela- 
tions of  different  periods  and  di^rent  countries  to  one  anether,  without 
going  minutely  into  the  affairs  of  any  particular  country.      This  is  an 
object  ff  the  first  importance,  Jbr  without  clear  notions  of  general  history, 
the  history  of  particular  countries  can  never  be  rightly  understood.      The 
narrative  extends  from  the  earliest  movements  ef  the  Aryan  peoples,  down 
to  the  latest  events  both  on  the  Eastern  and  IVeitem  Continents.     Tht 
book  consists  of  seventeen  moderately  siied  chapters,   each  chapter  S/inf 
divided  in/0  n  number  of  short  numbered  paragraphs,  each  with  a  ttlle 
tirtfixed  clearly  indicative  of  the  subject  of  the  paragraph.      "  It  supplies 
the  great  want  of  a  good  foundation  for  historical  leaching.      The  scheme 
.is  an  excellent  one,  and  this  instalment  has  been  executed  in  a  uiay  that 
jiromises  much  for  the  volumes  that  are  yet  to  appear." — Educational 
Times. 

I.    GENERAL    SKETCH    OP    EUROPEAN    HISTORY.      By 

Edward  A,  Freeman,  D.C.L.    Third  Edition.     iSmo.  cloth, 
y.&d. 

IT.    HISTORY   OF  ENGLAND.     By  Edith  Thompson,     i8mo. 
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and  likely  to  hf  gmeraily  iirvkeibU  in  schools." — Pall  Mall  Gazette. 
"  Upon  the  vihole,  this  manual  is  the  best  iketih  oj  English  history /or  Ih* 
use  of  young  people  lee  hmieyet  met  ■aiith." — AthEN-KUM. 

///.  SCOTLAND.    By  Margaret  Macarthur,     zj. 
IV.   ITALY.    By  tlie  Rev.  William  Hunt,  M.A.    31. 
The  following  wilt  shoitly  be  issued ; — 

FRANCE.    By  the  Rev.  J.  R.  Grbbn,  M.A, 

GERMANY.     By  J.  Sime,  M.A. 

Yonge  (Charlotte  M.)— a  parallel  history  or 

FRANCE  AND  ENGLAND  :  consi5linff  of  Oullines  and  Dates. 

By  Charlotte  M.  Yonge,  Author  of  "TheHeitof  RedclyfTe," 

"  Cimeos  of  English  History,"  &c.  &c.       Oblong  4(0.     3J.  da. 

This  tabular  history  has  been  drawn  up  to  supply  a  -want  felt  by  many 

teachers  of  some  means  cf  making  Ihar  pupils  reaJiee  what  eoents  in  tht 

two  countries  luert  conitMporary.      A  ikeleion  narrative  has  been  con- 

strtieted  of  the  chief  transactions  in  either  country,  placing  a  column 

between  for  wiat  affected  both  alike,  by  which  means  it  is  hoped  thatyaang 

people  ntay  be  assisted  in  grasping  the  mutual  relation  of  events.     "  Wt 

can  imagine  few  more  really  advantageous  courses  of  hisbirical  study  fur 

a  young  mind  than  going  carefuUy  and  steadily  through  Miss  Yeage's 

excellent  little  book." — Educational  Times. 

CAMEOS  FROM  ENGLISH  HISTORY.     From  Eollo  to  Edward 
II.     By  the  Author  of  "Tbe  Heir  of  ReddyHe."    Extra  fcap. 
Svo.     Second  Edition,  enlarged.     31.  iid. 
The  endeavour  has  not  been  to  chronicle  facts,  but  to  put  together  a  series 
of  pictures  of  persons  and  events,  so  as  to  arrest  the  attention,  and  give 
some  individuality  and  distinctness  to  the  recollection,  by  gathering  together 
details  at  the  most  memorable  moments.     The  "  Cameos  "  are  intended  as 
a  book  fir  young  people  just  b^ond  the  elementary  histories  of  England, 
and  able  to  enter  in  samedegree  into  the  real  spirit  of  events,  and  to  be 
struck  with  characters  and  scenes  presetited  in  some  relief.     "  Instead  of 
dry  details"  says  the  Nonconformist,  "  we  have  living  pictures,  faith- 
ful, vivid,  and  striking." 

A  Second  Series  of  CAMEOS  FROM  ENGLISH  HISTORY. 
The  Wars  in  France,    Extra  fcap.  8vo.  pp.  xt  415.    $1. 
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TSis  niw  volume,  ilodng  wilh  tht  Treaty  ef  Arras,  ii  the  Msteiry  of  the 
strug^es  of  Flanlagenet  and  ValoU.  Il  refers,  aaordin^y,  to  one  of  the 
toast  stirring-epoelis  in  the  medieval  era,  including  the  battle  of  PoUliers, 
tie  great  Schism  of  the  West,  the  Lollards,  Agincourt  and  ybart  of  Arc. 
Tie  authoress  reminds  her  readers  that  she  aims  merely  at "  lolleciing from 
the  best  authorities  such  details  as  may  present  scenes  and  personages  to  the 
eye  in  same  fulness  ;"  her  Cameos  area  "collection  of  historical  scenes 
and  portraits  such  as  the  yoimg  might  find  it  difficult  to  form  for  themselves 
■without  access  to  a  very  complde library."  "  Though  meanly  intended" 
jayj/Af  JohnBuij,  "  for  young  readers,  they  will,  if  we  mistake  not,  be 
found  very  acceptable  to  those  of  more  mature  years,  and  the  life  and 
reality  imparted  to  the  dry  tones  of  history  cannot  fail  to  be  attractive  tt 
readers  of  every  ag.:  " 

EUROPEAN  HISTORY.     Narrated  in  a  Series  of  Historical  Selec- 
tions from  the  Best  Authorities.      Edited  and  arranged  by  E.  M. 
Sewell  and  C.  M.  Yonge.      First  Series,  1003—1154.     Third 
Edition.     Crown  8vo.    61.     Second  Series,  1088— IBJS.     Crown 
Svo.    6/. 
When  young  children  have  acquired  the  outlintt  of  History  from  abridg- 
ments and  catechisms,  and  it  becomes  desirable  to  give  a  more  enlarged 
view  of  the  subject,  in  order  to  render  it  really  usefttl  and  interesting,  a 
difficulty  often  arises  as  to  the  choice  ef  books.     Tioo  courses  are  open,  either 
to  take  a  general  and  consequently  dry  history  of  fads,  such  as  RusseVs 
Modern  Europe,  or  to  choose  some  -Jiork  treating  of  a  particular  period  or 
subject,  such  as  the  works  of  Macaulay  and  Froude.      The  .fivmer  course 
usually  renders  history  uninteresting;  the  latter  it  unsatisfactory  because 
it  is  not  sufficiently  comprehensive.      To  remedy  this  d^culty,  Sdectiens, 
continuous  and  chronological,  have,  in  the  present  volume,  been  taien/rom 
the  larger  works  of  J^eeman,  Milman,  Pcdgraoe,  and  others,  which  may 
serveas  distinct  landmarks  of  historical  reading.     "  We  know  of  scarcely 
anything,"  says  (ii  Guardian  of  this  volume,  "which  is  so  likely  to  rait 
to  a  higher  level  the  average  standard  ef  English  education." 
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DIVINITY. 

*.*  For  otfaei  Worlu  by  these  Authors,  see  Theological  Catalogux. 

Abbott    (Rev.    E.    A.) — Works  by  the  Rev.   E.  A.  Abbott, 

M.A.,  Head  Master  of  the  City  of  London  School  :— 
BIBLE   LESSONS.     Second  Edition.     Crown  8vo.     41.  6rf, 

This  boat  is  -oiriitai  in  tht  /orvi  of  dialeguii  carried  on  bttween  a 
ttaclur  and  pttpil,  and  its  main  object  u  to  maki  the  leholar  think  far 
himself.  The  great  bulk  of  tht  dialegves  represents  in  the  spirit,  and 
often  in  the  words,  tht  rtiigiaus  instmelioii  viluch  the  avtlior  has  been 
in  the  habit  of  giving  to  the  Fifth  and  Sixth  Forms  of  the  City  of  Louden 
School.  The  author  has  endeavoured  Is  make  the  dialogues  thoroughly 
unseclarian.  "  Wise,  suggestive,  andreally profoandinHiation  into  rdsgiota 
thought." — Guardian.  "  I  think  nobody  could  read  t&esi  luithoui  being 
both  the  better  for  Ifiem  himself,  andbang  also  able  to  see  how  this  difficult 
duty  of  imparting  a  sound  religious  education  may  be  effected." — From 

Bishop  or  St.  David's  Speech  at  the  Education  Confbkbncb 

AT  ABBRG WILLY. 

THE  GOOD  VOICES ;  A  Child's  Guide  to  the  Bible.  Crown 
Svo.  cloih  extra,  gilt  edges.  51. 
Mr,  Abbott  is  already  known  as  a  most  successful  teacher  of  rdigious 
truth  ;  His  believed  that  this  little  book  mill  show  that  he  can  make  BibU 
lessons  attraetaie  and  edifying  even  to  lite  youngest  child.  TIte  book  is 
ijtiite  devoid  of  all  conventionality  and  catechetical  teaching,  and  only  en- 
ileavours  in  simple  language  and  easy  style,  by  means  of  short  stories  and 
illustrations  from  every  quarter  likely  to  interest  a  child,  to  imprint  the 
rudiments  of  rdigious  knowledge,  and  inspire  young  ones  with  a  desire  t9 
leve  and  trust  God,  and  to  do  vihat  is  right.  The  author  wishes  to  imbue 
thetiiwith  the  feeing  that  at  all  times  and  in  all  circumstances,  whether  in 
town  or  country,  at  work  or  at  play,  they  are  lining  in  the  presence  of  a 
heavenly  Father,  who  is  eottlinually  speaking  to  them  with  the  Goad  facet 
of  Nature  and  Revdation.     The  volume  contains  upwards  of  50  woodcuts. 

PARABLES  FOR  CHILDREN.    With  Three  lUustrations.    Crown 
8vo. ,  gilt  edges,    y.  dd. 
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"  Contains  a  number  of  rraily  delightfully  ■urrillen  and  yet  simflt 
tarailes,  to  be  read  ettt  to  tittle  children  ai  an  introductiaa  to  Bible 
reading.  Thiy  are  certainly  admirably  adapted  /or  the  purpcse.  The 
ttyle  is  eoUoqttiei  and  111x11  be  understood  and  appreciated  by  the  youngest 
child,  and  the  parables  themselves  are  very  interesting  and  viell  chosen." — 
Standard. 

Arnold.— A  BIBLE- READING  FOR  SCHOOLS.  The 
Great  Prophecy  of  Israel's  Restokation  (Isaiah,  Chapters 
40 — 66).  Arranged  and  Edited  for  Young  Learners.  By  MAT- 
THEW Arnold,  D.C.L.,  formerly  I'rofessor  of  Poetry  in  the 
University  of  Oxford,  and  Fellow  of  Oriel  Third  Edition.  i8mo. 
cloth.  \s. 
"  Schools  for  the  people  "  the  power  of  letters — luhich  enibracei  nothing 
less  than  the  whole  history  of  the  human  spirit — has  hardly  been  brought 
to  bear  ai  all.  Mr.  Arnold,  in  this  little  volume,  attempts  to  remedy  this 
defect,  by  doing  for  the  Bible  iiihat  has  been  so  abundantly  done  for  Creek 
and  Roman,  as  indl  as  En^ish  authors,  viz. — laUng  "  same  ■aihole,  of 
admirable  literary  beauty  in  style  and  treatment,  of  manageable  length, 
■within  defined  limits  ;  and  presenting  this  to  the  learner  in  an  intelligible 
shape,  adding  such  expla?tations  and  helps  as  may  enable  him  to  grasp 
it  as  a  connected  and  completf  vxtrk."  Mr.  Arnold  thinks  it  clear  that 
nothing  could  more  exactly  suit  the  purpose  than  what  the  Old  Testament 
gives  us  in  the  last  twenty-seven  chapters  of  the  Book  of  Isaiah,  beginning 
"  Comfort  ye, "  Sfe,  He  has  endeavoured  to  present  a  perfectly  correct 
text,  maintaining  at  the  same  lime  the  unparalleled  balance  and  rhythm  of 
the  Authorised  Version.  In  an  Introductory  note.  Air.  Arnold  briery 
sums  up  l/te  events  of  Jewish  history  to  the  starling-point  of  the  chapters 
chosen  ;  and,  in  the  copious  notes  appended,  every  assistance  is  given  to  the 
complete  understanding  of  the  text.  Thereis  nothing  in  tht  book  to  hinder 
the  adiierent  of  any  school  of  interpretation  or  of  religious  belief  from 
ujiagit,  and  from  putting  it  into  the  hands  of  children.  The  Preface 
contains  much  that  is  interesting  and  valuaile  on  the  relation  of  "letters" 
to  education,  of  the  principles  that  ought  to  guide  the  makers  of  a  iieoi 
version  of  the  Bible,  and  other  important  matters.  Altogether,  it  is 
believed  the  volume  will  be  found  to  form  a  text-book  of  the  greatest  value 
to  schools  of  all  classes.  "  Mr.  Arnold  has  done  the  greatest  possible  service 
to  tke public.  We  never  read  any  translation  of  Isaiah  which  interfered 
so  little  with  the  musical  rhythm  and  associations  of  our  English  Bible 
translation,  while  doing  so  much  to  display  the  missing  links  in  the  con- 
nection  of  the  parts."— Stkctato^. 
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Cheyne  (T.  K.)— the  BOOK  of  isaiah  chrono- 
logically   ARRANGED.     An  Amended   Version,    with 
Hiitotical  and  Critical  Introductioas  and  Explanatory  Notes.     Sy 
T.    K.    Chbvnb,  M.A.,   Fellow    of    BaJliol   College,   Oxford. 
Crown  8vo.     7^.  bd. 
The  object  of  Ihii  tditlsn  is  simply  te  restire  the  proiaMi  tiuaning  of 
Isaiah,  so  far  as  this  can  It  expressid  in  modem  En^ish.      TTti  basis  ef 
thevfrsion  is  the  revised  translation  of  idii,  but  no  scrufle  has  Uen  fill 
in   introducing  alterations,   wherever  Ike  true  tease  of  the  prophecies 
appeared  la  rejiiire  it,     "A  piece  of  scholarly  work,  very  carefully  and 
tontiderately  done." — WESTMINSTER  EevibW. 

Golden  Treasury  Psalter — students'  Edition.    BeiDg  »n 

Edition   of   "Tlie    Psalms    Chronologically  Arranged,  by  Fonr 

Friends,"  with  briefer  Notes.     i8mo.     y-  ^' 

In  making  this  abridgment  ef"  The  Psalms  Chronologically  Arranged,^ 

Iht  editors  have  endeavoured  to  meet  the  requirements  of  readers  of  a 

different  class  from  those  for  whom  the  larger  edition  was  intended.     Some 

Mho  found  the  large  boot  useful  for  private  reading,  have  ashed  for  an 

edition  of  a  smaller  site  and  at  a  lower  price,  for  family  use,  while  at  Ike 

tame  lime  some  Teachers  in  Public  Schools  have  suggested  that  it  mould  be 

convenient  for  them  la  have  a  simpler  boot,  -ahich  they  eould  put  into  the 

hands  of  youn^  pupils.      "  It  is  a  gem,"  says  Ike  NONCONFORMIST. 

Hardwick.— A  History  of  the  christian  church. 

Middle  Age.      From  Gregory  the  Great  to  the  Excommunication 

of  Luther,      Edited  by  WiI.LIAM  Stubbs,  M.A.,  Regius  Professor 

of  Modem  History  in  the  University  of  Oxford.   With  Four  Maps 

constructed  for  this  work  by  A.  Keith  Johnston.   Third  Eilitioii. 

Crown  8vo.     lOs.  6d. 

Although  the  ground-plan  of  this  treatise  eotneides  in  many  poinis  with 

that  of  Ike  colossal  wort  of  Schroekk,  yet  in  arranging  the  materials  a 

very  different  course  has  frequently  been  pursued.     With  regard  to  his 

opinions  the  late  author  avowed  distinctly  thai  ke  construed  history  viith 

the  specific  prepossessions   of  an  Englishman   and  a    member    of   the 

English  Chunk.     The  reader  is  constantly  referred  to  the  aulkoriiies, 

bolk  original  and  crilical,  on  which  the  slalemenis  are  founded.     Par  this 

edition  Professor  Stubbs  has  carefully  revised  both  text  and  notes,  nuiiing 

such  corrections  of  faelt,  dates,  and  the  like  as  the  results  of  recent 

research  warrant.     The  doctrinal,  historical,  and  generally  speculatme 

vifois  t/ the  late  author  have  been  preserved  inlact.     "As  a  manual  fer 
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the  student  of  cccUiiasOcal  history  in  the   Middli  Ages,  we  ineui   no 
English  work  which   can   be  compared  to    Mr.    ifardwick'i    book." — 

Guardian. 

A  HISTORY  OF  THE  CHRISTIAN  CHURCH  DURING  THE 

REFORMATION.       By     Akchdeacon   Hardwick.       Third 

Edition.     Edited  by  Professor  Stubbs.     Crown  Svo.      lar.  bd. 

TTiii  voliivie  is  intended  CIS  a  sequel  and  companion  to  the  "  Hiitaiy  gj 

the  Christian  Church  during  the  Middle  Age."     The  atithot's  earnest 

■wish  has  been  to  give  the  reader  a  tnistworthy  version  of  those  stirring 

incidents  which  viari  the  £efirrmalion  period,  without  relinquishing  his 

furmer  claim  to  characterise  peculiar  systems,  persons,  and  events  according 

to  the  shades  and  colours  th^  assume,  when  contemplated  from  an  English 

point  of  view  and  by  a  member  of  the  Church  of  England. 

Maclear.— Works  by  the   Rev.  G.  F.  MACLEAR.  D.D.,  Head 
Master  of  King's  College  SchooL 

A  CLASS-BOOK  OF  OLD  TESTAMENT  HISTORY.  Seventh 
Edition,  with  Four  Maps.  iSmo.  cloth.  41.  6d. 
This  volume  forms  a  Class-book  of  Old  Testament  History  from  the 
earliest  times  to  those  of  Ezra  and  Nehemiah.  In  its  preparation  the 
mast  recent  authorities  have  ban  consulted,  and  wherever  it  has  appeared 
usifiil.  Notes  have  been  subjoined  illustrative  of  the  Text,  and,  for  the  sake 
ttf  more  advanced  students,  references  added  to  larger  works.  The  Index 
has  been  so  arranged  as  to  form  a  concise  dictionary  of  the  persons  and 
places  mentioned  in  the  course  of  the  narrative;  while  the  Maps,  which  have 
been  prepared  with  considerable  care  at  Stanford's  Geographical  Establish- 
ment, vdll,  it  is  hoped,  materially  add  to  the  value  and  usefulness  of  the 
Book,  "  A  careful  and  elaborate  though  brief  compendium  of  all  thai 
modern  research  has  done  for  the  illusfiation  of  Ifie  Old  Testament.  SVe 
know  of  no  work  which  contains  so  much  important  information  in  so 
small  a  compass.' SRmsH  Quarterly  Review. 

A  CLASS-BOOK  OF  NEW  TESTAMENT  HISTORY,  including 

the  Conneiion  of  the  Old  and  New  Testament,    With  Four  Maps. 

Fourth  Edition.     i8mo.  cloth.     5/.  6d. 

A  sequd  to  the  author's  Class-book  of  Old  Testament  History,  continuing 

the  narrative  from  the  paint  at  which  it  there  ends,  and  carrying  it  on  to 

the  close  of  SI.  Paeirs  second  imprisonment  at  Rome.    In  its  pr^aration. 
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Maclcar — ^otitinueJ. 

at  in  that  of  tht  former  volumt,  thi  ttwsl  rami  andtrustaiorthy  latthorilits 
have  hiett  consulted,  nalts  subjoined,  tad  referencis  to  larger  works  added. 
It  is  thus  hoped  that  it  may  prove  at  once  an  useful  elass-iook  and  a 
coKOiiiient  tompanien  to  the  study  of  the  Creek  Teslament.  '  'A  singularly 
clear  and  orderly  arrangement  of  the  Sacred  Slory.  His  loork  is  solidly 
and  cempldely  done." — Athznaum. 
A   SHILLING   BOOK    OF    OLD    TESTAMENT     HISTORY. 

for    National  and    Elemeotaiy    Schools.       With   Map,        iSmo. 

clolh.     New  Edition. 
A   SHILLING  BOOK   OF     NEW    TESTAMENT    HISTORY, 

for    National   and  Elementary  Schools.       With   Map.      i8mo. 

cloth.     New  Exlilion. 
These  works  have  hien  carefully  airidged  from  the  author's  larger 

CLASS-BOOK  OF  THE  CATECHISM  OF  THE  CHURCH  OF 
ENGLAND.  Second  Edition.  iSmo.  clotb.  2J.  61/. 
This  may  be  regarded  as  a  sequel  to  the  Class-books  of  Old  and  Neto 
Testament  History.  Like  them,  it  is  furnished  with  iiaUs  and  references 
to  larger  worts,  and  it  is  hoped  thai  it  may  be  found,  especially  in  the 
higher  forms  of  our  Public  Schools,  to  supply  a  suitable  manual  of 
instruelien  in  Ike  chief  doctrines  of  the  English  Churchy  and  a  useful 
help  in  the  preparation  of  candidates  for  Confirmation.  '^  It  is  indeed 
the  work  of  a  scholar  and  divine,  and  as  such,  though  extremely  simple, 
it  is  also  cxtremdy  instructive.  There  are  fetn  clergymen  viho  would  not 
find  it  useful  in  preparing  candidates  for  Confirmation  ;  and  there  art 
not  a  few  who  would  find  il  useful  to  Ihentselves  as  viell." — Literary 
Chukchman. 

A  FIRST  CLASS-BOOK  OF  THE  CATECHISM  OF  THE 
CHURCH  OF  ENGLAND,  with  Scripture  Proofs,  for  Junior 
Classes  and  Schools.  iSmo.  6d.  New  Edition. 
THE  ORDER  OF  CONFIRMATION.  A  Sequel  to  the  Class 
Book  of  the  Catechism.  For  the  use  of  Candidates  for  CoiiGrma- 
tion,      With  Prayers  and  Coflecls.      l6mo.     3^.     New  Edition. 

Maurice — the  lord's  prayer,  THE  CREED,  AND 
THE  COMMANDMENTS.  A  Manual  for  Parents  and  School- 
masters. To  which  is  added  the  Order  of  the  Scriptures.  By  the 
Rev.  F.  Dbnison  Mavrice,  M.A.  Professor  of  Moral  Philosophy 
in  the  UnivGiuty  of  Cambridge.     i8mo.  clothlimp.     1/. 
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Procter. — a  history  of  the   book  of  common 

PRAYER,  wilU  a  Rationale  of  its  Offices.    By  Francis  Procter, 

M.A.      Tecili   Edittoii,    revised   a.ad   cnlargeil.      Crown    8vo. 

IQJ.  W. 

/«  the  count  of  Ihe  last  twenty  yiars  tktvikoU  qmstum  of  Liiurpeal 

kiHmiledgi  has  ban  reopened  leith  great  learning  and  accurate  restarck  ; 

and  U  ii  mainly  wilA  Uu  view  of  tfiloinixing  extensrve  pabliaitioas,  and 

Correcting  the  errari  and  tniscouceptiont  iiikich   had  obtained  atrraicy, 

thal.tki  present  iiohttne  Aas  been  put  together.     "  IVtadmirt  the  author' i 

diligence,  and  bear  willing  testimony  to  the  extent  and  accuracy  of  his 

reading.      T/u  origin  of  every  fart  of  the  Prayer  Booh  has  been  diligently 

investigated,  and  there  are  few  questions  of  facts  connated  toilh  it  -which 

are  not  either  suffieieiUly  ex^ained,  or  so  referred  to  that  persons  iattrcsted 

may  work  out  the  truth  for  themsdves." — Atuen/BUM. 

Procter    and    Madear.— an   elementary   INTRO- 

DUCTION    TO    THE    BOOK    OF    COMMON    PRAYER. 

Re-arranged  and  supplemented  by  an  Explanalion  of  the  Morning 

and  Evening  Prayer  and  the  Litany.     By  the  Rev.  F.  Procter 

and  the  Rev.  G.  F.  Maclear.    Fourth  Edition.   iSmo.    is.  6d. 

As  in  iJu  other  Class-books  of  the  series.  Notes  have  also  been  sub/oined, 

and  references  given  to  larger  'works,  and  U  is  hoped  l/ial  the  volume  will 

be  fouitd  adapted  for  use  in  the  higher  forms  of  our  Public  Schools,  and  a 

suitable  manual  for  those  preparing  for  the  Oxford  ahd  Cambridge  local 

exttininaiions.      This  New  Edition   has   been   considerably  altered,  atid 

several  important  additions  have  been  tiiade.     Besides  a  re-arraiigivieut 

or  the  work  generally,  the  Historical  Portion  has  bleu  iuppleinented  by  on 

Bxplanatiou  of  the  Morning  and  Evening  Prayer  and  of  the  LiUtny. 

Psalms  of  David  Chronologically  Arranged.  By 
Four  Friends.  An  Amended  Version,  with  Historical 
Introduction  and  Explanatory  Notes.  Second  and  Cheaper 
Edition,  with  Additions  and  Corrections.     Ciown  Svo.     8i.  6i/. 

To  restore  the  Psalter  as  jar  as  possible  to  the  order  in  -which  the  Psalms 
were  written, — to  give  the  dkrisian  of  each  Psalm  into  strophes,  of  each 
strop/ie  into  the  lines  -which  composed  it, — to  amend  the  errors  of  translation, 
is  the  object  of  the  present  Edition.  Professor  EvialiTs  works,  especially 
that  on  the  Psalms,  have  been  extensively  consulted.  This  book  has  been 
used  with  satisfaction  by  masters  for  private  wort  in  higher  classes  in 
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ichaals.     Tlit  SPECTATOR  calls  this  "one  of  Iht  most 
valuahlt  hooks  that  has  been  puUUhed far  many ymrs." 

Ramsay. — the  CATECHISER'S  manual;  or,  the  Church 

Catechism  Illustrated  and  Explained,   for  the  use  of  Clei^ymen, 

Schoolmasters,   and  Teachers.     By  the  Rev.  AitTHi;ii  Ramsay, 

M.A.     Second  Edition.     i8mo.     \s.  ful, 

A  cliar  explanation  of  the  Cattchisin,  by  -oiay  of  Question  and  Ansitier. 

"  This  is  by  for  the  best  Manual  on  the  Catechism  -me  have  met  with. " 

— Ehowsh  Journat,  of  Education. 

Simpson. — an  epitome  of  the  history  of  the 
CHRISTIA'N    church.      By   William    Simpson,    M.A. 
Fifth  Edition.     Fcap.  8vo.    y.  (>d. 
A  compendious  summary  of  Church  History. 

Swainson.—  A  handbook  to  butler's  analogy.    By 

C.  A.  SwAiNSON,D.D.,  Canon  of  Chichester.   Crown  8vo.   is.bil. 

This  manual  is  designed  to  serve  as  a  handbook  or  road-book  to  the 

Student  in  reading  the  A  nahgy,  to  give  the  Student  a  sketch  or  outline  map 

of  the  country  on  iskich  he  is  entering,  and  to  ioint  out  to  him  matters  aj 

interest  as  he  passes  along. 

Trench.— SYNONYMS  OF  THE  NEW  TESTAMENT.  By 
R.  Chevenik  Trench,  D.D.,  Archbishop  of  Dublin.  New 
Edition,  enlarged.  Svo.  cloth.  131. 
The  study  of  synonyms  in  any  language  is  valuable  as  a  diseiplitte 
for  training  the  mind  to  close  and  accurate  habits  of  thought:  more 
especially  is  this  the  ease  in  Greek — "  a  language  spoken  by  a  people  of  the 
Snesl  and  subtlest  intellect ;  -aiho  saw  distinctions  ■where  others  saw  none , 
who  divided  out  to  different  words  what  others  often  viere  content  to  huddle 
confusedly  under  a  common  term.  This  work  is  recognised  as  a  valuable 
companion  to  every  student  of  the  New  Testament  in  the  original.  This, 
the  Seventh  Edition,  has  been  carefully  revised,and  a  considerable  number 
of  new  synonyms  added.  Appended  is  an  Index  to  the  Synonyms,  and  an 
Index  to  many  other  words  alluded  to  or  explcdned  throughout  the  work, 
"Hits"  the  Athkn/eum  says,  "  a  guide  in  this  department  of  kmna- 
ledge  to  whom  his  readers  may  intrust  themselves  with  confidence.  Hit 
sober  Judgment  and  sound  sense  are  barriers  against  the  misleading 
influence  of  arbitrary  hypotheses." 
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Weatcott. — Works  by  BROOKE  FOSS  WESTCOTT,  B.D., 
Canon  of  Peterborough. 

A  GENERAL  SURVEY  OF  THE  HISTORY  OF  THE 
CANON  OF  THE  NEW  TESTAMENT  DURING  THE 
FIRST  FOUR  CENTURIES.  Third  Edition,  revised.  Crown 
8vo.      loi.  W. 

Tht  author  hat  cadtavourid  to  CBiitucI  Iht  history  of  the  New  Tatamtnl 
Caneniaith  thi  gnmith  and  consslidaium  of  tht  Church,  and  lo  paint  out 
the  relation  existing  beheien  the  amount  of  evidence  for  the  authenticity  ef 
lis  cemfianent  farts,  and  the  whole  mass  of  Christian  literature.  Such  a 
ituthcd  of  inquaywill  coitv^  both  the  truest  nolioti  of  the  conneetUm  of  the 
■written  Word  with  the  living  Body  of  Christ,  and  the  surest  conviction  flf 
Us  divine  authority.  Of  this  vm-i  the  Saturday  Review  Turifrj ;  "  Theo- 
logical students,  and  not  they  only,  but  the  general  public,  otoe  a  deep  debt 
of  gratitude  to  Mr,  IVatcott  for  bringing  this  subject  fairly  before  than 
iit  this  candid  and  comprehensive  essay,  ...  .Asa  theological  work  it  is 
at  once  perfectly  fair  and  impartial,  and  imbued  with  a  thoroughly 
rdigioui  spirit;  and  as  a  manual  it  exhibits,  in  a  lucid  form  and  in  a 
narrow  compass,  the  results  of  extensive  research  and  accurate  thought. 
iVe  cordially  recommend  il." 


The  author's  chief  object  in  this  wjrk  is  lo  shcfo)  that  there  is  a  true 
mean  between  the  idea  of  a  formal  harmonisalion  of  the  Gospds  and  the 
abandonment  of  their  absolute  truth.  The  treatise  consists  of  eight 
chapters:— I.  The  Preparation  for  the  Gosfd.  II.  The  Jewish  Doctrine 
of  the  Messiah.  III.  The  Origin  of  the  Gospels,  IV.  The  Charac- 
teristics of  the  Gospels:  V.  The  Gospel  of  St.  John.  VI.  &■  VII  The 
Differences  in  detail  and  of  arrangement  in  the  Synoptic  Evangelists, 
yill  The  DifficulHes  of  the  Gospels,  "  To  a  learning  aiui  accuracy 
which  commands  resfect  aiui  conf deuce,  he  unites  what  are  not  always  lo 
be  found  in  union  with  these  qualities,  the  no  less  valuable  faculties  of  lucid 
■arrangement  and  graceful  andfacile  expression."— LonDOli  QuAKTERhY 
Review. 
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Westcott  — iontinved. 

"  TTii  first  trustworthy  aaauHl  vie  have  had  of  thai  nniqut  and  mar- 
Vtllmis  moituaienf  of  the  f'ifty  of  Bur  anifit/vs." —DKll.y  Kuvis. 

"  A  brief,  scholarly,  and,  to  a  great  extent,  an  original  coKtrilmtion  fo 
theological  literature,  lie  is  the  first  to  offer  any  considerable  contribK- 
tions  to  what  he  calls  their  internal  history,  ivkich  deals  -with  their  relation 
to  ether  texts^ivith  their  filiation  one  on  another,  and  with  theprinci^es  by 
which  they  have  been  successively  modified." — Pai.l  Mall  Gazette. 
THE  BIBLE  IN  THE  CHURCH.  A  Popular  Account  of  tLe 
Collection  and  Reception  of  the  Holy  Rcripmres  in  the  Christian 
Churches.      New  Edition.      18010.  cloth.     4J.  dd. 

The  present  book  is  an  attempt  to  answer  a  request,  which  kas  been  made 
from  time  to  time,  to  place  in  a  simple  form,  for  the  use  of  general  readers, 
the  substance  of  the  author's  "  History  of  the  Canon  oftheNeTU  Testament." 
An  elaborate  and  comprehenshie  Introduction  is  fiilloimd  by  chapters  on 
the  Bible  of  the  Apostolic  Age  :  en  the  Growth  of  the  New  Tatament ;  the 
Aposl'-lic  Fathers;  theAgeof  the  Apologists ;  the  First  Christian  BiMe; 
the  Bible  Proscribed  and  Resteral ;  the  Age  of  Jerome  and  Augustine; 
Ihfi  Bible  of  the  Middle  Ages  in  the  West  and  in  the  East,  and  in  the 
Sixteenth  Century.  Two  Appendices  on  the  History  of  the  Old  Testament 
Canon  before  the  Christian  Era,  and  on  the  Contents  of  the  most  ancient 
MSS.  of  the  Christian  Bible,  complete  the  volume.  "Wewould  recommend 
fT'cry  one  who  laves  and  studies  the  Bible  to  read  and  ponder  this  exquisite 
littlebook.  Mr.  Westeott's  account  of  the  'Canon'  w  true  history  Cn  Hj 
highest  sense."— Jatbyiasy  Churchman. 

THE  GOSPEL  OF  THE  RESURRECTION.     Thoughts  on  iU 

Relation  to    Reason   and    History.     New  Edition.     Fcap.   8vo. 

4f.  6d. 

This  Essar  is  an  endeavour  to  consider  some  of  the  elementary  truths 

of  Christianity  as  a  miraculous  Pevetation,  from  the  side  of  History  and 

Reason.     If  the  arguments  which  are  here  adduced  are  valid,  they  will  go 

far  to  prove  that  the  Resurrection,  v<kh  all  thai  it  includes,  is  the  hey  to 

the  history  of  man,  and  the  complement  of  reason. 

Wilson. — THE  BIBLE  STUDENT'S  GUIDEto the moreCoirect 
Understanding  of  the  English  translation  of  the  Old  Testament, 
by  reference  to  the  Original  Hebrew.  By  William  Wilson, 
IXD.,  Canon  of  Winchester,  late  Fellow  of  Queen's  College^. 
Oxford,     Second  Edition,  carefiiUy  Revised.    4to,  cloth,     ajj. 
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Ztit  tiiert  is  the  remit  of  almesi  itieredViU  labour  batowtd  on  it  during 
many  years.  lis  ebjat  is  te  enable  the  readers  of  tlie  Old  Testament 
Scriptures  to  penttrcUe  into  tlie  real  meaning  of  the  sacr^  virilers.  All  the 
Snglis/i  words  used  in  the  Aathorited  Vernon  are  alphabetically  arranged, 
and  beneath  them  are  given  the  ffiirev!  equivalents,  laith  a  careful  cxpla- 
nation  of  the  p/ruliar  signification  and  censtrtiction  of  each  term.  The 
knmoledge  the  H^ew  language  is  not  abselutdy  necessary  to  the  profit- 
able use  of  the  work.  Devout  and  accurate  students  of  the  Bible,  entirely 
unacquainted  with  Hebreto,  may  derive  great  advantage  from  frequent 
reference  to  ii.  II  is  especially  adapted  for  the  use  of  the  clergy.  ' '  For  all 
earnest  students  of  the  Old  Testament  Scriptures  it  is  a  most  valuable 
Manual.  Its  arrangement  is  so  simple  that  these  who  possess  only  their 
mother-tongue,  if  they  Vfill  take  a  little  pains,  may  employ  it  with  great 

profit. " — Nonconform:  ST. 

Yonge  (Charlotte  M.)— SCRIPTURE  READINGS  FOR 
SCHOOLS  AND  FAMILIES.  By  Charlotte  M.  Yonge, 
Author  of  "The  Heir  of  Redclyffe."  Globe  %va.  is.  dd. 
With  Comments.     Second  Edition,     y.  f>d. 

A  Second  Series,    From  Joshua  to  Solomon,     Extra  fcap, 
Ij.  td.     With  Comments,  31,  &d. 

Actual  need  has  led  the  author  to  endeitvour  to  prepare  a  readingbooh  con- 
venient for  study  with  children,  containingthe  very  words  of  the  Bible,  with 
only  a  few  expedient  omissions,  and  arranged  in  Lessons  of  such  length  as  iy 
experience  she  has  found  to  suit  with  children's  ordinary  povrer  ofaeeurati 
attentive  interest.  The  verse  form  has  been  retained,  because  of  its  con- 
venience for  children  reading  in  class,  and  as  more  resembling  their  Bibles  ; 
hut  the  poetical  portions  have  been  given  in  their  lines.  When  Psalms  or 
portions  from  the  Prophiis  illustrate  or  fall  in  with  the  narrative  they  are 
given  in  their  chronological  sequence,  Tlie  Scripture  portion,  with  a  very 
few  notes  explanatory  of  mere  words,  is  bound  up  apart,  to  be  used  by 
children,  while  the  same  is  also  supplied  -with  a  brief  comment,  the  purpose 
of  which  is  either  to  assist  the  teacher  in  explaining  the  lesson,  or  to  be 
used  by  more  advanced  young  people  to  ivhom  it  may  not  be  possible  to  give 
access  to  the  aathorilies  whence  it  has  been  taicn.  Professor  Huxley,  at  a 
meeting  of  the  London  School  Board,  particularly  mentioned  the  s^eclion 
made  by  Miss  Yonge  as  an  example' of  how  sdeclions  tmghl  be  made  from 
the  Bible  for  School  Reading.    See  TiMXS,  March  30,  1871. 
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Arnold.— A  FRENCH  ETON :  OR,  MIDDLE  -  CLASS 
EDUCATION  AND  THE  STATE.  Fcap.  8vo.  cloth,  sj.  bd. 
This  intereslmg  liltlc  veiume  is  the  rauU  of  a  viiit  to  Fiance  in  1859 
by  Mr.  Arnold,  aulharu^  by  the  Royal  Comiiiissivners,  -uiko  were  them 
inquirit^  into  the  slate  of  popular  edu^aiioit  in  England,  to  seek,  in  their 
name,  information  respecting  the  French  Primary  Sehools.  ' '  A  very 
interisling  dissertation  on  tie  system  0/ secondary  instruction  in  France, 
and  on  the  advisahUity  of  copying  the  system  in  £ng/and."~S/i1ViDAY 
Review, 


Jex-Blakc— A  VISIT  TO  SOME  AMERICAN  SCHOOLS 
AND  COLLEGES.  By  Sophia  Jex-Blake.  Ciowq  Svo. 
cloth.     6s. 

"  In  the  following  fagis  I  hoT/e  endeavoured  to  give  a  simple  and 
accurate  account  of  what  I  saw  during  a  series  of  visits  to  some  of  the 
Sehools  and  Colleges  in  the  United  Stales.  .  .  .  I  mith  simply  10  give  other 
teachers  an  opportunity  of  seeing  through  my  eyes  what  they  cannot 
perhaps  see  for  themselves,  and  to  this  end  I  have  retarded  fust  such  parti' 
eulars  as  I  should  myself  care  to  know." — Author's  Preface.  "Misi 
Btaie  gives  a  living  picture  of  the  Schools  and  Colleges  themsdves  inwhich 
that  education  is  carried  on."— 'Sk\.\.  MaLL  GAZETTE. 

Maclaren — training,  in  THEORY  AND  PRACTICE. 

By   Archibald    Macwkek,    the   Gymnasium,   Oxford,       Svo, 

Handsomely  bound  in  cloth,  is.  6d. 
The  ordinary  agents  of  kciUth  are  Exercise,  Diet,  Sleep,  Air,  Bathing, 
and  Clothing.    Lh  thu  work  the  author  examines  each  of  these  a^ntt 
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in  dtlaS,  and  from  twa  different  points  of  view.  First,  as  to  iht  manner 
in  ■which  U  is,  or  should  be,  administa-ed  under  ordinary  circamttanees : 
and  sicondly,  in  what  manner  and  to  what  extent  this  mode  of  adminis- 
tration is,  or  should  be,  altered  for  purposes  of  training;  the  object  of 
"  &aining,"  according  to  the  author,  being  "  to  put  the  body,  with  extreme 
and  exceptional  care,  under  the  influence  of  all  Iht  agents  which  promote 
its  health  and  strength,  in  order  to  enable  it  to  meet  extreme  and  exer- 
tional demands  upon  its  energies."  Append^  are  various  diagrams  ana 
■  tables  relating  to  boat-racing,  and  tables  connected  Tidlh  diti  and  training. 
' '  The  philosophy  of  human  health  has  seldom  received  so  apt  an  exposi- 
tion."— Globe.  "  Afier  all  the  nensease  that  has  been  leritten  about 
training,  it  is  a  comfort  to  get  hold  of  a  thoroughly  sensible  boob  at  last, " 

—John  Bull. 


Quain  (Richard,  F.R.S.)  —  gn   some   DEFECTS   IN 

GENERAL  EDUCATION.      By   Rtc^iAKD  Quain,    F.R.S. 
Crown  8vo.     3J.  6d. 

Having  been  charged  by  the  College  of  Surgeons  with  the  delivery  of  the 
Hunl^an  Oratianfor  1S69,  the  author  has  availed  himt^f  of  the  occa- 
sion to  bring  under  notice  some  defects  in  the  general  educatiim  of  the 
country,  which,  in  his  opinion,  affect  injuriously  all  classes  of  the  people, 
and  not  least  the  members  of  his  own  profession.  The  earlier  pages  of  the 
address  contain  a  short  notice  of  the  genius  and  labours  offthn  Hunter, 
but  the  subject  of  Education  loill  be  found  to  occupy  the  larger  part.  "An 
i-iUrating  aadition  to  educational  literatitre."^-GilAS.iaAti. 


Selkirk.— GUIDE  TO  the  CRICKET-GROUND.     By  G.  H. 
Selkirk.     With  Woodcuts.   'Eitra  fcap.  Svo.     31,  W. 

TJie  introductory  chapter  of  this  little  -work  contains  a  history  of  the 
STaUimal  Game,  and  is  followed  bv  a  chapter  giving  Definitions  cf  Tirms. 
Then  foUow  ample  directions  to  young  cricketers  as  to  the  proper  style  in 
which  to  play,  information  being  given  on  every  detail  connected  ■with  the 
pime.  The  booh  contains  a  number  of  useful  illustrations,  including  a 
specimen  scoring-sheet.  "  IVe  can  heartily  recommend  to  all  crichttirs,  old 
and  young,   this  excellent   Guide  to  the  Crichet-ground." — Spohtins 
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Thring. — education  and  school.  By  the  Ecv.  Edward 
Thring,  M.A,,  Head  Master  of  Uppingham  SchooL  Second 
Edition.      Crown  3vo.  cloth.     51.  (nl. 


Todhunter.— THE  conflict  of  studies,  and  oilier 
Essays  on  Subjects  connected  with  Education.  By  Isaac  Tod- 
HUNTER,  M.A.  F.R.S.,  late  Ftllow  and  Principal  Malhemalical 
Lecturer  of  St.  John's  College,  Cambridge.    8vo.     loj.  dd. 

CoKTZHTS -.  —  TAf  Conflict  b/  Shuiies— Competitive  Examinations— 
Praiale  Study  ef  Mathematics — Aiadtmical  Refirm — Elimmtary  Gee- 
uelry~The  Malktmatical  Tripos. 

Vandervell  and  Witham. — a  system  of  figure- 
SK.\TING  :  Being  the  Theory  and  Practice  of  the  Art  as  de- 
veloped in  England,  willi  a  Glance  at  its  Origin  and  History.  By 
H.  E.  Vasdebvell  and  T.  M.  Witham,  Members  oftheLondon 
Skating  Club.     Estra  fcap.  8vo.     6j. 

"  Tki  authors  an  evidently  well  qualified  for  Ike  task  then  have  uniUr- 
IoJUh  ;  andcUthough  tkry  have  selected  a  title  for  their  tce^  k  which  might 
possibly  deter  a  diffident  itamer  from  looking  into  its  tages,  they  have 
nevertheless  began  at  the  btf^nning,  and  without  assuming  any  knauiledge 
un  the  fart  of  the  reader,  they  have  clearly  pointed  out,  by  a  series  of  in- 
itructive  diagrams,  the/ootprints  of  the  skater,  as  developed  in  lines  and 
figures,  from  the  loxvesl  to  the  highest  stage  of  di^u/ties."— The  Fielh. 
••  The  volume  may  ie  accepted  as  a  manual  for  the  use  of  all  skalers."— 

Bell's  Lii^ 


Wolseley  (Col.  Sir  Garnet,  C.B.) — the  soldier's 
POCKET  BOOK,  By  Colonel  Sir  Garnet  Wolselev,  C.B 
New  Edition,  enlarged.     4J.  kd. 

His  hook  is  indispensable  to  roery  soldier,  vihether  of  the  Regular  Army 
or  of  the  Volunteers,  who  seeks  to  be  an  intelligent  definder  of  his  country. 
Full  inttruetions  are  given  on  theiiiidest  and  minutest  matters,  and  Ibe 
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beok  is  'Jiritten  in  a  clear,  Ihidy  style,  that  at  once  arreils  atlentioa  and 
canvas  the  desired  knmotedgi.  The  Nao  Edition  contains  all  the  most 
recent  Rtgulations  for  the  Army  and  Volunteers  ;  also,  for  the  first  time, 
lie  Uses  and  Managemcnl  of  Railways  in  the  iterations  of  War  arefullv 
discussed.  The  Times  says,  "Everybody  feels  that  it  is  just  what  In 
vianted;"  the  DAILY  TELEGRAPH,  "  Every  soldier  who  ivishis  to  undei- 
stand  his  profession  ought  to  have  it  f  and  the  VOLUNTEER  Servick 
(JAZF.TTE  strongly  recommends  Volunteers  to  perdue  it  diligently. 

Youmans. — modern  culture  :  ItsTme  Aims  and  Require- 
ments.     A  Series  of  Addresses  and  Ai^uments  on  the  Claims  of 
Sdenlific  Education,     Edited  by  Edward  L.  Voomans,   M  D. 
Crown  8vo.     %s.  6d. 
ComiEST^.— Professor  Tyndall  "On  the  Study  of  Physics  f  Dr. 
Daubeny  "  On  the  Study  of  Chemistry  :"  Professor  Hei^rey  "  Oh  the 
Study  of  Bftany;"  Professor  Huxley  "  On  the  Study  of  Zoology  ;"  Dr. 
J.  Paget  "  On  the  Study  of  Physiology ;"  Dr.  Wheivell  "  On  the  Educa- 
tional History  of  Science ;"    Dr.  Faraday  "  Ott  the  Education  of  the 
yudgmml  f  Dr.  Hodgson  "  On  lAt  Study  of  Economic  Science  i"  Mr, 
Herbert  Sfiencer  "  On  Political  Education;"    Professor  Masson   "On 
College  Education  and  Self  Education  f  Dr.  Youmans  "  On  the  Scientific 
Study  of  Human  Nature."     An  Apfendix  contains  extracts  from  dis- 
tinguished authors,  and  from  the  Scientific  Evidence  given  before  the  Publie 
Schools  Commission. 
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